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Abstract

We determine explicitly the 2-radical subgroups and their normalizers for the group Sp4(q),
where ¢ is odd. We then show that the corresponding simple group PSp4(q) satisfies the
inductive blockwise Alperin weight conditions for the prime 2 and odd primes dividing ¢® — 1.
When combined with existing literature, this completes the verification that PSp4(q) satisfies
the conditions for all primes and all choices of g.
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1 Introduction

Given a prime ¢, an ¢-weight of a finite group G is a pair (R, 1), where R is an {-radical subgroup
and p is a defect-zero character of Ng(R)/R. That is, R is an /-subgroup such that R = Oy(Ng(R))
and p is an irreducible character with u(1); = |Ng(R)/R|,. More generally, a weight for a block
B of G is a pair (R, u) as above, where p further lies in a block b of Ng(R) for which B is the
induced block b“. The Alperin weight conjecture (AWC) posits that if G is a finite group and ¢ is
a prime dividing |G/, then the number of irreducible ¢-Brauer characters of G equals the number
of G-conjugacy classes of /-weights of G. The blockwise Alperin weight conjecture (BAWC) refines
the statement to say that the number of irreducible ¢-Brauer characters belonging to a block B of
G equals the number of G-conjugacy classes of ¢-weights of B.

In [NT11] and [Spal3], Navarro-Tiep and Spath have reduced the AWC and BAWC, respectively,
to simple groups. In particular, to verify these conjectures it suffices to show that certain more
complicated “inductive” conditions hold for all finite nonabelian simple groups. Simple groups
satisfying the inductive conditions for the AWC or BAWC are sometimes said to be “good” for the
corresponding conjecture.

In this article, we deal especially with the simple groups PSp4(q). It is shown in [NT11] and
[Spdl3] that a simple group of Lie type defined in characteristic p satisfies the inductive BAWC
conditions for the prime ¢ = p. In [SF14], the second author has shown that when ¢ is even, Sp4(q)
and Sps(q) satisfy the inductive conditions for all £ # 2. Furthermore, in [KS16], S. Koshitani and
B. Spéth show that for ¢ odd, the inductive conditions hold whenever a Sylow ¢-subgroup is cyclic.

Hence, to complete the proof that PSp4(q) satisfies the inductive BAWC conditions (and there-
fore also the inductive AWC conditions), we must verify that these groups are good when ¢ > 5 is
odd for the prime ¢ = 2 and for odd primes ¢ dividing (¢ —1). (Note that PSpy(3) = PSU,(2), and
hence this group satisfies the inductive BAWC conditions for ¢ = 3 and ¢ = 2 by [NT11, Spal3].)
Our main result is the following;:

Theorem 1.1. Let q be a power of an odd prime. Then the simple groups PSps(q) satisfy the
inductive blockwise Alperin weight conditions [Spil8, Definition 4.1] for any prime £ dividing ¢*>—1.



This completes the statement that the simple groups PSp4(q) are good for the BAWC for all
primes ¢ and all choices of q.

We begin in Section 2 by explicitly describing all 2-radical subgroups of Sp4(gq) and their nor-
malizer structures. We see that the situation here is much more complicated than for other choices
of pairs (¢,¢q). In Section 3, we discuss some relevant defect-zero characters of these normalizers
after summarizing results from [Whi90a] regarding the Brauer characters of Sps(q). Finally, we
complete the proof of Theorem 1.1 in Section 4 by describing explicit bijections.

1.1 Notation

We write Irr(X) for the set of irreducible ordinary characters of a finite group X and dz(X) C Irr(X)
for the subset of those with defect zero. We further write IBr,(X) for the irreducible ¢-Brauer
characters. When the characteristic ¢ is understood, we also write X for the ¢-Brauer character
obtained from yx € Irr(X) by restriction to ¢ elements. If a group X acts on a set 2, then we write
X, for the stabilizer in X of an element w € €.

Given an integer n, we write ny and ny for the largest power of ¢ and largest number coprime
to ¢, respectively, dividing n. We write C), for the cyclic group of size n and X.n for an extension
of a group X by C),. The symmetric and alternating groups of degree n will be denoted by &,, and
A, respectively.

For the remainder of the article, let ¢ be a power of an odd prime p and let £ # p be another
prime. We will write e to denote the order of ¢ modulo ¢ and let ¢ € {£1} be such that ¢ = ¢
(mod 4) when £ = 2 or ¢° = € (mod ¢) when ¢ is odd. Let a be the positive integer such that
(% = |¢° — €|g. In the case £ = 2, note that this means 2°*t! = (¢2 — 1)5. Further, we remark that
in Sections 3 and 4, we will be primarily interested in the case e = 1.

Throughout, G will denote the group Spy(q) and S the group PSps(q) = G/Z(G). Further, we
will write G for the group C'Sp4(q) and S = G/Z(G) for the group of inner-diagonal automorphisms
of S.

2 Radicals of Spy(q)

To produce radical ¢-subgroups for G = Sp4(q), we make use of [An94] for ¢ odd and [An93a] for
¢ = 2. In particular we have the following theorem.

Theorem 2.1. [An93a, 3A][An94, 2D] Let R be an (-radical subgroup of Span(q) = Sp(V'). Then
there exists an orthogonal decomposition V.= Vy+ Vi +Vo+---+V; such that R = Ry X Ry X Rg X
-+ X Ry. Here if { =2, for each i > 0, either R; = {£Iy,} or R; is a basic subgroup of Sp(V;). If
¢ is odd, then Ry = Iy, and R; is a basic subgroup of Sp(V;) for ¢ > 1. (See Definitions 1 and 2
below.)

As symplectic groups are only defined over vector spaces of even dimension, each dim(V;) must
be even. Thus the aim is to study the basic subgroups of Sp4(q) and Sp2(q) (see Definition 2 below
for their construction). We will first consider the basic subgroups for ¢ odd, as the arguments are
easier, before dealing with the more involved case ¢ = 2.

2.1 /(-radical subgroups of Sp,(q) for ¢ odd

We follow the notation as given in [An94]. For integers a,y > 0, let V, , denote the symplectic or
orthogonal space of dimension 2e/**7, where e = 0(¢?) modulo ¢. Recall that the integer a > 1
and ¢ € {£1} are defined by the equation ¢ = |¢¢ — €|;. Let Z, := Cia+a denote the cyclic



group of order ¢2t® and E, the extraspecial group of order ¢27™! and exponent £. Set R, to
be the image of Z,FE, under the natural embedding through GLy (e¢°*”). (Here Z, is mapped to
O¢(Z(G Ly (eg®")). For any integer m > 1, let V;, o~ denote the m-times orthogonal sum of copies
of Vi, and let R, o, be the image of the natural m-fold diagonal embedding of R, .

For a sequence of nonnegative integers ¢ = {cl, ey cl}, set \c| =c1+---+¢and Vm’amc to be
the orthogonal sum of ¢!¢ copies of Vin,a,y- Denote by A. the elementary abelian group of order ¢¢

and define A¢ := A¢ V-V A, and Ry oq.c = Rinay UAc.
Definition 1. For odd primes ¢, the subgroups Ry, « ~,c are called the basic subgroups for Sp(Vin a,v.¢)-

The basic subgroups Ry, a,.c are uniquely determined up to conjugacy in Sp(Vina,,c) and
dim(Vin.aq.c) = £m2e02+7. Let wy, o4 denote the multiplicity of the basic subgroup Ry g ~.c in
the decomposition of R.

Proposition 2.2. [An94, 2E] Let £ be an odd prime and R an {-radical subgroup in Span(q) such
that

R=1Iyx [[ Roaze.
m,a,7y,c
Then
NSp2n(q) (R)/R = Sp(‘/o) X H (NSP(V;VL,(X,’\/,C)(Rmvav'}’vc)/Rmvaﬂ/»c) ! Guﬂ’ha«"hc'

m,a,7y,C
Since we see that wreath products play an integral role in these normalizers, we provide the

following statement to understand radical subgroups with respect to wreath products.

Lemma 2.3. Let H be a finite group, v a prime and n an integer. Assume that H contains an
element of order coprime to r. Then O,(H1S,,) = O,(H)". In particular, for any finite group H,
O,(H16,) = O,(H)" unless H is a 2-group and (n,r) € {(2,2),(4,2)}, or H is a 3-group and
(n,7) = (3,3).

Proof. Let N := O,(H 1 6,,). Then NH"/H" < O0,(6,,) = 1 unless (n,r) € {(2,2),(4,2),(3,3)}.
Thus the second statement clearly follows by proving the first statement.

Fix g € H an element whose order is coprime to r. Note that if {h;o1,...,h,,0m} is a coset
transversal of O,(H ! &,,) over O,(H") with h; € H™ and o € &,,, then each o; must be distinct
permutations. After suitable conjugation, we can assume that o1(1) # 1. Let g :== (g,1,...,1) €
H"™. Then (hy01)? = (ghy(g°*) " Yoy. Thus (ghy(¢°*)~") = hhy with h € O,(H™). However it now
follows by the choice of g, that g € O,(H) which is a contradiction. O

In particular, the following corollary is an immediate consequence.

Corollary 2.4. Let ¢ be an odd prime not dividing q and let R < Span(q) be of the form

R=TIdy, x [] Rmaye.

m,o,7y,C
Then R is a radical {-subgroup of Span(q) if and only each Ry o q.c is Tadical in Sp(Vin.aq.c)-

Proof. In [An94] it has been shown that 2 always divides

’NSP(Vm,a,'y,c)(Rmva"Wc) : Rm,a,'y,c‘

and therefore the result follows by combining the previous results. O



Observe that to construct the radical subgroups of G = Sp4(q), we need only consider the basic
subgroups with dimension 2 or 4. In particular, as dim (Vi a,y,c) = 019lm2e®*7 it follows that for
our cases « = v = 0 and c is empty. Therefore, the following observation will deal with the basic
subgroups of interest.

Lemma 2.5. Let ¢ be an odd prime and let Ry, 0..c be a basic (-subgroup of Sp(Vinon~.c). Then
R 0,c is radical in Sp(Vin0.q.c)-

Proof. First note that by [An94, Equation 2.5],

NSp(Vm,amc)(Rm,amc)/Rm,a,'y,c = NSp(Vm,a,y)(RTn,a,'y) X H GLCi (6)

(A

and therefore it suffices to assume that c is empty.

Set R = Rm707’y, C = CSP(Vm,o,»y)(R)7 and N = NSp(Vm,oﬁ)(R)' Then for No = CN(Z(R)),
[An94, Page 12] yields that N/Ny = Coepa, No/CR = Spo,(£), and C = GLS,(¢**"). Thus
O¢(Ng) = O¢(C)R = R and if a = 0, it follows that Ny has ¢-index in N as e < ¢ — 1 and therefore
O¢(N) = O¢(No). O

Corollary 2.6. Let ¢ # p be odd primes and q a power of p. In addition, let R be a nontrivial
C-subgroup of G = Spys(q). Then R is (-radical if and only if

e ( does not divide ¢°> — 1 and R = Rip0 = Cpa.
o ( divides q2 —1and R= Idg X Rl,O,O = Cga, Rl,O,O X Rl,O,O = Cga X Cga or R270’0 = Cga.

Proof. By Theorem 2.1, R is either a basic subgroup of dimension 4 or R = R X Rg, where Ry, Ry
are basic subgroups of dimension 2 or trivial. As the dimension of R, ~,c = delm2e02+7 it follows
that &« = v = 0 and c is empty for each basic subgroup of interested and thus by Lemma 2.5 and
Corollary 2.4, R is radical in G. The result now follows by listing the basic subgroups.

If ¢ does not divide ¢ — 1, then e = 2 and hence m = 1 and the only basic subgroup is Rip0-
While, if ¢ divides ¢> — 1, then e = 1 and either m = 1 or 2 depending on whether the basic
subgroup has dimension 2 or 4 respectively. This yields the basic subgroups R1 0 and Rogo. [

2.2 2-radical subgroups of Sp4(q)

As with odd ¢, to construct the 2-radical subgroups of GG, we first need to construct the list of
basic subgroups. As ¢ = 2, we have that ¢ always divides ¢> — 1 and so let € and a > 2 be defined
so that 2¢ = |¢g — €|]o. This case requires some additional families of basic subgroups, which are
obtained by taking the extra special group E, = 227! and replacing Z, by a central product with
Soatat1, Doatat1, OF Qoata+1, the semidihedral group, dihedral group, and generalised quaternion
group of order 2%+*! respectively.

We now turn our attention to summarizing the details of the required basic subgroups, taken
from [An93a, Sections 1 and 2]. Note that as we are interested in the symplectic case, we have
Sym(V) = —1 and n(V) =1 = —Sym(V) in the notation of [An93a]. We use o to denote a central
product.



R!,, | Isomophism type condition on « and ~y dim(V;! )
0
R E, 27
R%m EyoZa 207+
Rg{’,\/ E’Y ] S2a+a+l (0] 2 ]. 2a+7+1
R2{77 E’Y o] D2a+a+1 20{+’Y+2
4 a>1and m > 2 (See below) | 29F7+1
RO{,"/ E’Y O Q2a+a+l o= 0 2')/“!‘1
Using the same construction as in the odd ¢ case, we then obtain the subgroups an’amc. Note
that for the corresponding vector space Vy;, , . ., we have

dim(Vy, o o) = 2m - dim(V/ ).

m7a7’y7c
Definition 2. For the prime 2, the subgroups Rin,amc
excluding the case in which ¢ =+ =0 and ¢; = 1.

are called the basic subgroups for Sp(V;! ),

m,a,y,c

Throughout, for R < G = Sp4(q) a 2-subgroup, we write N := Ng(R) and C := Cg(R). Let
Bs; denote the set of basic subgroups of Spe;(q). Applying Theorem 2.1, a 2-radical subgroup of
G is a member of one of the following:

{:i:f4}, {:]:IQ} X {:]:[2}, {:l:[g} X BQ, B2 X BQ, and B4.

2.2.1 The basic subgroups B>

In this case, the dimension of the underlying vector space Vfﬁ,a,y,g is equal to 2. Thus

2 =2 - dim (V] ).

As Véﬁ is a symplectic space, it has even dimension. Therefore m = 1 and ¢ = (). In particular,
the basic subgroups in Bs are R871 = E*H = Qs, R(l)’o = FEyZy = Cya, and Ré,o > Qoat1.

From this list we can in fact deduce the following well-known result. We note that this can be
proven without the use of [An93a], however we shall use it here to help outline the details for the
basic subgroups of Sp4(q).

Theorem 2.7. The radical 2-subgroups of Spa(q) = SLa(q) are given the in Table 1.

Proof. Let R be a radical 2-subgroup of Spa(q). Either R is from the list above or R = {£I;} =
Z(Sp2(q)). Thus assume R is a basic subgroup of Spa(q).

First consider R = R8’1. Then Cgy,)(R) = Z(Sp2(q)) and Ngp,(q)(R)/E = &3 or C3 when
a > 3 or a = 2 respectively, using [An93a, 1G]. Moreover, there is one conjugacy class when a = 2
and two conjugacy classes of subgroups when a > 3.

If R= Ré,m then Cigp, ) (R) = Z(Sp2(q)) and Ngp, ) (R)/R is trivial by [An93a, 2G], and R is
determined uniquely up to conjugation.

Finally, if R = R(lm, then Cgp,q)(R) = GL{(q) and Ngp,(q)(R)/Cspy(q)(R) = Ca, using [An93a,
1K]. However, it follows that any element in Ng,,q)(R) not in Cgy, o) (R) acts on Cgp,q)(R) by
inversion. Therefore, O2(Ngy,(q)(R)) = R if and only if Cgy, ) (R) # R. Moreover, R is determined
uniquely up to conjugation. O

We now have the following proposition.



Table 1: The Radical 2-subgroups of Sp2(q)

R Cspy(q)(R) | Outgy, (g (R) Conditions

Co Sp2(q) 1 q>5

Qs Cy S3 a > 3 (two classes)

Qg 02 03 a=2

Cga C(q—e) 02 (q — 6) 7& 2¢
Qa+1 Cy 1 a>3

Table 2: The radical 2-subgroups of G = Sp4(q) not of type By

Type R Ca(R) Outg(R) = % Conditions
{14} Z(GQ) = Cy G 1
{:tfg} X {:i:fg} 02 X CQ SLQ((]) X SLQ((]) CQ q > 5
CQ X CQa SLQ(q) X Cq_e CQ q—¢€ 75 2¢
Co X Qg SLa(q) x Cy Cs a=2and g>5
{£12} x By Cs x Qg SLa(q) x Cy S3 a > 3 two classes
02 X Q2a+1 SLQ((]) X 02 1 a>3
Cga X Cgu Cq_e X Cq_ﬁ Dg q—¢€ 75 29
CQaXQS Cq_6X02 CG a:2andq27
Coa X Qg Cy—e x Oy Do a>3and qg—e€#2%
two classes
By x B2 Coa X Qgat1 Cy—e x Oy Cy a>3and q—e#£2%
Qg X Qg Cg X CQ (Cg X Cg).2 a=2
Qs X Qg Cy x Cy (63 x G3).2 a > 3 two classes
QSXQg CQXCQ (63X63) a>3
Qg X Qoat1 Cy x Cy (GE a > 3 two classes

Proposition 2.8. Let R = Hy x Hy with H; = {£1s} or H; € By. Then R is a 2-radical subgroup
of G = Spa(q) if and only if H; is a 2-radical subgroup of Spa(q), unless Hy = Hy = Qqa+1 and
a> 3.

Proof. We have Z(H;) = {£I>} unless H; = Ca, in which case Z(H;) = H;. Furthermore, it can
be assumed that Z(H;) consists only of diagonal matrices.

As Z(R) is characteristic in R and diag(lz, —I2) € Z(R), it follows that diag(lz, —1I2)? =
diag(Ia, —1I3) or diag(—1I2, I) for any g € Ng(R). Hence g = diag(A, D) or h - diag(A, D), where
A, D € Sps(q) and

02 I
h— ( b ) |
Thus
Ng(Hy x Ha) = Ngp,(q)(H1) X Ngp,(q)(H2) or Ngp,q)(H1) 1 Ca.
Hence the result now follows by applying Lemma 2.3. O

In Table 2 we list all the radical 2-subgroups of Sp4(q) that are not contained in Bjy.



2.2.2 The basic subgroups By

In this case the dimension of the underlying vector space Vm a,y,c 18 equal to 4. Thus

4 =20l - dim(V ).

The following lemma deals with the case that c is non-empty. In particular, as dim(Vo’;ﬁ) >2
it follows that ¢ = {1}.

Lemma 2.9. Let R = H{Cy for H € By. Then R is radical in G = Spa(q) if and only if H is
radical in Spa(q) and H # Z(Spa2(q)). Furthermore, the structure of C' and N are given in Table 3.

Proof. By [An93a, Equation 3.4], R}, ,_ . is radical in Sp(V}}, , . .) if and only if R}, , _ is radical
in Sp(Vm@w) except when i =y =0 and ¢; = 1 in which case Ry, 0.0, 18 not radical as Ro 1 is not
radical in Sp2(q) by [An93a, 1J]. O

Thus, we can assume that c is empty. Next we deal with the case that m = 2 and Dim(Vofﬁ) =2
In this case the basic subgroups are the 2-fold embeddings of basic subgroups in Bs. In particular,
the relevant groups are:

R; ‘ RY 0,1 ‘ R, 0,0 ‘ R; 0,0

m,ony

Isomorphism type‘ Qs ‘ Coa ‘Q2a+l

Proposition 2.10. Let R = R20 1 = Qs. Then R is a radical 2-subgroup of G = Sp4(q) if and
only if ¢ > 5. In addition C = Dy and ¥ 70 = De.

Proof. Let R := R270’1 =~ (3. In this case we make use of [An93a, 1Jb]. Write C' := Cg(R),
N := Ng(R), and N! := Cn(C). Then N!C = N! oz(a) C and % & Dg or C'3 depending on a > 3
or a = 2 respectively. Thus O2(N'C) = R. As m = 2, R is determined uniquely up to conjugation.
Furthermore, C' = O5(q) = Dy(gye)- Note that O2(Dygye)) # Z(R) if and only if Dy, is a
2-group, if and only if ¢ = 3.

If a > 3, then N NC and so R is radical and RC = % > Dg. Thus assume a = 2. [An93a,
1Jb] tells us that RC >~ Dg. Thus is remains to show that R is radical. Consider ¥ T» which has

a normal subgroup & RC of index 2. As R = Oy(N'C), it follows that Oq(X-E RC) = 1. Therefore if
O2(%) = H/R, then HCR <4 N and HCR/CR is a non trivial normal 2-subgroup in Dg, which is
a contradiction. Thus O2(N) = R. O

Proposition 2.11. Let R = R%OO > (C9a. Then R is a radical 2-subgroup of G = Sps(q). In
addition C' = GL5(q) and évc =~ (.
0 1
J= < ol > .

By [CF64], the subgroup Caa is generated by

Proof. Let

0
< " > when ¢ = 1 modulo 4, or

0 n!
w = 2 )
0 1
when ¢ = 3 modulo 4
L n+n?



J

where 7 has order 2 in F¢ or IF;, respectively. Furthermore w’ = w™!. As the image inside G is

taken from the double embedding, we can take the symplectic form for G to be Jy := diag(J, J).
Using eigenvalues, it follows that the image of w in G under conjugation must be either w or
w~!. Thus it follows that N = (C, J5). Furthermore, O3(N) equals either O2(C) or (O2(C), xJ2)
for some x € C.
If xJo is in O2(N), and A € N, then A(zJ2)A™1 = za.J5 for some z € O(C). As C = GLS(q)
by [An93a, 1Ka], it follows that O3(C) = R and z € R. Furthermore, as Js is the symplectic form
we have chosen, we see that A'Jy = JoA™!'. Hence AzA! = zx. Assume

I T2
xr = s
T3 T4

with z; € Maty(F,). The element diag(ly, —I2) € C, so

IQ r1 I9 IQ o I —xX9 . z Tr1 I2
—I| |z3 24 —I|  |-x3 x4 | z| |zs x4l
for some z € R viewed as a subgroup of Spa(q). In particular, either (z —1)zq1 = (¢ — 1)zy =0 or

(z 4+ 1)z = (2 + 1)z3 = 0. However either 21 =24 =0 or 23 =23 =0, as (z — 1) or (z +1) is
invertible. (Indeed, z is of the form diag(A, A1) after possibly conjugating in Sps(F,).) Thus

el

However, in either case it now follows that at least one x;J lies in O2(Ngp,(q)(R)), which is a
contradiction. Thus O2(Ngp,(g)(R)) = O2(Cgp,q)(R)) = R. O

Proposition 2.12. Let R = R%O’O & Qgat1. Then R is not a radical 2-subgroup of G = Sp4(q).

Proof. Let J, Ja, and w be as in the proof of Proposition 2.11. Then (J,w) = Qg+1 < GLa(q),
and Jo is the symplectic form for G. Let A € C. Then A~'JoA = J, and A'JA = J. Therefore

At = A=1. Moreover, if
(A A
4= < Az Ay ) ’

then each A; is conjugate to a matrix of the form diag(a;, a;) in GL2(¢?). Thus C = 05(q) = Day_e)-
However Oz(Djy(q—¢)) = Coa > Z(R) = C3 and so R is not radical. O

It now only remains to consider the case that dim(Véﬂ) = 4. Here the groups of interest are:

Riy | Roo | Roy | Rip | R | RGy | Ry

Isomorphism type | 27* | Qg o Cga | Coasr Doat1 | Qg 0 Qoat1

52a+2

Proposition 2.13. Let R = R872 ~ o If o = 2, then there is a unique conjugacy class of
subgroups isomorphic to R, while if a > 3 then there are two classes of subgroups isomorphic to R.
Furthermore R is a radical 2-subgroup of G = Spy(q) with C = Co and R—]\é = As when a > 3 or
As.2 when a = 2.



Proof. By [An93a, 1Jb], C = C5 and

Tlor@ A a=2°

N N [o;@=%2 a>3
CR R

so O2(N/R) =1 and R is a radical 2-subgroup. Moreover, if a = 2 then there is a unique class for
R, while if @ > 3 then there are two classes for R up to conjugacy. O

Proposition 2.14. Let R = R(l),l >~ Cha0Qs. Then R is a radical 2-subgroup of Spa(q) if and only
if ¢ — € # 2% In addition, C = Cy_. and % = Dis.

Proof. In this case we use [An93a, 1K]. We obtain R = Qg o Ca by the inclusion
R < GL5(q) = Spa(q),

where Coa < Z(GL2(q)). Let H denote the image of Ngre(,)(R) under this inclusion, so that H
has index 2 in N and C' = GL{(q) is the image of Cgre(q)(R).
By [An92, Lemma 1B] and [An93b, Lemma 1L], we have O2(H) = R, since O2(CR) = R. Then

H O(EYCE Kk H
0, (= 272(61? R o~ — 4~ ~pg
R R CR ™ CR

Moreover, 1% has a normal subgroup Dg of index 2, so R—]\é = Djs. (Indeed, this is the only group
of order 12 containing a normal subgroup isomorphic to Ds.)

If g—e = 2% then CR = R and so 02(%) > 1 so R is not radical. On the other hand,
if ¢ — € # 2% then there exists x € C of odd order, and after the embedding is of the form
diag(n,n,n~t,n~1). Let h € Oa(N). If 2" = 271, then h* = 2~2h which implies 72 € O9(N), so
x = 1. Therefore 2" = x for all h € O3(N). Thus Oz(N) < Cn(C) < H. In particular, it now
follows that O2(N) = R. O

Proposition 2.15. Let R = Rio > Cyat1. Then R is a radical 2-subgroup of G = Spa(q) if and
only if ¢ > 5. In addition C = Cp2_y and }% =~ (9 x (.

Proof. The group Cya+1 is obtained via the following embedding:
Fo2 < GL2(q) — Spa(q)
If peFy\ Fg, then the image of F2 in G'La(q) is given by the subgroup
K = { B ﬂﬂ | A\, 1 € F, such that both A, # o} >~ Cpo_y.
While the embedding from GLy(q) into Sps(q) is given by

A ) ' B I
A— [ (At)_l] , with symplectic form J = [_12 }

Let g generate the subgroup Coat1 < F(IXQ. Then Cgr,(g)(9) = K. Moreover, since det(g) # 1, we

see that g and (¢g*) ! have different eigenvalues, so the Sylvestor matrix equation implies Cg(g) is
the image of K.



As the eigenvalues of g are A & /B, it follows that Ngp,(g)(Coet1) = (Cary(q)(9), X) for

1 0
X = [O _1] |
Furthermore, as the eigenvalues of (g*)~! are )\27715”2()\ + +/Bu) it follows that any element in
Ng(Caat1) is a product of an element from H, the embedding of Ngr,(q)(Caat1), with the element

which acts on H by inversion on Cgp,(4)(g) and sending the image of X to its negative. Thus
C := Cgp,(q)(Coat1) = Cyp2_; has index 2 in H and H has index 2 in N := Ng,,(4)(Caa+1). Then if
¢®> — 1 =2%"1 the group R is not radical.

Assume ¢2 — 1 # 29t ie. g > 3. If Oo(H) > 05(C), it follows that c¢X € Oz(H) for some
c € C. Let d be an element of odd order in C, then [d,cX] = det(d~1)d? € O9(C), which yields a
contraction. If O2(N) > O2(H), it follows that an element ¢Y or ¢XY is in Oy(N) for ¢ € C and
X is taken to be its image in N. Furthermore, ¢¥'Y = ¢~ 'Y and (¢X)YY = —¢~'XY and therefore
c? lies in O9(N) which provides a contradiction. Thus O(N) = R. O

Proposition 2.16. Let R = Rio & Soat2. Then R is a radical 2-subgroup of G = Sps(q) if and
only if ¢ > 5. In this case, C = Cyq. and % =~ (5.

Proof. When € = 1, we have C' = g+ 1, R—Z\é > (30 = (9, and R = O3(N) by [An93a, 2Bd]. When
e = —1, we have C =2 g — 1, N/RC = Cy, and R = O2(N), unless ¢ = 3 as in this case C is a
2-group and thus N is a 2-group by [An93a, 2Cc|. In each case, R is determined uniquely up to
conjugation. O

Proposition 2.17. Let R = Rao 2 Doat1. Then R is a radical 2-subgroup of G = Spy(q) if and
only if ¢ > 5. In addition C' = Spa(q) = SLa(q) and F% =X0'%

Proof. By [An93a, 2Cel, R = O2(N), Cgp,(q)(Daat1) = Spa(q) = SLa(q), and % =~ (5. Further-
more, R is determined uniquely up to conjugation. O

Proposition 2.18. Let R = Ré}l = Qg0 Qoat1. Then R is a radical 2-subgroup of G = Spa(q). If
a =2, then R = R872 and the structure of C' and N are given in Proposition 2.15. If a > 3, then
C=2(G)=Cy and 55 = &3.

Proof. Let R = Ré,l = Qg0 Qoatr1. Whena =2, R = R872. Thus assume that a > 3. In this case,
[An93a, 2G] yields that C' = Z(Spa(q)) and &5 = ¥ = Spo(2) = Spa(2) = &s. O

We finish by giving Table 3, which lists the radical 2-subgroups of type Bjy.
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Table 3: The radical 2-subgroups of G = Sp4(q) of type By

Type for By | R Ca(R) Oute(R) = 2 Conditions
21+ Cy Q;(2) = A5 a=2
ol +d Cy 0, (2) = 2A5.2 | a> 3 two classes
Caa 02 Q8 Cy—e Do q—e#2°
c=0and m=1| Cout1 C’qz_l Cy x Cy q>5
52a+2 Cq+e 02 q 2 5
D2a+1 SLQ((]) CQ q >5
Qg 02 Qoa+1 Co S3 q>5a>3
Qs 05 (q) = Da(gye) S q=95
c=0and m= qte
= Caa GL5(q) Cy q>5
Coa 1 Oy que Cy q—¢€ 75 2¢
_ 4| @810 Co Cs a=2
¢=1andm= Qs 10y Co S3 a > 3 two classes
Q2a+1 l 02 CQ 1 a Z 3

3 Relevant Characters for ¢/ = 2

3.1 Brauer Characters of Sps(q)

In [Whi90a], White has computed the 2-block distributions and 2-decomposition numbers for G =
Spa(q). In an effort to keep this article self-contained, we summarize in Table 4 some of the relevant
information.

Given x € Irr(G), we write X for the 2-Brauer character obtained by restricting x to 2-regular
elements of G. The notation for characters and indexing sets is taken from [Sri68]. Further, the
integer x in the description of the principal block characters is a number satisfying 0 < x < (¢—1)/2,
and does not effect our work here. The indexing sets are defined as in [Sri68] and [Whi90a], as
follows:

The set 77 is the set of multiples of (¢ — 1)z in {1,...,(¢ — 1)/2 — 1}. The set T} is the set of
multiples of (¢ + 1)z in {1,...,(¢ +1)/2 — 1}. We will further write 7! for 7] when € = 1 and T}
when € = —1. Similarly, 77, denotes 7% when € = 1 and 7] when e = —1.

The set R} is comprised of the even integers in the equivalence classes of {1, ...,¢*}\{(¢*> + 1)/2}
under the equivalence relation i ~ j when i = 45 or +¢j (mod ¢* + 1).

The set R} is comprised of the set of multiples of (¢ — 1), in the equivalence classes of {1 < i <
@®>—1|(qg+1)1i;(g—1) ti} under the equivalence relation i ~ j when i = 45 or £¢j (mod ¢*—1).

3.2 Defect-Zero Characters of Ng(R)/R

In this section, we develop the notation to describe the defect-zero characters of Ng(R)/R for the
2-radical subgroups R described in Tables 2 and 3. Recall that € € {£1} is such that ¢ = € (mod 4),
so that (g% —1)a = 2(¢ — €)2. Throughout, let 1, i/, and 6 denote fixed generators of the subgroups
Cq—c; Cyye; and Cp2_q in F;z, respectively.

We may embed the group Cy—..2 into SLy(q) naturally with C,_, realized as the subgroup
generated by diag(n,n71), up to SLa(F,)-conjugation. Here, the Cy factor maps n — n~*. We will
denote by 7y the character of C;_..2 whose restriction to Cy—_, is 7% + 7%, where 7 is a generator
of Irr(Cy—), sending 7 to a fixed primitive ¢ — € root of unity in C. The corresponding characters
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Table 4: The Blocks and Brauer Characters of Sp4(q) for the Prime 2 (See [Whi90a|)

Block B | Brauer Characters IBr2(B) | Indexing Information Number of Blocks
— 2_1
bi(r) x1(r) re€R; g S
— —1)or —1 1o — 1
ba(7) Y () r € R, ((g—1)2 )4((Q+ )2 )
bs(r, s) X3/(—7'7\5) rs €Tl r#s ((¢—1)» — 1)8((q =Dy —3)
ba(r, s) xa(r,s) rs € T5,m # s (g +1)2 — 1)8((‘1 + Do —3)
bs (7, s) X5/(7;) reTh, seT (g —1)o — 1)4((q + 1)y —1)
ber (r) o) reTy %
x7(r) — xe(r)
bso (r) xs(r) reT %
xo(r) — xs(r)
br(r) (1) reTy %
E51(r)
brrr(r) &s(r) rely %
§ar(r) — &s(r)
bo o =1 1
#s =012~ 1
9o =0
p1=®P3 — 389/1\0 — 07
P2 = Ps — w010 — 08
1 =07
w5 = Os
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of C(4—), -2 are the ny for k € T!. We will use the same notation when C,_. is embedded into G
via SLa(q) x SLy(q) as the subgroup generated by diag(n,n~%,n,n71).
Similarly, we may embed Cyi..2, in G such that the Cy 4. factor is Sps(F,)-conjugate to

diag(n’,n'~1,n',n'~!) and the Cy factor maps 7' +— n'~1.

Here 7/, will denote the character of
Cy+e-2 whose restriction to Cyyc is 7/ Py 7 71{, where 7/ is a generator of Irr(Cy4.), sending 1’ to a
fixed primitive ¢ 4 € root of unity in C.

We may also embed the group qu_1.22 in G so that the Cp2_; factor is generated by the
element diag(6,0,0~1,67%), up to Sp4(F,)-conjugacy, with the two copies of Cs in Cy x Cy mapping
0 — 09 and 6 — 6~!. We will denote by 0), the character of Cq2_1.22 whose restriction to C2_q is
0F + 67 + =% 4+ §=9% where 0 is a generator of Irr(C2_1), mapping 6 to a fixed primitive -1
root of unity in C.

We will also require characters of PSLy(q) of degree ¢ — €. Specifically, when ¢ = 1, we will
denote by xe(k) the family of characters xs(k) in CHEVIE notation of degree ¢ — 1, which may be
indexed by k € Tj. We remark that this indexing is slightly different than that of CHEVIE; taking
the indexing to be T} yields the value —¢iF & * where &1 is a primitive ¢+ 1 root of unity (rather
than —£7% — £72%) on the class C5(i) in CHEVIE notation since the indices are divisible by 2.
Similarly, when € = —1, we will denote by xe(k) the family x5(k) of characters of PSLs(q) of degree
g + 1, which may be indexed by k € T}, keeping similar considerations in mind. Note that under
our notion, the indexing set for xo is 77 .. Finally, we let ¢ denote the irreducible character of S3
of degree 2, v denote the irreducible character of 25 of degree 4, and p denote a fixed generator of
Irr(Cs).

3.3 Defect Groups

We begin by considering the normalizers of the radical subgroups that are defect groups (according
to [Whi90a]) of blocks of G = Sp4(q).

First, consider the radical subgroup R = Cy x Cy of type {£I2} x {£I2}. Here R is in fact
the defect group of the block B = b3(r,s) when € = —1 and by(r, s) when € = 1. The normalizer
Ng(R) is of the form SLa(q) ! Ca, where the base subgroup SLy(q)?, which is also the centralizer
Ca(R), can be viewed as being embedded blockwise in the natural way. Here Ng(R)/R is of the
form PSLy(q) 1 Cs, and |[Ng(R)/R|2 = 2(q — €)3. Hence we see that dz(Ng(R)/R) is comprised of
characters whose restriction to PSLa(q)? is (e () X Xe(5)) + (Xe(8) X Xe(7)) for r # s in T" .. We
will write xo(r, s) for such a character.

Now let R = C5 x Caa be the radical subgroup of type {+12} x By. Then R is the defect group
of the blocks of the form bs(r,s). Here Ng(R) = SL2(q) x Cy—¢.2 and Ng(R)/R = PSLy(q) X
C(g—e), -2- Hence a defect-zero character of Ng(R)/R has degree 2(q — €)2, so must be xe(k) X 7
for some (k,t) € T" . x T.

Let R = (5 X Qga+1 be the radical subgroup of type {£I2} X Bg, which is the defect group
of the blocks of the form b;(r) when ¢ = 1 and brr7(r) when € = —1. We remark that these
blocks each contain three irreducible Brauer characters. We remark that in Section 4, we will
define IBra(G|R) to contain just one of these from each block. Here Ng(R) = SLa(q) X Qoa+1 and
Ng(R)/R = PSLs(q), whose defect-zero characters are those in the family xo(k) for £ € T” .

Let R =2 (e x (e be the radical subgroup of type By x By, which appears as the defect group
of the blocks by(r,s) when e = —1 and bs(r, s) when e = 1. Here Ng(R) = C?__.Dg = (Cy—c.2)1Cy
and Ng(R)/R = (C(4—),,-2) 1 Ca. Since defect-zero characters of Ng(R)/R have degree 8, they
must be of the form (7 X 7;) 4 (7 X i) on restriction to (C(y_),,-2)%, for k # ¢ in T/. In this case,
we will denote such a character of Ng(R)/R by 7 .
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When R is the radical subgroup of type By x By of the form Cha X Qga+1, R is the defect group
of a block of the form b;77(r) when e = 1 and by(r) when e = —1. Again, these blocks each contain
three irreducible Brauer characters, and we will define IBra(G|R) in Section 4 below to contain just
one of these from each block. Here Ng(R) & Cy—c.2 X Qga+1 and Ng(R)/R = C(4_),,-2, which has
defect-zero characters 7, for k € T}.

The subgroups R = Coat1 of type By are the defect groups for the blocks of the form by(r).
Here we have Ng(R) = Cp2_1.2% and Ng(R)/R = C(;2_yy,,-2°. Then dz(Ng(R)/R) is comprised
of characters of degree 4, of the form 6y, for k € Rj.

Now let R be semi dihedral of size 2°72. Here R is a defect group for a block of the form
be7(r) when € = 1 and bgg(r) when ¢ = —1, which contain two Brauer characters in each block.
We will define IBra(G|R) in Section 4 to contain one such character from each block. We have
Na(R)/R = C(g4¢), -2 and the defect-zero characters are of the form 0 for keT’ .

Now let R be of type By of the form Csa ! Cy. Here we have R is a defect group for a block of
the form bgg(r) when € = 1 and bg7(r) when ¢ = —1, which contain two Brauer characters in each
block. Again, we will define IBra(G|R) below to contain one such character from each block. We
have Ng(R)/R = C(,4_),,-2 and the defect-zero characters are of the form 7, for k € T}.

Let R € Syly(G), so R is a defect group of by and Ng(R)/R is trivial when a > 3, which means
there is a unique (trivial) defect-zero character. When a = 2, Ng(R)/R = Cs, and we have three
defect-zero characters corresponding to the three members of Irr(Cs).

3.4 The Remaining Radical Subgroups

We now address the radical subgroups that are not defect groups for any block of G.

For the radical subgroups of type By of the form R = Dgys+1 with ¢ > 5, we have Ng(R)/R =
PSLy(q).2, where the Cy acts as the diagonal automorphism on PSLa(q). Since |[Ng(R)/R|2 =
2(q — €)2, a character of defect zero must be xo(k) for some k& € T' _ when restricted to PSLs(q).
However, these characters are invariant under the diagonal automorphisms, as they extend to
PGLy(q). Hence we see that dz(Ng(R)/R) is empty in this case.

For the radical subgroups of type By of the form R = Qg with ¢ > 5, we have Ng(R)/R =
Ds(g16)/Z(Daigre)) X 83 = Dyye x &3, so that defect-zero characters have degrees whose 2-parts
are 4. Hence these are ¢, x ¢ for k € T” ., where v, is the character of Dy which takes values

2 cos (qﬂ—i) on the generating rotation.

When R = Coa with ¢ > 5, we have Ng(R)/R is (GL5(q)/C24).2, where Coa < Z(GL5(q)).
Then a defect-zero character has 2-part 2(q? — 1), which is impossible, since the largest 2-part of
a character of GL5(q) is (¢ — €)2. Hence there are no defect-zero characters in this case.

When R =2 (C 09 (g with (q — 6)2/ # 1, we have Ng(R)/R is C(q,€)2,.D12 = C(q,€)2/.2 x G3.
Then the defect-zero characters are of the form 7y, x ¢ for k € T}.

For the remaining radical subgroups, the set dz(Ng(R)/R) (and sometimes R itself) depends
on whether a > 3 or a = 2. We discuss the two situations separately.

€

3.4.1 The Case a >3

Recall that there are two classes of the form R = Cs x Qs when a > 3, from the two classes of
radical subgroups Qs in SLs2(q). Here R is of type {£l2} x Ba, Ng(R) = SLa(q) x Q5.63, and
Na(R)/R = PSLy(q) x &3. Then |Ng(R)/R|2 = 2(q — €)2, and defect-zero characters are of the
form xe(k) x ¢ for k € T”.
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There are also radical subgroups of the form R = C« X Qg with a > 3, (¢ — €)» # 1, coming
from the two classes of radical subgroups Qg in SLs(q). Here R is type Bs x By and Ng(R) =
Cg—e2 X Q3.63 = (Cy—e X Qs).D12. This yields Ng(R)/R = C,_e),,-2 X &3. Then the defect-zero
characters have degree 4, and are of the form 7y, x 1 for k € T}.

Let R = Qg X Qg with a > 3 be of type Bs x By, where the two copies of (Jg are the same class in
the respective SLs(q), yielding two classes of radical subgroups like this and Ng(R)/R = &30 Cs.
Here defect-zero characters have degree 8. However, this means that on restriction to the base
subgroup &3 x &3, the character must be i x 1. But this character is invariant under the Cy
action, and hence extends. Then in this case, Ng(R)/R has no defect-zero characters.

When the two copies of Qs come from the distinct classes in SLa(q), we get one additional
class of radical subgroups for G, with Ng(R)/R = &3 x S3. In this case, defect-zero characters of
N¢a(R)/R have degree 4 and must be of the form 1 x 1.

When R is a member of one of the two classes of radical subgroups Qg X (Q9.+1 of the form
By x Bs, we get Ng(R)/R = S3. Here 9 is the only defect-zero character.

If R 22" then Ng(R)/R = 25.2. This has no defect-zero characters, as the degree would
need to have 2-part 8, but 205 has only one degree-4 character, which would extend to Ng(R)/R.

When R = Qg 02 Qa1 or Qg Co with a > 3, we have Ng(R)/R = &3 and v is the only
defect-zero character.

3.4.2 The Casea=2and ¢>5

When a = 2 and ¢ > 5, there is one class of the form R = Cy x Qs, with Ng(R)/R = PSLa(q) x Cs.
Here for each k € T” , there are three characters of defect zero corresponding to ye (k) x !, where
pt € Irr(C3) with i € {0,1,2}.

There is also one class of radical subgroups of the form R = Coa X Qg with a =2, (¢ —€)o # 1
(that is, ¢ > 7), with Ng(R)/R = C(4_),,-2 x C3. Then for each k € T{, there are three defect-zero
characters of the form 7, x u' corresponding to the three characters u’ € Irr(Cs).

In this case, we have one class of the form R = Qg X Qs, with Ng(R)/R = C31C5. The defect-
zero characters here have degree 2 and are of the form (u’ x /) + (i’ x p?) with i # j € {0,1,2}
when restricted to the base subgroup C’g , which we will denote as p;;. This yields three characters
in dz(Ng(R)/R).

We also have one class of the form R 2 21%* such that Ng(R)/R = 5. Then there is exactly
one character in dz(Ng(R)/R), namely v.

4 The Inductive BAWC Conditions for PSp4(q)

In this section, we prove the inductive conditions for the BAWC for S = PSpy(q) when ¢ > 5 is a
power of an odd prime p and £ is a prime dividing ¢ — 1. Note that by [Spi#l3, Remark 4.2], to
show that S is BAWC-good, it suffices to show that S satisfies Conditions 4.1(ii)(3) and 4.1(iii)(4)
of [Spal3] in addition to being AWC-good in the sense of [NT11, Section 3].

4.1 The Sets and Bijections for ( =2

Since |Z(G)| = 2 when ¢ is odd, note that Z = 1 and S = X in the notation of [NT11, Section
3]. Hence for S to be AWC-good for the prime ¢ = 2 in the sense of [NT11, Section 3], we require
a partition |JIBra(S|R) of Brauer characters of S, where the union is taken over classes of 2-
radical subgroups R of S. There should then be an Aut(S)-equivariant bijection xp: IBry(S|R) —
dz(Ng(R)/R) satisfying certain other properties. However, the fact that |Z(G)| = 2 also implies
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that the 2-blocks and 2-Brauer characters of G and S = G/Z(G) can be identified, using [Nav98,
Theorem 7.6]. Further, the 2-radical subgroups of S are of the form R/Z(G), where R is a 2-radical
subgroup of G, and Ng(R/Z(G))/(R/Z(G)) = Ng(R)/R. Hence in what follows, we define the
necessary sets IBra(G|R) and bijections g for G rather than S.

Tables 5-6 and 7-8 describe the sets and bijections in the cases a > 3 and a = 2, respectively.
We note that when R is the defect group of a block B of G, we have defined IBry(G|R) naturally
as a subset of IBra(B). The indexing in the tables is taken as in Table 4. We remark that the
condition (¢ —€)o # 1 for several of the radical subgroups is not restrictive, given the enumerations
in 3.1, and that the discussions in Sections 3.1 and 3.2 yield that these do in fact define bijections.

Recall that G denotes the conformal symplectic group C'Sp4(q), so that G contains an index-two
subgroup GoZ (é), which is a central product of G with Z (é) = ;. Then the outer automorphism
group of S is isomorphic to Cy x Cy, where ¢ = p/. Here the Cy component is induced by the
action of §/8 = G/(G o Z(G)) and the Cy component is given by field automorphisms. We also
remark that by [Tayl8, Theorem 16.2], we may choose a field automorphism ¢ generating the
Cy component such that for x € Irr(G), we have (G % (D)) = CNJX X (¢)y. Throughout, let ¢
denote such a field automorphism and let § denote a diagonal automorphism inducing the action
of S/S=G/(Go Z(G)).

Using [Sri68] for the character table of G, arguments as in the proof of [SF14, Proposition
5.1] yield that the chosen maps are equivariant with respect to the field automorphism. Fur-
ther, from [BI15] and the descriptions summarized in Section 3.1, we see that the action of S/S

—_—

interchanges the following pairs of Brauer characters: {¢1,p2}, {@4, 5}, {€55(r), &5 ()}, and

—_—

{&12(1) — &3(7), €41 (1) — &3(r)}. The remaining irreducible Brauer characters are invariant under
the action of S.

On the other hand, when a > 3, the Brauer characters interchanged by § correspond under our
map to pairs of classes of radical subgroups which are also interchanged by . Indeed, note that §
induces a diagonal automorphism as well on SLs(q), and that these pairs of classes come from pairs
of classes of radical subgroups Qs in SLa(q), which are fused in GLs(q), by [Sch15, Corollary 7.15].
When a = 2, it suffices to see that y and p? are interchanged by 6 when Cs is viewed as a subgroup
of SLy(q) inducing an automorphism of order 3 on Qg embedded into SLs(q). Indeed, constructing
Qs in the standard way in SLy(q), for example as in [CF64], one can construct a generator for such
an automorphism of (Jg and see that there is an appropriate representative for ¢ that inverts it.

This yields:

Proposition 4.1. The sets IBra(G|R) and bijections g defined in Tables 5-8 satisfy the partition
and bijection conditions in [NT11, 3.1 and 3.2].

4.2 The Sets and Bijections for Sylow /-Subgroups, ¢/ Odd

From Section 2.1, we see that for £ an odd prime dividing ¢>—1, the only non-cyclic radical subgroups
for G are the Sylow ¢-subgroups. Hence applying the results of [KS16], in order to complete the
proof of Theorem 1.1 when ¢ is odd, it suffices to consider the case that R € Syl,(G) and construct
bijections from irreducible Brauer characters in blocks of maximal defect to dz(Ng(R)/R) satisfying
Conditions 4.1(ii)(3) and 4.1(iii)(4) of [Sp&al3] and those of [NT11, Section 3.

Let € € {£1} be such that ¢ | (¢ — €). Note then that R = C(,_o), x C that

q—€)e>

Ng(R)/R = C(q_e)e,.2 l 02,

and that dz(Ng(R)/R) = Irr(Ng(R)/R). Here we may embed C7_, through the block-diagonal
embedding of SLa(q)? in G. With this identification, the Cy components act on Cq—e and on
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The Sets and Bijections for £ =2, a > 3

Table 5: The Case £ =2,a > 3,e=1

Table 6: The Case £ =2, a > 3,e = —1

R 0 € IBra(G|R) | 6*r € dz(N/R) R 0 € IBro(G|R) | 6*Rr € dz(N/R)
2(G) = Ca xi(r) xi(r) 2(G) = Co X (r) X (r)
Ca x Ca xa(r, s) xe(r, 5) C2 x O3 xa(r, 5) x5 (r, 5)
C2 x Ca X5(r, 5) x6(r) X 1s C2 x Caa X5(r, 5) X5 (8) X 7r
C2 x Q8 € () x6(r) X ¥ C2 X Q8 Eaa(r) — Es(r) xs(r) x ¢
(two classes) &, (r) X6(r) X ¥ (two classes) €01 (r) — &(r) X5(r) X ¥
C2 X Qgat1 & (r) xe6(r) C2 X Qgat1 &(r) x5(r)
Caa X Coa X3 (r, 8) Tirs Caa X Caa xa(r,3) Tirs
Cha x Qg €a2(r) — E5(r) T X Cha x Qs & () T X
(two classes) §4/1—\(r) — 5;.\(7“) e X 1) (two classes) §§/l\(r) e X 1
C2a X Qgat1 &(r) 0 Caa X Qgat1 &i(r) r
Qs X Qg (two classes), empty empty Qs X Qg (two classes), empty empty
N/R= (63 x 63).2 N/R= (63 x G3).2
Qs x Qs, 3 Y XY Qs X Qs, 3 Y X P
N/R=~ &3 x 63 N/R= &3 x 63
Qs X Qga+1 1 P Q8 X Qgat1 1 P
(two classes) P2 P (two classes) P2 P
214 (two classes) empty empty 214 (two classes) empty empty
Caa 03 Qs xa(r) = xs(r) T X ¥ Can 02 Qs x7(r) = x6(r) X Y
Ot xa(r) 0 Coat xa(r) 0
Soat2 X6(r) 7;; Sga+2 xs(r) 7;;
Dya+t1 empty empty Dya+t1 empty empty
Q8 02 Qoat1 ©6 P Q8 02 Qgat1 ©6 P
Qs x(r) = xs(7) P X 1 Qs xo(r) = xs(1) r X ¢
Caa empty empty Caa empty empty
Coa 1 Cy @ Mor Coa 1 Cy X/G(T\) Mor
Qs1C2 2 P Q810 2 P
(two classes) s ) (two classes) 5 P
Qa+1 1C2 1g 1 Qga+11C2 1g 1
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The Sets and Bijections for £ =2, a=2,g>5

Table 7: The Case £ =2,a=2,g>5,e=1

Table 8: The Case £ =2,a=2,¢q>5,e =—1

6 € IBr2(G|R) | 0"F € dz(Na(R)/R) R 0 € IBr2(G|R) | 0"F € dz(N¢(R)/R)
2(G) = Cs xi(r) xi(r) Z(G) = Cs xi () xi(r)
C2 x C2 Xalr, s) xe(r, 5) C2 x Ca Xa(r, s) X5 (r, 5)
Cy x Caa X5(r, 5) X6 (1) X s Cy x Caa X(r, 5) X5(8) X 7r
C2 x Qs €,(r) X6 (r) X p Cox Qs | Eu(r) —&(r) Xs(r) X p
€,(r) xo(r) x p? En(r) — &(r) xs(r) x p?
&(r) X6(r) X 1oy &(r) x5(r) X 1eg
Cza x Caa Xalr, s) Nr,s Caa x Caa Xa(r,s) Nr.s
Coe x Qs | Eaz(r) — &a(r) e X Cae X Qs Eha(r) M X
€n(r) - &(r) e X &, (1) e x
&(r) 7 % le, &(r) 7 x le,
Qs X Qs 3 H12 Qs X Qs 3 Hi2
©1 Kot P1 Ho1
P2 Moz P2 Ho2
o1+ ©e v o1+ ©e v
C2a 02 Qs m—X/S(T\) N X Caa 02 Qs X/7(7“\)—X/6(7) Nr X 2
Catr ) 0, Charts Xa(r) 0,
Spate Xo(r) e Spasa Xs(r) o,
Dya+1 empty empty Doa+t1 empty empty
Qs X7 (1) = xs(r) Yo X Qs xo(r) = xs(r) P x ¢
Caa empty empty Caa empty empty
Cao 1 Cs xs(r) Tar Cio 1 O xo(r) o
Qs 10 o % Qs 1C2 P4 ]
©s w? ©s5 p?
1s leg 1s lecyg




Table 9: The Bijection for R € Syl,(G), ¢ Odd, Isolated Blocks

{-Block B of G 0 € IBry(B) 0*% € Irr(Na(R)/R)
e=1 e=—1
lg la (1a X 1a)a
0o 010 (1a X 1a)p
bo 011 011 — 1¢ (1s X 1p)a
b1 f12 — 1 (1y X 1p)s
fis | i3 — 012 — 611 — abio + 1c (1o x 1p) + (1p x 1a)
@5 P, (—la X 1a) + (1o X —1a)
. (;1;6 A ?ISQA (—1p X 1) + (1o X —1p)
o Dy — Py (=1a x 1p) + (1p X —14)
Ds P35 — By (=1p x 1) + (1p x —1p)
05 63 (1o x —14)a
0, 02 (=1 x —1p)a
bo Do Pg — 0, — b5 (1o x —1p) + (=1, x —1,)
o b1 + 05 — Do (—1a X —La)y
6, By + 0, — B (=1 x —1p)s

(C(q,e)e/ .2)2 via inversion and reversing components, respectively. These can be viewed as induced

from the elements x := [ 01 (1)] and y = { (} %}, respectively. We further remark that the
- —12

nontrivial diagonal automorphism ¢ of S can be seen as induced by the matrix diag(—1,1) on each
SLs(q) component, which fixes y and sends = to —z.

Let &1 denote the characters of C',_),, of order dividing 2. These characters are invariant under
the action of the Cy components of C,_),, .2, and we denote by &1, and £1; the two corresponding
extensions to C,_),.2. Then we obtain 14 characters of Ng(R)/R whose restrictions to C(que)e,
are of the form £1 x £1. In what follows, we will in most cases identify these character by their
restrictions to (C(q,ﬁ)é/.2)2. However, for those that extend from (C(q,ﬁ)é,.2)2 to Cy—e), 21 Ch,
we use subscripts a and b again to denote the two extensions. Further, we remark that § fixes 1,
and 1p and interchanges —1, and —1;. Table 9 describes the bijections for these characters. The
corresponding blocks of maximal defect and Brauer characters for G are obtained from [Whi90b].
(We remark that the number « is determined in [OW98] to be 1 or 2.) From [BI15], we see that
the pairs {®;, ®;11} and {6;,0;41} for i = 1,3,5,7 are interchanged by ¢ and that ®g and 6; for
7 =9,10,11,12, 13 are fixed by §. Since all characters listed are fixed by field automorphisms, we see
that the bijections are Aut(S)-equivariant. Further, by construction, (IBr,(G|R) N IBry(G|v))*® C
Irr(Ng(R)/R|v) for each v € Irr(Z(G)).

Now, consider the characters of C(,_),.2 that are not 1 on restriction to Cy_),. These
characters are of the form 7, where the notation is analogous to that in Section 3.2 for the case
that ¢ = 2 above. If m = 2mgy = (¢ — €)p, this yields (m — 2)/2 = mg — 1 characters of this form
for C(4—¢),-2. These characters are indexed by k in T, ”  where analogous to the case ¢ = 2, the
set T/ is the set of multiples of (¢ — €); in {1,...,(¢ —€)/2 — 1}. Given such a k, there are two
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Table 10: The Bijection for R € Syl,(G), ¢ Odd, Non-Isolated Blocks

e=1 e=—1
¢-Block B of G | 8 € IBry(B) | ¢-Block B of G | 0 € IBry(B) 0"k € Irr(Na(R)/R)
bso (k) T b (k) o w® (e )
Xo (k) X7(k) — Xo (k) (M X Tk )b
bire (k) fﬁAs(/f) br (k) ) 51(’?1 (M X 1a) + (1o X k)
&s(k) £1(k) — & (k) (M x 1p) X 1p X 1K)
bus () €A41(k) bos () éZl(k) (M X —1a) + (=1a X 7k)
Ea2(k) £22() (1 X —1p) + (—1p X k)
bs(k, 1) X3 (k, 1) ba(k,t) Xa(k, 1) (M X 1) + (1 X Tk)

characters of Ng(R)/R that restrict to 7, X 75 on (C(q_e)é,.Z)z, which we again denote with an a
and b. Further, for each ¢ € {1,,15, —14, —15}, we have one character whose restriction is of the
form 7 X ¢ + ¢ X 7.

Finally, the characters of Ng(R)/R whose restriction to neither component of C,_), is £1
must be of the form (7 X 1) + (7 X k) on restriction to (C’(q_€)e,.2)2, for k # t in T!. In this
case, there are (mgo — 1)(mo — 2)/2 characters of this form. Table 10 describes the bijections for
these remaining characters. Again the Brauer character information is taken from [Whi90b], we
have constructed the bijection such that (IBr,(G|R) N IBry(G|v))*® C Irr(Ng(R)/R|v) for each
v € Irr(Z(G)), and the discussion from above and arguments exactly as in [SF14, Propositions 5.1]
yield that the bijection is Aut(S)-equivariant.

Together, we have the following:

Proposition 4.2. Let R € Syl,(G) and ¢|(¢*> — 1) odd. The sets IBry(G|R) and bijections g
defined in Tables 9-10 satisfy the partition and bijection conditions in [NT11, 3.1 and 3.2].

4.3 The Normally Embedded Conditions

In this section, let G = Spy(g) with ¢ odd and let £|(¢*> — 1) be a prime. Let R be any 2-radical
subgroup in the case ¢ = 2 or a member of Syl,(G) if ¢ is odd, and fix § € IBry(G|R), where
IBr/(G|R) is defined as in Tables 5-10. Notice that Aut(S)g/S is cyclic unless ¢ is a square and 6
is fixed by 0 and a field automorphism of order 2.

Lemma 4.3. The characters 0 € 1Bry(G|R) extend to their inertia groups in G x (¢). Further,
the characters 0*F extend to their inertia groups in the normalizer of R in G X (¢), where xg is as
defined in Tables 5-10.

Proof. This is clear if Aut(S)s/S is cyclic. Hence we may assume that ¢ =1 (mod 8) is a square
and that 6 is fixed by 0. In particular, @ > 3 and € = 1 in the case ¢ = 2. Note that 6 and 6*r
extend to G and G R, respectively. We claim that this extension can be chosen to be invariant under
the same field automorphisms as 6, respectively 0*E.

Comparing the notations and values of the characters x in [Sri68] for the families y; for 1 <
i <9, &,£,&s, and the unipotent characters of G fixed by § to those of their extensions, using
[BI15, Shi74], yields that each of these characters has an extension to G which is also invariant
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under the field automorphisms fixing x. Hence each such x extends to its inertia subgroup, and
therefore so does 6.

Observing the character tables of PSLa(q) and PGL2(q), we see that the characters in the
family ¢ extend to characters of PG Ly(q) that are invariant under the same field automorphisms.
Further, § can be chosen to commute with the groups Cy+1 and Cp2y, and modulo Z(G), with
Dy (441 as well as the elements x and y introduced in Section 4.2. Then 6*% extends to a character

of Gi invariant under the same field automorphisms as 6*F | except possibly in the cases that N/R
contains &3 as a factor. Since the only group containing &3 with index 2 contains G35 as a direct
factor, we see that 0 must act trivially on &3, and hence the characters of N/R in the latter case
also extend to characters of G R invariant under the same field automorphisms. O

Corollary 4.4. Let G = Spy(q) with q odd and let ¢|(¢*> — 1) be a prime. Let R be a 2-radical
subgroup of G if ¢ =2, or a Sylow £-subgroup if £ is odd, and let IBr;(G|R) and xgr be defined as
in Tables 5-10. Then the normally embedded conditions [NT11, 3.3] are satisfied.

Proof. Fix 0 € IBry(G|R) and write G := G/ker(0| (). If 0 is trivial on Z(G), identify S =
G/Z(G) with Inn(S), so that we may write G = S <1 Aut(S)g < Aut(S) and write X := Aut(S).
If 6 is nontrivial on Z(G), let X := Gy x (¢)y. In any case, let B := Xp be the subgroup of X
stabilizing R. Then certainly, G <t X, Z(G) < Z(X), 6 is X-invariant, and B is exactly the set
of automorphisms of G induced by the conjugation action of Nx(R) on G. Moreover, Cx(G) is
trivial and since # and 6*F extend to X and B, respectively, by Lemma 4.3, their corresponding
cohomology elements in H2(X/G,F, ) are trivial. Hence the normally embedded conditions [NT11,
Conditions 3.3.a-d] are satisfied, completing the proof. O

4.4 The Block Conditions

In this section, we consider Conditions 4.1(ii)(3) and 4.1(iii)(4) of [Spal3]. Recall that to show that
S is BAWC-good, it suffices by [Spal3, Remark 4.2] to show that S satisfies these two conditions
in addition to being AWC-good in the sense of [NT11, Section 3].

We will begin with an adaption of [Spal3, Lemma 6.1] for our purposes. To do this, we consider
a more general situation and set some notation. Let G be a simple, simply connected algebraic
group over an algebraic closure of I}, and let F' be a Frobenius morphism such that G is a finite
group of Lie type, Z(GF) is cyclic, and G¥'/Z(GF) is simple. Further, let G — G be a regular
embedding as in [CE04, 15.1] and let D be the subgroup of Aut(G!") generated by field and graph

~ F
automorphisms so that G~ x D induces all automorphisms of G*".

Lemma 4.5. Let £ be a prime and let Gy be the universal ' covering group of G¥ /Z(GF) in the no-
tation above. Let @Q be a radical subgroup of Go and IBry(Go|Q) and xq be a subset of IBr;(Go) and
map, respectively, satisfying the conditions of [NT11, Section 3] and [Spdl3, Condition 4.1(i1)(3)].
Further, assume that x € IBry(Gp|Q) such that the following hold when x is viewed as a character
of GF by inflation:

. (Z:F X D)y = éf: X Dy and (éf: x Dy)/ G is abelian;

~F ~F
e x extends to G, X Dy and x*? extends to (G x D)q -

Then [Spal3, Condition 4.1(iii))] holds.
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Proof. By assumption, *q is Aut(Go)pg-equivariant and x and x*@ lie in pseudo-corresponding
blocks, in the sense of [Spal3]. We largely follow and adapt the proof of [Spdl3, Lemma 6.1].

_ . ~F
Let G := GI'/ ker(x|z(gry) = Go/ ker(x|z(cy)). Write A := G, /ker(x|5gr)) @ Dy and A(x) :=

A/Z(A);. Then because £ {|Z(G)|, our assumption (éF X D), = éf: X D, yields that A(x) has
the properties of [Spil3, Condition 4.1(iii)(1)]. Let Ay be such that Ay /G is a Hall #-subgroup of
A(x)/G, which exists since by assumption A(x)/G is abelian.

Now, by assumption, x extends to A(x), and ¢ := x*@ extends to N(,)(Q). Then there is
an extension of ¢ to Na, (Q). Let ¢ € IBry(Na, (Q)) denote the corresponding Brauer character
extending .

Let b be the block of Ny, (Q) containing @ and let B be the block of G containing x. Then
b4 is defined (see for example [Nav98, Theorem 4.14]), and by observing the values of central
characters, we see that b covers B , so that by [Nav98, Theorem 9.4], we can choose an extension
X of x to Ay so that Y is contained in b4¢. That is, ¥ and @ lie in pseudo-corresponding blocks.
Further, note that since A(x)/G is abelian, an application of Gallagher’s theorem [Isa06, Theorem
6.17] yields that every character of A(x) above x is an extension, and similar for characters above
@ in Ny, (Q). Tt follows that ¥ and ¢ may be extended to characters of A(x) and N, (Q),
respectively. From here, arguing exactly as in the last two paragraphs of [Spdl3, Theorem 6.1]
completes the proof. O

We remark that in particular, if [Spal3, Condition 4.1(ii)(3)] holds, then [Tayl8, Theorem
16.2] and the observations from previous sections yield that Lemma 4.5 applies in the case that
G = Spu(q), S = GT'/Z(GF) = PSpy(q) for q a power of an odd prime, Q = R is a nontrivial
2-radical subgroup of G when ¢ = 2 or a Sylow /-subgroup for £|(¢*> — 1) odd, and IBr,(G|R) and
xp are as defined in Tables 5-10.

Lemma 4.6. Let G = Sp4(q) for q a power of an odd prime and let R be a nontrivial 2-radical
subgroup of G when £ = 2 or a Sylow {-subgroup for £|(¢> — 1) odd. Let IBry(G|R) and *g be as
defined in Tables 5-10. Then if B is the block of G containing 0 € 1Bry(G|R) and b is the block
of Ng(R) containing 0*%, we have b% = B. In particular, [Spil3, Condition 4.1(ii)(3)] holds for
S = PSpa(q).

Proof. Let N := Ng(R) and C := Cg(R). As b € BI(N), b¥ is defined and b“ = B if and only if
A(KT) = X\ (KN C)T) for all conjugacy classes K of G (see, for example, [[sa06, Lemma 15.44]).
Let x € Irr(G|B). The central character w, for G are available in [Whi90a] in the case £ = 2
and can be computed in the relevant cases for £ odd from the information in [Sri68]. The values
of ¢ € Irr(N|b) on C can be computed by their descriptions and using the character tables for
SLy(q) available in CHEVIE. Hence it remains only to determine the fusion of classes of C' into G
in order to compute w, (KNC)T) = ﬁ >-ccx P(9)IC], where g € C and the sum is taken over
classes C of C' which lie in K, and compare the image of this under * with w,(K*)*. (We note
that wy (1) =1 = w,((1NC)T) for all x € Irr(G), ¢ € Irr(N), so it suffices to consider nontrivial
classes KC.) The considerations here, though tedious, are very similar to those in [SF14, Proposition
5.3], using the information in [Sri68] for the classes of G. We omit the details. O

Proof of Theorem 1.1. The theorem now follows by combining Lemmas 4.3, 4.5, and 4.6 with
Propositions 4.1 and 4.2 and Corollary 4.4. O

22



Acknowledgments

The first author gratefully acknowledges financial support by the ERC Advanced Grant 291512 and
the Alexander von Humboldt Fellowship for Postdoctoral Researchers. The second author thanks

support by grants from the Simons Foundation (Award No. 351233) and the National Science
Foundation (Award No. DMS-1801156).

References

[An92]  Jianbei An. 2-weights for general linear groups. J. Algebra, 149(2):500-527, July 1992.

[An93a] Jianbei An. 2-weights for classical groups. J. Reine Angew. Math., 439:159-204, 1993.

[An93b] Jianbei An. 2-weights for unitary groups. Trans. Amer. Math. Soc., 339(1):251-278,
1993.

[An94]  Jianbei An. Weights for classical groups. Trans. Amer. Math. Soc., 342(1):1-42, 1994.

[BI15] Jeffery Breeding II. Irreducible characters of GSp(4, ¢) and dimensions of spaces of fixed
vectors. The Ramanugjan Journal, 36(3):305-354, April 2015.

[CE04] Marc Cabanes and Michel Enguehard. Representation theory of finite reductive groups,
volume 1 of New Mathematical Monographs. Cambridge University Press, Cambridge,
2004.

[CF64] Roger Carter and Paul Fong. The Sylow 2-subgroups of the finite classical groups. J.
Algebra, 1:139-151, 1964.

[Isa06]  I. Martin Isaacs. Character theory of finite groups. AMS Chelsea Publishing, Providence,
RI, 2006. Corrected reprint of the 1976 original [Academic Press, New York; MR0460423].

[KS16]  Shigeo Koshitani and Britta Spéath. The inductive Alperin-McKay and blockwise Alperin
weight conditions for blocks with cyclic defect groups and odd primes. J. Group Theory,
19(5), 2016.

[Nav98] Gabriel Navarro. Characters and blocks of finite groups, volume 250 of London Mathe-
matical Society Lecture Note Series. Cambridge University Press, Cambridge, 1998.

[NT11]  Gabriel Navarro and Pham Huu Tiep. A reduction theorem for the Alperin weight
conjecture. Invent. Math., 184(3):529-565, 2011.

[OW98] Tetsuro Okuyama and Katsushi Waki. Decomposition numbers of Sp(4, q). J. Algebra,
199(2):544-555, 1998.

[Sch15]  Elisabeth Schulte. The Inductive Blockswise Alperin Weight Condition for the Finite
Groups SL3(q) (31 (¢ — 1)), Ga(q), and 3D4(q). PhD thesis, Technische Universitiit
Kaiserslautern, 2015.

[SF14]  A. A. Schaeffer Fry. Spg(2?) is ‘good* for the McKay, Alperin weight, and related local-
global conjectures. J. Algebra, 401:13-47, 2014.

[Shi74]  Ken-ichi Shinoda. The conjugacy classes of Chevalley groups of type Fy over finite fields

of characteristic 2. J. Fac. Sci. Univ. Tokyo, 21:133-159, 1974.

23



[Spdl3]  Britta Spath. A reduction theorem for the blockwise Alperin weight conjecture. J. Group
Theory, 16(2):159-220, 2013.

[Sri68]  Bhama Srinivasan. The characters of the finite symplectic group Sp(4,q). Trans. Am.
Math. Soc., 131:488-525, 1968.

[Tay18] Jay Taylor. Action of automorphisms on irreducible characters of symplectic groups. J.
Algebra, 505:211-246, 2018.

[Whi90a] Donald L. White. The 2-decomposition numbers of Sp(4,q), ¢ odd. J. Algebra,
131(2):703-725, June 1990.

[Whi90b] Donald L. White. Decomposition numbers of Sp(4, ¢) for primes dividing ¢£1. J. Algebra,
132(2):488-500, 1990.

24



