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Abstract. We characterize finite groups that possess a nontrivial irreducible character of
tp, qu1-degree with values in Qpe2πi{pq or Qpe2πi{qq, where p and q are primes. This extends
previous work of Navarro-Tiep and of Giannelli-Schaeffer Fry-Vallejo. Along the way we
completely describe the alternating groups possessing a nontrivial irreducible rational-valued
character of tp, qu1-degree. A similar classification is obtained for solvable groups, when
p “ 2.

1. Introduction

In 2006, G. Navarro and P.H. Tiep [NT06] confirmed a conjecture of R. Gow predicting
that every group of even order has a nontrivial rational-valued irreducible character of odd
degree. Later, in [NT08], they generalized their result by proving that every finite group of
order divisible by a prime q admits a nontrivial irreducible character of q1-degree with values
in Qpe2iπ{qq, the cyclotomic field extending the rational numbers by a primitive q-th root of
unity. In [GSV19], the first, third, and fourth-named authors have recently shown that for
any set π consisting of at most two primes, every nontrivial group has a nontrivial character
of π1-degree (that is, a character of p1-degree, for all primes p P π). How to extend these
results, if possible, is the main topic under consideration in this article.

In Theorem A, we show that every finite group possesses a nontrivial irreducible character
of t2, qu1-degree with values in Qpe2iπ{qq, an unexpected result that generalizes both [NT06]
and [NT08] in the fashion of [GSV19].

Theorem A. Let G be a finite group and q be a prime, and write π “ t2, qu. Then G
possesses a nontrivial π1-degree irreducible character with values in Qpe2πi{qq if, and only if,
gcdp|G|, 2qq ą 1.

A natural problem that arises in this context is to try to understand when the irreducible
character identified by Theorem A can be chosen to be rational-valued. In other words, for
a group G of even order and an odd prime q, we would like to characterize when G has a π1-
degree rational character, where π “ t2, qu. This is not always the case, in contrast to what
happens if we allow small cyclotomic field extensions of Q as fields of values as described
by Theorem A. For example, the only rational linear character of A4 is the principal one. A
complete answer to this problem appears difficult to achieve and at the time of this writing,
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we do not know what form such a classification would take. However, in the case where G is
a solvable group (or an alternating group, see Theorem D below), we can completely solve
this problem.
Theorem B. Let G be a solvable group, q be a prime and set π “ t2, qu. Then G admits
a nontrivial rational irreducible character of π1-degree if, and only if, H{H 1 has even order,
where H P HallπpGq.

Our proof of Theorem A relies on the Classification of the Finite Simple Groups. In fact,
for alternating groups and generic groups of Lie type, the arguments naturally extend from
a pair t2, qu of primes to any pair tp, qu. Hence we obtain Theorem A as a corollary of
the following statement, which classifies finite groups admitting a π1-degree character with
values in certain cyclotomic extensions of Q, for any set π consisting of two primes.
Theorem C. Let G be a finite group and π “ tp, qu be a set of primes such that either p or
q divides |G|. Assume that:

‚ π ‰ t3, 5u or G does not have a composition factor isomorphic to the Tits group
2F4p2q1.

‚ π ‰ t23, 43u, t29, 43u or G does not have a composition factor isomorphic to the
Janko group J4.

Then G possesses a nontrivial irreducible character χ of π1-degree such that Qpχq Ď Qpe2πi{pq

or Qpχq Ď Qpe2πi{qq.
To prove Thoerem C, we show that every finite nonabelian simple group admits a nontrivial

irreducible character χ of tp, qu1-degree such that Qpχq Ď Qpe2πi{pq or Qpχq Ď Qpe2πi{qq, with
the only exceptions of the Tits group 2F4p2q1 in the case π “ t3, 5u and the Janko group J4
in the cases where π “ t23, 43u and π “ t29, 43u. (See Theorem 2.1 below.)

As previously mentioned, a complete classification of groups admitting a nontrivial t2, qu1-
degree rational irreducible characters seems out of reach at the present moment. Neverthe-
less, for alternating groups, we can solve this classification problem for any set π consisting
of exactly two primes.
Theorem D. Let n ě 5 be a natural number and let p, q be distinct primes. Let π “ tp, qu.
The alternating group An admits a nontrivial rational-valued irreducible character of π1-degree
for all those n P N that do not satisfy any of the following conditions.

(i) n “ pm “ 2qk ` 1, for some m, k P Ně1 such that m is odd.
(ii) n “ 2pm “ qk ` 1, for some m, k P Ně1 such that k is odd.

Moreover, in case (i) Qpφq Ď Qpe2πi{pq for all φ P Irrπ1pAnq. On the other hand, in case (ii)
Qpψq Ď Qpe2πi{qq for all ψ P Irrπ1pAnq.

This paper is structured as follows: In Section 2 we prove Theorems A and C assuming
Theorem 2.1 on finite simple groups. In Section 3 we prove Theorem D, which in particular
yields the alternating group case of Theorem 2.1. In Section 4 we prove Theorem 2.1 for
sporadic groups and simple groups of Lie type, thus completing the proof of Theorem 2.1 by
the Classification of Finite Simple Groups. Finally, in Section 5 we prove Theorem B.

2. Proofs of Theorems A and C

To prove Theorems A and C, we assume the following result on finite simple groups. This
will be shown to hold Sections 3 and 4.
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Theorem 2.1. Let S be a nonabelian simple group and π “ tp, qu be a set of primes.
Assume that pS, πq ‰ p2F4p2q1, t3, 5uq, pJ4, t23, 43uq, and pJ4, t29, 43uq. Then there exists
1S ‰ χ P IrrpSq of π1-degree such that Qpχq Ď Qpe2πi{pq or Qpχq Ď Qpe2πi{qq.

We start with a lemma.

Lemma 2.2. Let M � G such that |G : M | “ r an odd prime. Let θ P IrrpMq with
Qpθq Ď Qpe2πi{pq for some prime p ‰ r. Then there exists χ P IrrpGq lying over θ with
Qpχq Ď Qpe2πi{pq.

Proof. If StabGpθq “M then by Clifford correspondence, we have θG P IrrpGq with QpθGq Ď
Qpθq Ď Qpe2πi{pq, as required. So we assume that θ is G-invariant.

Note that θ is r-rational. It follows from [Isa06, Theorem 6.30] that θG has a unique
r-rational irreducible constituent χ. Indeed θ is extendible to χ, and hence Qpθq Ď Qpχq.

For each σ P GalpQpχq{Qpθqq, obviously χσ is also an r-rational character of G lying over
θ. Therefore, by the uniqueness of χ, we have χσ “ χ. So χ is GalpQpχq{Qpθqq-fixed, which
implies that Qpχq Ď Qpθq. We have shown that Qpχq “ Qpθq Ď Qpe2πi{pq, as desired. �

Theorem 2.3. Let G be a finite group and π “ tp, qu be a set of primes. Then G possesses a
nontrivial irreducible character χ of π1-degree such that Qpχq Ď Qpe2πi{pq or Qpχq Ď Qpe2πi{qq

if, and only if, gcdp|G|, 2pqq ą 1, provided that we are not in one of the following situations:

‚ G has a composition factor isomorphic to the Tits group 2F4p2q1 and π “ t3, 5u.
‚ G has a composition factor isomorphic to the Janko group J4 and π “ t23, 43u or
π “ t29, 43u.

Proof. First assume that G is a finite group with gcdp|G|, 2pqq “ 1. Let χ P IrrpGq such that
Qpχq Ď Qpe2πi{pq or Qpχq Ď Qpe2πi{qq. Since Qpχq Ď Qpe2πi{|G|q, we have χ is rational-valued.
As G is of odd order, it follows from Burnside’s theorem that χ is trivial.

Next we assume that gcdp|G|, 2pqq ą 1. We aim to show that G has a nontrivial irreducible
character χ of π1-degree such that Qpχq Ď Qpe2πi{pq or Qpχq Ď Qpe2πi{qq.

Let G “ G0 � G1 � ¨ ¨ ¨ � Gn “ 1 be a composition series of G and let 0 ď k ď n ´ 1 be
the smallest such that Gk{Gk`1 is either nonabelian simple or cyclic of order 2, p or q. In
particular, Gi{Gi`1 is cyclic of order coprime to 2pq for every i ă k.

WhenGk{Gk`1 is cylic of order 2, p or q then obviouslyGk{Gk`1 has a nontrivial irreducible
character θ of π1-degree such that Qpχq Ď Qpe2πi{pq or Qpχq Ď Qpe2πi{qq. On the other
hand, when Gk{Gk`1 “ S is nonabelian simple then Theorem 2.1 implies that there exists
1S ‰ θ P IrrpSq of π1-degree such that Qpχq Ď Qpe2πi{pq or Qpχq Ď Qpe2πi{qq.

Viewing the above θ as a character of Gk, we now know that Gk possesses a nontrivial
irreducible character θk of π1-degree such that Qpθkq Ď Qpe2πi{pq or Qpθkq Ď Qpe2πi{qq.
Using Lemma 2.2, we obtain θk´1 P IrrpGk´1q lying over θk with Qpθk´1q Ď Qpe2πi{pq or
Qpθk´1q Ď Qpe2πi{qq. Moreover, following the proof of Lemma 2.2, we see that θk´1p1q “ θkp1q
or θk´1p1q “ |Gk´1 : Gk|θkp1q, which guarantees that θk´1 is of π1-degree. Repeating this
process k times, we can produce a nontrivial irreducible character χ :“ θ0 of π1-degree such
that Qpχq Ď Qpe2πi{pq or Qpχq Ď Qpe2πi{qq. �

Theorems A and C follow immediately from Theorem 2.3.
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3. Alternating groups

The aim of this section is to prove Theorem 2.1 for alternating groups. In order to do so,
we completely describe alternating groups possessing a rational valued π1-character. This is
done by proving Theorem D of the Introduction, which might be of independent interest.

We begin by recalling that irreducible characters of the symmetric group Sn are labelled
by partitions of n. We denote by χλ the irreducible character of Sn corresponding to the
partition λ of n. We will sometimes use the notation λ $ n to mean that λ is a partition
of n. Similarly we will write λ $p1 n to say that χλp1q is coprime to p. Given a partition λ
of n we denote by λ1 its conjugate. If λ ‰ λ1 then pχλqAn P IrrpAnq. On the other hand, if
λ “ λ1 then pχλqAn “ φ` φg for some φ P IrrpAnq and g P Sn r An.

Assuming that the reader is familiar with the basic combinatorial concepts involved in
the representation theory of symmetric groups (as explained for instance in [Ol94, Chapter
1]), we recall some important facts that will play a crucial role in our proofs. Given λ $ n,
i, j P N we denote by hijpλq the length of the hook of λ corresponding to node pi, jq. For
e P N we let Hepλq be the set consisting of all those nodes pi, jq of λ such that e divides
hijpλq. Moreover, we let Cepλq denote the e-core of λ.

The following lemma follows from [Ol94, Proposition 6.4].
Lemma 3.1. Let p be a prime and let n be a natural number with p-adic expansion n “
řk
j“0 ajp

j. Let λ be a partition of n. Then νppχ
λp1qq “ 0 if, and only if, |Hpk

pλq| “ ak and
Cpkpλq $p1 n´ akp

k.
For a natural number m, in Lemma 3.1 we denoted by νppmq the exponent of the maximal

power of p dividing m.
A consequence of Lemma 3.1 is highlighted by the following statement.

Lemma 3.2. Let p be a prime and let n “ pk ` ε for some ε P t0, 1u. Let λ $ n such that
χλp1q ą 1. Then χλ is an irreducible character of p1-degree of Sn, if and only if h11pλq “ pk.

A second useful consequence of [Ol94, Proposition 6.4] is stated in the following lemma.
Lemma 3.3. Let n “ 2k ` ε for some ε P t0, 1u, and let λ $ n. Then ν2pχ

λp1qq “ 1 if and
only if H2k

pλq “ H and |H2k´1
pλq| “ 2.

We conclude this brief background summary by recalling a well-known fact on cyclotomic
extensions of the rational numbers.

Lemma 3.4 (Gauss). If p is and odd prime number, then Qp?pq Ď Qpe2πi{pq if and only if
p ” 1 mod 4, and Qp

?
´pq Ď Qpe2πi{pq if and only if p ” 3 mod 4.

We are now ready to prove the main result of this section, which is Theorem D in the
introduction. We restate it here for the reader’s convenience.
Theorem D. Let n ě 5 be a natural number and let p, q be distinct primes. Let π “ tp, qu.
The alternating group An admits a nontrivial rational-valued irreducible character of π1-degree
for all those n P N that do not satisfy any of the following conditions.

(i) n “ pm “ 2qk ` 1, for some m, k P Ně1 such that m is odd.
(ii) n “ 2pm “ qk ` 1, for some m, k P Ně1 such that k is odd.

Moreover, in case piq Qpφq Ď Qpe2πi{pq for all φ P Irrπ1pAnq. On the other hand, in case piiq
Qpψq Ď Qpe2πi{qq for all ψ P Irrπ1pAnq.
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Proof. Let n “
řt
i“1 aip

mi “
řr
j“1 bjq

kj be the p-adic and respectively q-adic expansions of
n. Here m1 ą m2 ą ¨ ¨ ¨ ą mt ě 0 and k1 ą k2 ą ¨ ¨ ¨ kr ě 0. Without loss of generality we
can assume that b1q

k1 ă a1p
m1 . We consider λ P Ppnq to be defined by:

λ “ pn´ b1q
k1 , n´ a1p

m1 ` 1, 1b1qk1´pn´a1pn1`1q
q.

As done in the proof of [GSV19, Theorem 2.8] we observe that χλ P Irrπ1pSnq and that
χλp1q ‰ 1 unless n “ a1p

m1 “ b1q
k1 ` 1. We also claim that λ ‰ λ1. This follows by

observing that λ “ λ1 would imply that
b1q

k1 ´ pn´ a1p
m1q “ n´ b1q

k1 ´ 1 and that n´ a1p
m1 P t0, 1u.

Then we would have that b1q
k1 “ n´ b1q

k1 ´ 1 if n´ a1p
m1 “ 0 or that b1q

k1 “ n´ b1q
k1 if

n´a1p
m1 “ 1. Both these situations can not occur. We conclude that χ :“ pχλqAn P Irrπ1pAnq

and that Qpχq “ Q.
Let us now consider the case where n “ apm “ bqk ` 1, for some m, k P N, some 1 ď a ď

p´ 1 and some 1 ď b ď q ´ 1.
If b ě 3, then we consider µ “ ppb´ 1qqk ` 1, 1qk

q. Since h11pµq “ apm, h12pµq “ pb´ 1qqk
and h21pµq “ qk, we deduce that χµ P Irrπ1pSnq by Lemma 3.1. Since b ě 3 we also have that
µ ‰ µ1 and hence that χ :“ pχµqAn P Irrπ1pAnq is nontrivial and such that Qpχq “ Q.

If b P t1, 2u and a ě 3 then we consider ν “ ppa ´ 1qpm, 2, 1pm´2q. Since h11pνq “ bqk,
h12pνq “ pa´1qpm and h21pνq “ pm, we deduce that χν P Irrπ1pSnq by Lemma 3.1. As above,
a ě 3 implies that ν ‰ ν 1 and hence that χ :“ pχνqAn P Irrπ1pAnq is nontrivial and such that
Qpχq “ Q.

Let us now study the situation where a, b P t1, 2u. Since apm “ bqk ` 1 we observe that
the only cases to consider are pa, bq P tp1, 2q, p2, 1qu.

If a “ 1 then n “ pm “ 2qk ` 1 and hence p ‰ 2. By Lemma 3.2 we deduce that
χλ P Irrp1pSnq if and only if λ “ pd, 1n´dq is a hook partition. Moreover, if q is odd, again
from Lemma 3.1 we observe that the only hook partitions of n that label characters of Sn
of degree coprime to q are pnq, p1nq and ζ “ p1 ` qk, 1qk

q “ ζ 1. We also observe that in this
situation m must be odd, as pm “ 2qk ` 1 ” 3 mod 4. It follows that An admits exactly two
distinct nontrivial irreducible characters of π1-degree: the two irreducible constituents φ1, φ2
of pχζqAn . By [JK81, 2.5.13] we observe that their fields of values are equal to Qp

?
´pmq and

strictly contain Q. Moreover, since m is odd then p ” pm “ 2qk ` 1 ” 3 mod 4. Hence
using Lemma 3.4 we observe that for all i P t1, 2u we have

Qpφiq “ Qp
?
´pmq “ Qp

?
´pq Ď Qpe2πi{p

q.

Similarly, if q “ 2 then Lemma 3.2 shows that pnq, p1nq are the only hook partitions
labelling an odd-degree character of Sn. Moreover, using Lemma 3.3 we observe that the
hook ζ defined above, is the only hook partition of n such that ν2pχ

ζp1qq “ 1. Again
we deduce that the two irreducible constituents φ1 and φ2 of pχζqAn are the only nontrivial
irreducible characters of π1-degree of An. By [JK81, 2.5.13] we observe that Qpφ1q “ Qpφ2q “

Qp
?
pmq. Hence Qpφ1q (and Qpφ2q) strictly contain Q if and only if m is odd. In this case,

p ” pm ” 2k`1 ` 1 ” 1 mod 4. Therefore Lemma 3.4 implies that for all i P t1, 2u we have
that

Qpφiq “ Qp
?
pmq “ Qp

?
pq Ď Qpe2πi{p

q.

If b “ 1 then n “ 2pm “ qk ` 1 and hence q ‰ 2. The situation is similar to the one
described above. Using Lemma 3.2 we notice that the non-linear irreducible characters of Sn
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of degree coprime to q are labelled by all partitions λ such that h11pλq “ qk and h22pλq “ 1.
Among these, when p ‰ 2, the only one that labels an irreducible character of Sn of degree
coprime to p is η “ p1`pm, 2, 1pm´2q “ η1. On the other hand, when p “ 2 then we notice that
k is necessarily odd. Moreover, Lemma 3.2 implies that the only t2, qu1-degree irreducible
characters of Sn are the linear ones. On the other hand, Lemma 3.3 shows that η is the only
partition labelling a q1-degree irreducible character of Sn such that ν2pχ

ηp1qq “ 1. Exactly
as before we deduce that An admits exactly two distinct nontrivial irreducible characters of
π1-degree: the two irreducible constituents ψ1 and ψ2 of pχηqAn . By [JK81, 2.5.13] we observe
that for all i P t1, 2u we have that

Qpψiq “

#

Qp
a

qkq if p ‰ 2,
Qp

a

´qkq if p “ 2.

It follows that for any i P t1, 2u, Qpψiq strictly contains Q if and only if k is odd. In this
case, for all i P t1, 2u we have that

Qpψiq “

#

Qp?qq if p ‰ 2,
Qp
?
´qq if p “ 2.

Moreover, if p ‰ 2 then q ” 1 mod 4. On the other hand q ” 3 mod 4, when p “ 2.
Therefore Qpψiq Ď Qpe2πi{qq, by Lemma 3.4. �

A straightforward consequence of Theorem D is that Theorem 2.1 holds for alternating
groups.

Corollary 3.5. Let π “ tp, qu be a set of two primes. Then An possesses a nontrivial
irreducible character χ of π1-degree such that Qpχq Ď Qpe2πi{pq or Qpχq Ď Qpe2πi{qq.

Proof. If n does not satisfy conditions (i) and (ii) of Theorem 3, then An has a nontrivial
rational character. If n satisfies condition (i), then there exists φ P Irrπ1pAnq such that
φp1q ą 1 and such that Qpφq Ď Qpe2πi{pq. On the other hand, if n satisfies condition (ii),
then there exists ψ P Irrπ1pAnq such that ψp1q ą 1 and such that Qpψq Ď Qpe2πi{qq. �

4. Simple groups of Lie type

Here we prove Theorem 2.1 for simple groups of Lie type and sporadic simple groups. The
following reduces us to the case of simple groups of Lie type with non-exceptional Schur
multipliers.

Proposition 4.1. Let S be a simple group of Lie type with an exceptional Schur multiplier,
or let S be a sporadic group. Assume that S is not the Janko group J4 or the Tits group
2F4p2q1. Then S satisfies Theorem 2.1. Further, the Tits group 2F4p2q1 satisfies Theorem 2.1
for π ‰ t3, 5u, and the Janko group J4 satisfies Theorem 2.1 for π R tt23, 43u, t29, 43uu.

Proof. This can be seen using GAP and the Atlas [GAP, Atl]. �

When S is a simple group of Lie type, in some cases the required character χ P IrrpSq
of π1-degree we produce will be a semisimple character. Let us recall some background on
these characters.

Let G be a connected reductive algebraic group in characteristic p and F a Frobenius
endomorphism of G. For each rational maximal torus T of G and a character θ P IrrpT F q,
using Harish-Chandra induction RG

T , one can define the Deligne-Luszlig character RG
T pθq.
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Let G˚ be an algebraic group with a Frobenius endomorphism F ˚ such that pG, F q is dual
to pG˚, F ˚q. Set G :“ GF and G˚ :“ pG˚qF˚ .

Recall that if pT , θq is G-conjugate to pT 1, θ1q, then RG
T pθq “ RG

T 1pθ
1q. Moreover, by

Proposition 13.13 of [DM91], the G-conjugacy classes of pairs pT , θq are in one-to-one cor-
respondence with the G˚-conjugacy classes of pairs pT ˚, sq where s is a semisimple element
of G˚ and T ˚ is a rational maximal torus containing s. Due to this correspondence, we can
use the notation RG

T ˚psq for RG
T pθq. For each conjugacy class psq of semisimple elements in

G˚ such that CG˚psq is connected, one can define a so-called semisimple character of G as
follow:

χpsq :“ 1
|W psq|

ÿ

wPW psq

εGεT ˚w R
G
T ˚w psq,

where W psq is the Weyl group of CG˚psq, T ˚
w is a torus of G˚ of type w, and εG “ ˘1

depending on whether the relative rank of G is even or odd, see Definition 14.40 of [DM91].
Moreover,

χpsqp1q “ |G˚ : CG˚psq|p1 ,

where we recall that p is the defining characteristic of G and np1 denote the p1-part of a
positive integer n.

Lemma 4.2. With the notation as above, let s P G˚ be a semisimple element such that
CG˚psq is connected. If s has order k, then Qpχpsqq Ď Qpe2πi{kq.

Proof. Let T ˚ be a rational maximal torus of G˚ containing s. Let T be a rational maximal
torus of G and θ P IrrpT F q such that the G-conjugacy class of pT , θq corresponds to the
G˚-conjugacy class of pT ˚, sq under the correspondence described above. The multiplicative
order of θ (in the group IrrpT F q) is the same as the order of s. Therefore, the values of θ
are in Qpe2πi{kq.

We recall the character formula for RG
T 1pθq, which we simplify as RT 1,θ:

RT 1,θpgq “
1

|C0
Gptq

F |

ÿ

xPGF

θpx´1txqQ
C0

Gptq

xT 1x´1puq,

where t is semisimple, u is unipotent, and g “ tu “ ut is the Jordan decomposition of
g P G. Also, C0

Gptq is the connected component of CGptq and Q
C0

Gptq

xT x´1 are Green functions
of C0

Gptq, see [Ca85, Theorem 7.2.8]. As θ is Qpe2πi{kq-valued and the Green functions are
rational-valued, we have QpRT 1,θq Ď Qpe2πi{kq for every rational maximal torus T 1 of G. The
conclusion now follows from the definition of χpsq. �

More generally, for the conjugacy class corresponding to a semisimple element s P G˚, we
will denote by χs the character corresponding to the pair ps, 1CG˚ psq

q under a fixed Jordan
decomposition EpG, sq Ø EpCG˚psq, 1q of characters for G. Here EpG, sq denotes the rational
Lusztig series of G corresponding to s and EpCG˚psq, 1q is the set of characters lying above
unipotent characters of C˝

G˚psq :“ pC˝
G˚psqq

F . In this case, we still have

χsp1q “ |G˚ : CG˚psq|p1 .

However, we remark that since here CG˚psq is no longer assumed to be connected, this indeed
depends on a choice of the Jordan decomposition. Hence χs is only unique up to the orbit
of characters corresponding to those lying over 1C˝

G˚
psq.
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Proposition 4.3. Let S ‰ 2F4p2q1 be a simple group of Lie type. Then Theorem 2.1 holds
for S.
Proof. We may assume S is not one of the groups listed in Proposition 4.1 nor isomorphic
to an alternating group. Further, thanks to [NT06, NT08], we may assume that p ‰ q.

Let S be of the form G{ZpGq, where G “ GF is the set of fixed points of a connected
reductive algebraic group of simply connected type defined in characteristic r, under a Frobe-
nius endomorphism F . Note that the Steinberg character StG of G has degree a power of r,
is rational-valued, and is trivial on ZpGq. Hence, we may assume that r “ p is one of the
primes in π.

Throughout, let η P t˘1u be such that p ” η pmod 4q, and note that Qp?ηpq Ď Qpe2πi{pq,
using Lemma 3.4. In [GSV19, Lemma 3.3 and Theorem 3.5], a character in Irrπ1pSq is
constructed from a character χs of G trivial on the center, using a semisimple element
s P G˚ of q-power order. In fact, we may choose s specifically to have order q. In most
cases, we will see that this s of order q can further be chosen such that CG˚psq is connected,
yielding that Qpχsq Ď Qpe2πi{qq, as desired, by Lemma 4.2. Throughout, let Q P SylqpG˚q.

By [MT11, Exercise 20.16], we see that CG˚psq is connected whenever |s| is relatively
prime to |ZpGq|p1 . Then if q - |ZpGq|p1 , we may choose s P ZpQq as in [GSV19, Lemma 3.3],
but so that |s| “ q, and we are done. Hence we assume q | |ZpGq|.

Let G be of type An´1. Then G “ SLn with n “ a1q`¨ ¨ ¨ atq
t with 0 ď ai ă q for 1 ď i ď t.

We will write rG “ GLεnppaq and G “ SLεnppaq, where ε P t˘1u, ε “ 1 is the untwisted version
SLnppaq, and ε “ ´1 is the twisted version SUnpp

aq. Further, note that ZpGq “ G X Zp rGq,
rG˚ – rG, S “ PSLεnppaq – rG˚, G˚s, G “ r rG, rGs – r rG˚, rG˚s, and G˚ – rG{Zp rGq “ PGLεnppaq.
Throughout, we will make these identifications. Let rQ P Sylqp rGq. Then by [CF64, We55],
we have rQ “

śt
i“1 Q

ai
i , where the Qi P SylqpGLεqippaqq are embedded diagonally in rG. Let

k “ minti|ai ą 0u, so that nq “ qk.
First, assume that n is not a power of q. Let s1 P ZpQkq have order q. If n ‰ 2qk,

define rs P Zp rQq to be of the form diagps1, In´qkq. If q | ppa ´ εq, then s1 may further be
chosen to be of the form µIqk P ZpGLεqkppaqq, where µ P Cpa´ε ď Fˆp2a has order q. Then
detprsq “ detps1q “ µq

k
“ 1. Otherwise, q - rG{G, so rQ ď G. In either case, rs P G “ r rG˚, rG˚s,

so the corresponding semisimple character χ
rs of rG is trivial on Zp rGq, by [NT13, Lemma

4.4]. If q is odd and n “ 2qk, we may instead let rs P Zp rQq be of the form diagpµIqk , µ´1Iqkq

if q | ppa ´ εq and diagps1, Iqkq otherwise, and we again see that rs P G. Further, since the
conjugacy classes of semisimple elements of rG are determined by their eigenvalues, we see
rs is not rG-conjugate to rsz for any nontrivial z P Zp rG˚q. But the characters of rG{G are
in bijection with elements of Zp rG˚q, and χ

rs b pz “ χ
rsz for pz P Irrp rG{Gq corresponding to

z P Zp rG˚q (see [DM91, 13.30]). Hence χ
rs is also irreducible when restricted to G. By Lemma

4.2, χ
rs has values in Qpe2πi{qq, so this yields a character of S with degree prime to both p

and q and with values in Qpe2πi{qq, as desired.
Now assume that n “ qk. Then [GSV19, Lemma 3.4] yields that any character of G with

degree prime to q is trivial on the center, which has size gcdpn, pa ´ εq. Hence it suffices
to show there exists a character of G with degree prime to p and to q whose values lie in
Qpe2πi{pq or Qpe2πi{qq.

Let s P ZpQq have order q, where Q “ rQZp rGq{Zp rGq P SylqpG˚q, and let rs P rQZp rGq

be such that rsZp rGq “ s. Then notice rsq P Zp rGq. Let ζ “ e2πi{|rs|, so that the semisimple
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character rχ
rs of rG corresponding to rs takes its values in Qpζq, by Lemma 4.2, and lies over

the tp, qu1-degree character χs of G. Let σ P GalpQpζq{Qpe2πi{qqq. Then σ maps ζ to ζm

for some m with gcdpm, |rs|q “ 1. Further, m ” 1 pmod qq, since σ fixes qth roots of unity.
In particular, rsm “ rsz for some z P Zp rGq. Then using [SFT18, Lemma 3.4], we have
rχσ

rs “ rχ
rsm “ rχ

rsz, and hence rχσ
rs also lies over χs. In particular, Res rG

Gprχrsq
σ “ Res rG

Gprχ
σ
rs q “

Res rG
Gprχrszq “ Res rG

Gprχrs b pzq “ Res rG
Gprχrsq. So, Res rG

Gprχrsq is fixed by each such σ, and therefore
has values in Qpe2πi{qq.

If q is odd and χ P IrrpGq, then [SFV19, Theorem 6.1] yields that Qpχq “ QpRes rG
Grχq for

any rχ P Irrp rGq lying over χ. Hence in this case, Qpχsq Ď Qpe2πi{qq as well.
If q “ 2, then the above yields QpRes rG

Gprχrsqq “ Q, so [SFV19, Theorem 6.1] yields that
Qpχsq Ď Qp?ηpq, completing the proof in this case.

Hence we may assume G is not of type An´1, and therefore |ZpGq|p1 is a power of q. Here
if q ‰ 2, we have pG, qq “ pE6, 3q.

In the latter case, G is the simply connected type group Eε
6pp

aqsc, where ε P t˘1u, ε “ 1
corresponds to the untwisted version, and ε “ ´1 corresponds to the twisted version. Let
χs P EpG, sq be the character constructed in [GSV19] but so that s has order q “ 3. Using
[SFT18, Lemma 3.4], we have EpG, sq is stable under any Galois automorphism σ that
fixes the field Qpe2πi{3q. Now, using [TZ04, Theorem 1.8 and Lemma 2.6], we see that any
character of G takes integer values on unipotent elements, and hence any Gelfand-Graev
character of G is rational-valued, since they are unipotently supported. Hence by [SFT18,
Proposition 3.8], χs is fixed by σ as well, and hence has values in Qpe2πi{3q.

We may therefore take q “ 2, p odd, and G to be of type Bn, Cn, Dn, or E7. Again recall
that by [GSV19], there exists a character of degree prime to t2, pu. So, we aim to show that
such a character can be found with the values as stated. The data available in CHEVIE and
[Lüb07] yield that the odd-degree characters of 3D4pp

aq and E7pp
aq are rational-valued, and

hence we assume S is Bnpp
aq with n ě 2, Cnppaq with n ě 3, Dnpp

aq with n ě 4, or 2Dnpp
aq

with n ě 4.
If S is Cnppaq, then we may take G “ Sp2npp

aq and S “ G{ZpGq. By [MS16, Theorem
7.7], any odd-degree irreducible character χ is either in the principal series corresponding to
a pair pT, λq where T is a maximally split torus of G and λ P IrrpT q satisfies λ2 “ 1, or q ” 3
pmod 4q and χ is in a Harish-Chandra series corresponding to pL, λq, where L – Sp2pp

aqˆT1
with T1 a maximally split torus of Sp2pn´1qpp

aq. In the latter case, we further have λ “ ψbλ1,
where λ2

1 “ 1 and ψ is one of the two characters of degree q´1
2 of Sp2pp

aq, which take values
in Qp?ηpq. In either case, [SFT20, Theorem B] combined with [SF19, Theorem 3.8] yield
that any character of odd degree of G has values in Qp?ηpq, and hence in Qpe2πi{pq, so we
are done in this case.

Finally, if S is Bnpp
aq, Dnpp

aq, or 2Dnpp
aq, we adjust the argument from the case of E6

above. In particular, the character constructed in [GSV19] may be chosen to come from a
semisimple character χs P EpG, sq, where s2 “ 1. Then EpG, sq is stable under any element
of GalpQpe2πi{|G|q{Qq using [SFT18, Lemma 3.4]. Further, using [TZ04, Corollary 8.3 and
Lemma 2.6] and arguing as in the case of E6, we see that every Gelfand-Graev character of
G takes its values in Qp?ηpq. Then [SFT18, Proposition 3.8] yields that χs takes its values
in Qp?ηpq as well, completing the proof. �
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5. Rational characters of π1-degree in solvable groups

In this Section we prove Theorem B, namely we characterize when a solvable group G has
a π1-degree rational character, where π “ t2, qu is a pair of primes. We first note that if
G has a normal Hall t2, qu-subgroup, then the solution to the characterization problem is
pretty simple. We thank G. Navarro for pointing out to us a simplified version of a previous
argument.

Lemma 5.1. Let G be a finite group and p ă q be two primes. Set π “ tp, qu. Suppose that
H Ÿ G where H P HallπpGq and G{H has odd order. Then G has a nontrivial irreducible
character of π1-degree with values in Qpe2πi{pq if, and only if, H{H 1 has order divisible by p.

Proof. Notice that to prove both implications we may assume that H is abelian. If H has
order divisible by p, then let 1H ‰ λ P IrrpHq be linear with opλq equal to p. By [Isa06,
Corollary 6.27], let λ̂ P IrrpGλq be the only extension of λ such that opλ̂q “ opλq. In
particular, Qpλ̂q “ Qpe2πi{pq and hence 1G ‰ χ “ pλ̂qG P IrrpGq has values in Qpe2πi{pq.
Since G{H is a π1-group, then χ has π1-degree, as wanted.

Suppose now that 1G ‰ χ P IrrpGq has π1-degree and Qpχq Ď Qpe2πi{pq and p does not
divide |H|. If p “ 2, then χ is a nontrivial rational characters of an odd order group. This
would contradict Burnside’s theorem. If p ą 2, then |H| “ qb and since G{H is a π1-group,
then G is a p1-group. In particular Qpχq Ď Qpe2πi{pq X Qpe2πi{|G|q “ Q. Since G{H is an
odd order group by hypothesis, and q ą p ą 2 also by hypothesis, then we get again a
contradiction with Burnside’s theorem. �

Remark 5.2. We note that if p “ 2, then the condition on the order of G{H is trivially
satisfied. However, it is a necessary condition in general: if p is an odd prime then the group
G “ Cp ¸ Cp´1 where the action is faithful has a π1-degree rational irreducible character for
every π “ tp, qu with q a divisor of p´ 1.

For an arbitrary group G and pair of primes π “ tp, qu we will denote by Xπ1,ppGq the set
of π1-degree irreducible characters of G with values in Qpe2πi{pq. If G is π-separable, then
it is shown in [NV12] that the set Xπ1,ppGq consists entirely of monomial characters given
that |NGpHq{H| is odd for H P HallπpGq. (In [NV12] this fact is proven in the case where π
consists of a single prime, but it easily generalizes to any set of primes, see [Val16, Remark
2.9].)

Theorem 5.3. Let G be a π-separable group, where π “ tp, qu is a pair of primes. Let
H P HallπpGq. Write N “ NGpHq and suppose that N{H has odd order. Define a map

Ω: Xπ1,ppGq Ñ Xπ1,ppNq

in the following way: If χ P Xπ1,ppGq, choose a pair pU, λq where H ď U ď G and λ P IrrU
linear such that Qpλq Ď Qpe2πi{pq and λG “ χ, then set Ωpχq “ pλUXNq

N . Then Ω is a
bijection.

Proof. The existence of the pair pU, λq is guaranteed by Theorem A of [NV12] (see [Val16,
Remark 2.9]). Then use [Isa90, Theorem C] to construct Ω. If Ω is well-defined then [Isa90,
Theorem C] assures Ω is injective. It is not difficult to show that Ω is well-defined. To prove
that Ω is surjective use the π-version of [IN08, Theorem 3.3]; note that such theorem admits
a π-version for solvable groups as [IN08, Theorem 2.1 and Corollary 2.2] also do. (For more
details see the proof of [Val16, Theorem 2.13 ].) �
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As an immediate consequence of Lemma 5.1 and Theorem 5.3, we can derive the following
result.

Corollary 5.4. Let p ă q be two primes and set π “ tp, qu. Let G be a π-separable group and
H P HallπpGq. Assume that NGpHq{H has odd order. Then G has a nontrivial irreducible
character of π1-degree with values in Qpe2πi{pq if, and only if, H{H 1 has order divisible by p.

If we let p “ 2 in Corollary 5.4 then we obtain precisely Theorem B of the Introduction
since the condition on the order of NGpHq{H becomes superfluos and π-separability of G is
equivalent to solvability of G by Burnside’s paqb and Feit-Thompson’s odd-order theorems.

References
[Ca85] R. W. Carter, ‘Finite groups of Lie type. Conjugacy classes and complex characters’, Wiley and

Sons, New York et al, 1985, 544 pp.
[CF64] R. Carter and P. Fong, The Sylow 2-subgroups of the finite classical groups. J. Algebra, 1 (1964),

139–151.
[GAP] The GAP Group, GAP Groups, Algorithms, and Programming, Version 4.4; 2004,

http://www.gap-system.org.
[Atl] J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker, and R. A. Wilson, ‘Atlas of finite groups’,

Clarendon Press, Oxford, 1985.
[DM91] F. Digne and J. Michel, ‘Representations of finite groups of Lie type’, London Mathematical Society

Student Texts 21, 1991, 159 pp.
[GSV19] E. Giannelli, A. A. Schaeffer Fry, and C. Vallejo Rodŕıguez, Characters of π1-degree, Proc. Amer.

Math. Soc. 147 (2019), 4697–4712.
[Isa90] I. M. Isaacs. Hall subgroup normalizers and character correspondences in M -groups. Proc. Amer.

Math. Soc. 109, no. 3 (1990), 647–651.
[Isa06] I. M. Isaacs, ‘Character theory of finite groups’, AMS Chelsea Publishing, Providence, Rhode Island,

2006.
[IN08] I. M. Isaacs, G. Navarro. Character sums and double cosets. J. Algebra 320 (2008), 3749–3764.
[JK81] G. James and A. Kerber, The Representation Theory of the Symmetric Group, Encyclopedia of

Mathematics and its Applications, vol. 16, Addison-Wesley Publishing Co., Reading, Mass., 1981.
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Departamento de Matemáticas, Facultad de Ciencias, Universidad Autónoma de Madrid,
Campus de Cantoblanco, 28049 Madrid, Spain

Email address: carolina.vallejo@uam.es

http://roderic.uv.es/handle/10550/53934

	1. Introduction
	2. Proofs of Theorems A and C
	3. Alternating groups
	4. Simple groups of Lie type
	5. Rational characters of '-degree in solvable groups
	References

