GALOIS ACTION AND CYCLIC DEFECT GROUPS FOR Spg(29)
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ABSTRACT. Groups are mathematical objects used to describe the structure of symmetries, with
one of the most canonical examples being the set of invertible matrices of a given size. For a given
group, a matrix representation leverages this by providing a way to represent each of its elements
as an invertible matrix. The information about the (complex) representations of a finite group
can be condensed by instead considering the trace of the matrices, yielding a function known as a
character. One of the overarching themes in character theory is to determine what properties about
a finite group or its subgroups can be obtained by studying its characters. In this paper, we study a
conjecture that proposes a correlation between the makeup of a group’s irreducible characters and
the properties of certain subgroups known as defect groups. In particular, we prove the conjecture
for the finite symplectic groups Spg(2%).

1. INTRODUCTION

Given a finite group G and an integer n > 1, a complex representation of degree n of G is a
homomorphism p : G — GL,(C). In other words, p is a function such that for each g € G, the
image p(g) is an n x n invertible matrix with entries in the complex numbers, and p(gh) = p(g)p(h)
for each g,h € GG. Here on the left-hand side, multiplication is taken in G, and on the right-hand
side, the operation is usual matrix multiplication. We obtain the corresponding character for p
by taking the trace Tr(p(g)) of each p(g) (that is, by summing the diagonal entries). This gives
a function x: G — C defined by x(g) = Tr(p(g)) for each g € G. Note here that if 1 € G is the
identity element, then (1) = Tr(l,) = n is the degree of the original representation.

A character y is irreducible if it cannot be written as x = x1+ X2, where y1 and y» are characters
corresponding to representations of G. We refer to the set of irreducible characters of G as Irr(G).
The information about the character theory of GG is summarized in the character table of G, which
is the square table whose columns are indexed by the conjugacy class representatives {gi,...,gx}
of G, rows are indexed by Irr(G) = {x1,..., Xx}, and whose (¢, j)th entry is given by x;(g;).

One of the main general problems in the representation theory of finite groups is the pursuit
of answering the question “what information about G or its subgroups can be obtained from the
character table of G?” This general question fits into the framework of so-called “local-global”
conjectures in character theory, which seek to find relationships between the character theory of G
and properties of certain proper subgroups.

The following standard definitions will be useful. Note that for a finite set X, we use |X| to
denote the cardinality of X. Hence, the order of a group G will be given by |G|. In analogy to this
notation, the order of an element g € G will be written |g|.

We recall that given a subgroup H < G of G, the normalizer of H in G, denoted as Ng(H), is
the group

Ng(H) ={x € G: Hx=xzH}.
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Throughout, if ¢ is a prime and n is an integer, we write ny for the largest power of ¢ dividing
n and ng for n/ny. If £ is a prime dividing |G|, then any subgroup P of G such that |P| = |G|, is
called a Sylow £-subgroup of G. We write P € Syl,(G).

With this notation established, we may now state one of the earliest and most prominent of these
“local-global” conjectures, known as the McKay Conjecture [7]. The McKay conjecture proposes
that if G is a finite group, ¢ is a prime that divides |G|, and P € Syl,(G), then |Irry(G)| =
|Irry (NG (P))|, where Irry (G) denotes the set of irreducible characters of G with degree prime to /.

Although we only deal with complex representations here, representations over fields of positive
characteristic £ can also be defined, and these are related to Irr(G) by so-called ¢-blocks. For our
purposes, we consider ¢-blocks as a partitioning of the set Irr(G). Each set in the partition is
written Irr(B), corresponding to an ¢-block B. (More precisely, the sets Irr(B) can be obtained as
the equivalence classes under the transitive closure of the relation on Irr(G) such that x, ¢ € Irr(G)
are related if 3, x(9)1(g71) # 0. Here the sum is taken over all elements of G whose order is
not divisible by £.)

Each /¢-block is then associated with a special subgroup of G whose size is a power of £, known
as a defect group of the block. Although the precise definition of defect groups is technical and not
necessary for the results here, we remark that if D is a defect group for B, then every x € Irr(B)
satisfies x(1) is divisible by |G|;/|D|. The character x € Irr(B) is called a height-zero character
if x(1)¢ = |G|¢/|D|, and hence if x(1), is as small as possible. We write Irro(B) for the set of
height-zero characters of B.

The McKay Conjecture, while still unproven, opened the door to a number of stronger conjectures,
of which the Alperin-McKay Conjecture [1] (often thought of as the blockwise version of McKay,
relating the set Irrg(B) to the height-zero characters in a block of Ng (D)), McKay—-Navarro
Conjecture [§] (the Galois version of McKay), and the Alperin-McKay-Navarro Conjecture (a
combination of the other two) are most relevant to our work. Although these conjectures are
beyond the scope of this article, we deal here with a consequence of the Alperin—-McKay—Navarro
Conjecture. Namely, in 2019, Rizo, Schaeffer Fry, and Vallejo [9] proved that if the Alperin—
McKay—Navarro conjecture holds for ¢ € {2, 3}, then we can determine from the character table of
G whether a defect group is cyclic in the following way:

Conjecture 1.1 (Rizo—Schaeffer Fry—Vallejo [9]). Let ¢ € {2,3}. Let G be a finite group and let B
be an L-block of G with nontrivial defect group D. Then |Irrg(B)7t| = £ if and only if D is cyclic.

Here o is a specific Galois automorphism, which we define in Section [2.2] and Irro(B)°* is the set
of members of Irrg(B) that are fixed under the action of o. In this paper, we prove the following:

Theorem 1.2. Conjecture holds for the group G = Spg(q) and the prime £ = 3, where q is a
power of 2.

Our proof of Theorem relies on the known character table for Spg(g) with ¢ even determined
by Frank Liibeck [6], as well as the known distribution of characters into blocks and their defect
groups by Donald White [I3] and the third author [10} [IT].

The paper is structured as follows. In Section [2| we introduce some additional notation and
definitions and make some preliminary observations. (We remark here that more information on
groups and characters can be found in [3, 4].) In Section 3| we provide a series of computational
lemmas regarding the irrational values that occur in the character table for Spg(¢) and their behavior
under that Galois automorphism . Finally, in Section 4] we complete the proof of Theorem
We also provide an appendix with examples of character values found in each relevant block.
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2. PRELIMINARIES

2.1. General Linear and Symplectic Groups. Let ¢ be a power of a prime p, and let F; denote
a finite field of size q. The general linear group, GL,(q), is the group of all n x n invertible matrices
with entries in F,.

With a proper choice of basis, the symplectic group Sp,,,(q) can be defined as

SPan(q) = {g € GLan(q)|g" Jg = J}

0 I,
J = [ o ] ,
I,, is the n x n identity matrix and g7 is the transpose of ¢g. For the purpose of this paper, we are

particularly interested in the case of Spg(q) (i.e. m = 3) when ¢ is a power of p = 2. In this case,
note that I, = —1I,.

where

2.2. The Galois Automorphism o;. Let E be an extension field of Q. Then an automorphism
of E is a field isomorphism o: E — E. That is, o is a bijective map satisfying o(a+b) = o(a)+0o(b),
and o(ab) = o(a)o(b) for all a,b € E. Note that any such o necessarily fixes Q. If E is Galois over
Q (see [2]), then we write Gal(E|Q) for the set of automorphisms of E, which in this case are also
called Galois automorphisms and form a group called a Galois group.

More generally, we can consider the Galois group Gal(E|L) of automorphisms of E fixing all
elements of I when the extensions Q C L. C E are all Galois. The size of a Galois group Gal(E|L)
is the same as the index [E : L] of E over L, which is the dimension of E viewed as a vector space
over L. For more information, we refer the reader to an abstract algebra text, such as [2].

Now, given a finite group G, the character values x(g) lie in Q(e2™/IC1) for all g € G and x €
Irr(G). Further, given any o € Gal(Q(e2™/IG)/Q) and x € Irr(G), we obtain another irreducible
character x? defined by x7(g) := o(x(g)) for all ¢ € G. Given a prime ¢ dividing |G|, there is a
unique o1 € Gal(Q(e*™/I61) /Q) satisfying that for a root of unity & € C*,

[ €Y if €] is a power of £
. () = { ¢ if ¢ does not divide |¢].

Note that when |¢| = ¢, i.e. £ is an fth root of unity, we have £ = ¢ Therefore in this case, &
is fixed by o1. In fact, this is the only case in which a root of unity with order a power of ¢ is fixed
by o1. Further, note that o1 has order a power of /.

In service of Conjecture we are concerned with studying when x?! = x, for certain x € Irr(G),
which means that the value x(g) € Q(e2™/I¢) is fixed by o for each g € G. In the character table
for Spg(q), obtained by F. Liibeck [6] and available in the computer algebra system CHEVIE [5], we
often find rational linear combinations of expressions of the form & + 71, where ¢ is some complex
root of unity. For this reason, we establish the following observation.

Lemma 2.1. Let G be a finite group and let ¢ be an odd prime dividing |G|. Let £ be a complex
nth root of unity, where n > 2 is a divisor of |G|. Then o1 fizes & if and only if o1 fizes &€ + &1

Proof. First, assume that o1(¢) = & Then note that o1(& + ¢4 = 01(€) + 01(€71) = 01(€) +
o1(6)7t = ¢ +¢71, and hence oy fixes € + 71 as well.

Now assume that o; fixes £ + 5_1. Let @ C L C J C K be extension fields such that K =
Q(e*™/1G1), I = Q(¢), and L = Q(& + £~ 1). Then oy € Gal(K/L). Since £, ¢ L, the polynomial
22—+ &N +1=(x—&(x— &1 € Llz] has no solutions in L. Therefore J is a splitting
field over L, and the order of the group Gal(J/L) is 2. We can then say that Gal(J/LL) = {¢1, ¢2},
where ¢ (€) = € and a(€) = €.
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Now consider the restriction of of o1 to Gal(J/L). That is, o} is the automorphism of J that is
simply the the restriction of o1 to the smaller domain J. Then o} must either be ¢; or ¢. For the
sake of contradiction assume the latter case. Since we know that the order of oy is a power of ¢,
say £°, then Jfb is the trivial automorphism of Gal(K/L), so its image in Gal(J/L) is also trivial.
However, if 0] = ¢9, then we would have (;Sgb (¢€) = ¢€71, which is a contradiction. Therefore we must
have o] = ¢1, and so 01(§) = §. That is, o7 also fixes &. O

Lemma 2.2. Let G be a finite group and let ¢ be an odd prime dividing |G|. Let £ be a complex
nth root of unity, where n > 2 is a divisor of |G|. Let T C Z be some subset of Z containing 1.
Then £ is fized by o1 if and only if £ is fized by o1 for all a € L.

Proof. First, suppose that £ is fixed by o1. Then 01(£%) = 01(£)® = £% so &2 is still fixed by o7 for
any a € Z. Now suppose that &% is fixed by o for all @ € Z. Then £° is fixed when a = 1, and so &
is fixed by o71. O

3. BREAKING DOWN CHARACTER VALUES FOR Spg(q)

3.1. Notation. For the remainder of the paper, let g be a power of 2 and let G = Spg(q). Note that
|G| = ¢°(¢*> —1)(¢g* — 1)(¢% — 1). The irrational values in the character table for G, available in the
computer algebra system CHEVIE [5] and originally determined in [6], are rational combinations
of roots of unity of orders divisible by these polynomials. Namely, the following notation will be
used throughout, letting € € {£1}.

21/ —1 21/ —1

(1 :=exp ;o §1i=exp ;
q—1 q+1

<27r\/—1) (27‘(\/—1)

w1 = exp ;W2 = exp ;
q—¢€ q+e

Gy e 2w/ —1 . 2myv/—1 )

2 = €Xp q2_1 ) 2 = €Xp q2+1 )

and

271'\/—1> < 27/ —1 )
— | =ex .
¢ —€ PA\l— @ +eq+1

We note that the roots of unity (;, & for ¢ = 1, 2 are exactly as defined in the character table for
G in CHEVIE [5]. The following notation is used in [10, [11], and agrees with that of the CHEVIE
character table, to label the blocks and characters of G, where again € € {£1}.

Notation 3.1. Let Ig_e be the set {i € Z : 1 < i < qg—e— 1}, and let I,_ be a set of class
representatives on I, 3_6 under the equivalence relation i ~ j <= i = 4+j mod (¢ — €). Let Igz 41

={ieZ:1<i<q} andIgZ_1 ={icZ:1<i<¢*—1,(q—1)1i,(¢+1)1i}, and let [ 2,

be a set of representatives for the equivalence relation on ISLG given by i ~ j <= i = 4j or
+qj mod (¢* — €). Similarly, let 123_6 ={ie€Z:1<i<¢@—¢€(¢®+eq+1)ti} and Ijs_ aset
of representatives for the equivalence relation on Igg,_e given by i ~ j <= i = +j, +qj, or £¢°j
mod (¢ — ¢).

3.2. Initial Observations. We next make some observations about modular relationships that
will be useful in what follows. Note that since 3 ¢, we have 3 divides exactly one of ¢ — 1 or ¢+ 1.
Here and for the remainder of the paper, we let € € {1} be such that 3|(¢ — €) and will write
(q—e¢) =: m3% with m,d € N and ged(m, 3) = 1. Note then that 3 divides (¢>+eq+1) exactly once,
and we write (¢% 4 eq+ 1) =: 3n, with gcd(n,3) = 1. (Indeed, we have ¢ + eq+ 1 = (¢ — €)? + 3eq,
which must be divisible by 3 since both summands are, but cannot be divisible by 9 since then 3¢
is divisible by 9, contradicting that 3 1 q.)

w3 1= exp (
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Lemma 3.2. Let h, z1, 2o € Z, where h is prime to 3. Then hzym3% ! = hzom3%! mod h(q —¢€)
if and only if z1 = zo mod 3.

Proof. Since ¢ — € = m3%, then hz;m3%' = hzom3?~1 mod h(q — €) if and only if hm3%|h(z —
29)m3%~1, which happens if and only if 3|(z; — 22), and therefore if and only if z; = 20 mod 3. O

Lemma 3.3. Let k = x3% for some integer x such that |x| < m, let h € Z, where h is prime to 3,
and let p € {£1}. Then k + phm3%~! # —k + phm3?1 mod h(q — €), and k + phm3?—1 # —k
mod h(q — €).

Proof. First, it is helpful to notice that m is odd, since m|(q — €) and ¢ is a power of 2. Suppose

then, for the sake of contradiction, that k 4+ phm3?' = —k 4+ phm3%' mod h(q — €) for some
p € {£1}. Then hm3? | 2239, which implies that hm | 2z and ultimately m | 2z. This is a

contradiction, since m is odd and |z| < m. Now suppose that k + uhm39' = —k mod h(q — €)
for some p € {£1}. Then hm3? | (223% £ hm3?~1). It follows that m|2z and 3|1, which is again a
contradiction, and the proof is complete. O

3.3. Roots of Unity Fixed by ;. Here we present several lemmas describing when the various
roots of unity appearing in the character table for G are fixed by the Galois automorphism o7.

Lemma 3.4. For any k € Z, we have 3 does not divide the order of w5, Cs(q_e), nor €. In
particular, these are fixed by o1.

k(g—e)

Proof. Since 3 divides (¢ — €), then 3 cannot divide (¢ + €) = |wa|. Further, |¢, | = |wh| =

WTH)’ which is therefore also prime to 3. Finally, since ¢> =1 mod 3, it follows that 3 cannot
2
divide ¢ + 1, so 3 cannot divide |¢§| = W}lﬂ)- =

The next two lemmas will be used when the character values contain powers of wy, which is the
same as C§+E. Note that the conditions on r € I, in these cases are the conditions that appear in
the descriptions of the relevant blocks and characters (see Tables and the notation preceeding
them).

Lemma 3.5. There is a unique element r € I,_. satisfying m|r such that wi is fized by o1. Namely,
this element is r = m39~1.

Proof. First we will show that the stated value of r € I,_ is the only possibility satisfying m|r for
which w] is fixed by 1. Assume that r € I, such that o(w]) = wf, and write r = mf3* with
f,x € Z and f relatively prime to 3. Notice that x < d, as otherwise r ¢ I,_.. Suppose, for the

sake of contradiction, that z = d — y, for some y with 1 < y < d. Then |w]| = MMT—M = 3Y,

so w] is not fixed by 0. Therefore we must have r = mf 3d-1,
Now, note that f = 1 or 2 mod 3. Further, under the equivalence relation defining I,_., we
have i is equivalent to —i, but also we see 1 = —2 mod 3 and 2 = —1 mod 3, so by Lemma

we have that every r defined as such will be equivalent in the set I,_.. Finally, we see that w{n3_l

m3? y = 3, so is fixed by o7. O

has order W

Lemma 3.6. Let k € 1,_., such that 3% k. Then, there are exactly 3 elements r € I, satisfying
r = £k mod m such that wi is fived by oy.

Proof. (1) First, we show that there are 6 choices for r € Ig_e, under equivalence modulo ¢ — ¢,

satisfying r = £k mod m and such that wj is fixed by 0. Let r be such an element. Since r = £k

mod m, we can write r = £k + mf, for some f € Z. Then, w] = (wlik)(winf) Further, since
k € I, and 3¢|k, we have k = 2:3¢ for some 0 # x € Z. Then:
4234 m34 m

o™ 1 = ged (23, m3?) - ged(z,m)’

+k
|wi™| =
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Since m is prime to 3, the order of wfck cannot be divisible by 3, so these are fixed by 1. Hence,
wi is fixed by oy if and only if winf is. For f = 0 or when f is any multiple of 3¢, we have w{nf =1,
s0 w] = wik. Otherwise, we have
m3¢ 3
ged(mf,m34) — ged(f,37)

Wi =

is some positive power of 3, so w?’f is fixed by o7 if and only if f is such that ]w;nf | = 3 exactly.
Note that ﬁ;sd) = 3 implies that gcd(f, 3%) = 397!, which implies that f = 239!, where z € Z

is prime to 3. So in order for w! to be fixed by o1, r must be of the form +k + zm39~!, for some
z € Z with z=0or 31 z.

Now, by Lemma we have that z;m391 = 2,m39~1 mod (q—e) if and only if z; = 2o mod 3,
so we may assume without loss that z € {0, 1,2}. Note that z = 0 corresponds to the previous case
where f = 0 or f is any multiple of 3¢. Therefore, for r € Ig,e with » = £k mod m, we have w]
is fixed by oy if and only if r is equivalent modulo ¢ — € to one of:

r=+4k, r=+k+m3T or r=+k+2m3%L

(2) Now we will show that these 6 choices of  correspond to at most 3 elements of I;,_.. Recall
that if 4, j € I,—c, we have i ~ j if and only if i = +j mod (¢ —¢€). In particular, we have k ~ (—k).

Next, we can see by Lemma that k& 4+ 2m39~! = k — m39~! mod (q — €), so k + 2m39~1 ~
k —m391. Similarly, we have —k + 2m3%~! ~ —k —m3% 1. Then since k +m3% 1 ~ —k —m3%1,
we also have —k + 2m39~! ~ k +m391. We also have k + 2m3%~! ~ k — m39 1 ~ —k 4 m3-1!
using the same reasoning. For simplicity’s sake, we will use the following as our three equivalence
class representatives for r:

r=k r=k+m3¥, or r=Fk—m3%"

(3) Finally, we show that these three choices for r give us distinct class representatives in I,_..
First, suppose that k+m3?! ~ k in I,_.. Then either k+m3%! =k mod (g—e¢), or k+m3?~1 =
—k mod (¢ — €). Then this is a contradiction by Lemmas and respectively. Second,
suppose that kK — m39! ~ k in I,_.. Then either kK — m3?~! = k mod (¢ — €), in which case
Lemma applies, or k — m3%! = —k mod (¢ — €), in which case Lemma applies, giving
us another contradiction. Lastly, suppose that k + m3% ! ~ k — m3%1 in Iy—c. Then either
kE+m39 ' = k—m3?! mod (¢—e), in which case Lemmaapplies, or k4+m3% ! = —k+m3d-1
mod ¢ — €, in which case Lemma [3.3] applies, giving us our final contradiction. Therefore, the
three elements listed indeed yield distinct equivalence class representatives in I,_., and the proof
is complete. O

Due to the nature of the values found in the character table for Spg(g), many of the preceding
lemmas will often be used in conjunction with Lemma Similarly, Lemmas and below,

which deal with powers of (o, will be used in conjunction with the following:

Lemma 3.7. Letr € I,2_y. Then (} is fired by oy if and only if both wi and ¢5+ G+ 7+ ¢
are fized by o1.

)

Proof. First, if ¢} is fixed by o1, then so is any sum of powers of ¢, so both w] = C;(‘HE and
G+ G+ G+ ¢ " are fixed by 7.

Conversely, assume that wj and ¢} + (7 + (" + ¢ ' are fixed by o1. Let F denote the fixed
field of Q(e?>™/I1) under the group (o;) generated by o1, so that w], wh, and ¢} + G+ G+
are all elements of F by assumption and by Lemma Assume by way of contradiction that (5 is
not fixed by o1, so that (5 + ;" is also not fixed by o1, using Lemma Now, since Q(¢5 +¢; ")

is the (unique) maximal totally real subfield of Q((3), we see that, if we let oy = (5 + ;" and
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ag == (" + (7, then F(an) = F(ag). Then since aqan = w! + w]" + wh + wy ", we see F(ay)
is the splitting field over F for the polynomial (x — a1)(z — ag) = 2% + (a1 + ag)x + ajay and
[F(a1) : F] = 2. From here, we may argue similarly to Lemma [2.1| to obtain a contradiction, unless
a1 (and hence (7)) is fixed by o;. O

Lemma 3.8. Let k € I2_y such that 3% k. Then there are exactly 3 elements r € L2y satisfying
r =tk or £ gk mod m(q+ €) such that wi and (5 are both fized by o.

Proof. First, let r be as in the statement and let f € Z such that r = £k + mf(q+€) or r =
+qk + mf(q+ ¢). Then we can further write k or gk as 23 for some x € Z with 3 { z. Therefore,
we can write r = +x3% + mf(q + e).

Next, we have w] = (wfﬁﬁd)(w;nf (q+€)). As in the proof of Lemma we then have w] is fixed

by o1 if and only if w{nf(q%) is. Further, we have ¢§ = ( nggd)( ;nf(q+€)). Notice:

~ged(234,m3(q+¢€))  ged(xz,m(qg+e))’

|<2ix3d| m3d(q +e¢) B m(q + €)

We know that m(q+ €) is prime to 3, so the order of CQi‘TBd is not divisible by 3. Hence we similarly
have ¢} is fixed by oy if and only if (" Hate) _ wgnf is.

Now, since m(q+¢€) = (¢*> — 1)z, arguing exactly as in part (1) of the proof of Lemma in this
case, we see r is equivalent modulo ¢ — 1 to one of

r=+k, r=xqk, r==+k+m3(q+e),

r=xk+2m3T g +e), r=Hqk+m3¥(g+e), or r==4qk+2m3q+e).
(Conversely, we see that these choices of r satisfy the statement.)

Then, in order to partition these choices for r into their respective equivalence classes in Ij2_,,
we will use the relation i ~ j if and only if i = +j or =¢j mod (¢?> — 1). First, it is again clear
that k£ ~ —k, but also that k ~ gk and k ~ —gk under this relation.

For the remaining choices for r, it will be helpful to first notice that z;m3% " (g+¢) = zom3¢ 1 (¢+
¢) mod (¢ — 1) if and only if z; = 2z mod 3, by Lemma We can use this to again substitute
2m for —m, and then show that these remaining 8 choices for r lie in only two equivalence classes
in qu—l‘

We have k + em3971(q + €) ~ gk + m3971(q + €) because (¢*> — 1) divides (¢> — 1)(—k) —
(g —e)(qg+em3t = (k+ em3(q + €) — qlgk + m3?71 (¢ + €)). A similar argument shows
—k+em3T g+ €) ~ —qk +m3? (g + ).

Also note that k +m3% (g +¢€) ~ —k —m3 g+ ¢€); —k +m39 g+ ¢) ~ k —m3? (g + e);
qk +m3% (g + €) ~ —qk — m3% (¢ + €); and gk — m3T (g + €) ~ —gk + m3% (g +€). So any
r € I2_; such that wi and (5 are both fixed by o is equivalent to one of:

r=k r=k+m3¥(g+e), or r=k-—m3T(g+e).

It now suffices to show that these elements represent three distinct classes in [2_;. First,
k ~ k+m391(qg+e) if, and only if, k = +(k+m3?1(g+e)) or £q(k+m3%(g+¢)) mod (¢*—1).
Applying Lemma with h = (¢ + €), we see that k Z k + m3?71(¢ + €¢) mod (¢®> — 1), and
we can use Lemma with h = (¢ + €) to show that k # —(k + m3%1(¢+¢)) mod (¢* — 1).
Then, k = gk 4+ ¢gm3%~!(q + €) would imply that (¢ — 1)|(k — gk — ¢qm3?~1(q + €)), which gives
us (¢ — 1)|(=k(qg — 1) — gm39~'(q + €)). Similarly, k = —gk — gm3?~1(q + ¢) will give us (¢* —
D)|(k(g+1)4+gm39=1(g+¢)). So, since 3¢ (q>—1) and 3%k, either of these would imply 3|gm(q+¢),
a contradiction, and therefore, k ¢ k + m3d_1(q + €). Using similar calculations, we can also see
ko k—m39 g+ ¢€) and k +m391 (g + €) % k —m39 (g + €). Therefore, these three elements
give distinct r € I 2_, and the proof is complete. O
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Lemma 3.9. Lett € I,.. Then there is a unique r € 12 1 satisfying r = £(¢—e€)t mod m(q+e),
such that wi and ¢, are both fixved by oy.

Proof. Following the strategy from before, we will first show that there are 6 possible choices for
r as in the statement such that w] and (5 are fixed by o1. Then we will show that these actually
only give one element of /,2_;.

We will sometimes write M := m(q +¢) = (¢*> — 1)3. Since r = +(q — €)t mod M, we can

write r = £tm3% + M f, for some f € Z. Then w} = (wfctm?’d)(w{v‘[f). We also see that |witm3d| =
3 _ Mfy _ 34 _ 34 ;
m =1,and jw; ’| = gcd(me()ZJre),miSd) = A a3 As in the proof of Lemmalw,
is 0 or any multiple of 3¢, then w{\/[f =1 and wj = wj = 1. Otherwise, we must choose f such
Mf) _
that |w; ' | = 3 exactly.

d .
ged(tm34,m39) it f
+tm3¢4
Similarly, ¢5 = (¢GE"™3)((M) = (W) (¢ 79) = (wE')(W!). By Lemma[3.4] we have that

wit is fixed by o1, so ¢ is fixed by oy if and only if wi"f is. Notice that |w§nf | = Wjﬁiﬂw =
3d
ged(f,34)

Using an argument similar to Lemma , we see that if w] and (5 are both fixed by oy, then r
is one of:

r=+(q—et, r==+(g—e)t+m3 Y qg+e), or r==+(qg—e)t—m3q+e).
Now, recall that (¢ —€)t ¢ I,2_; and 7 ~ —r in I 2_4, so in fact we have r represented by one of:
r=(qg—et+m3g4+e) or ro=(q—et—m3Tg+e).
But notice that r; = —eqro mod (¢? — 1), so these define just one class in Iy, ]

Lemma 3.10. Let k € I;s_, such that 341k, Then, the following hold:

(1) There are exactly 3 elements r € I;s_, satisfying r = £k, £qk, or +¢%k mod mn, such that
wy is fized by o1.

(2) Let r € I;s_. satisfying r = £k, £qk, or +¢?k mod mn and denote by x(r) the character
X63(r) of G if e =1 and xe6(r) if € = —1. Then x(r) is fized by o1 if and only if w is fired

by g1.

Proof. First, we notice that ¢> —e = (g — €)(¢® + eq + 1), so we will write ¢> — ¢ as mn3%+! when it
is useful. Since 371k, we write k = 239!, Note that ¢k and ¢k are both of the form z3%+! for
some (different) = € Z, so we will write r = £23%+! 4 mnf for some f € Z.

(1) We first consider the first claim. We have w} = (w?ﬁdﬂ)(wgmf ) and

ix3d+1| _ (m3d)(3n) _ mn
3 ged (2391 (m39)(3n))  ged(x,mn)

+g30+1
3

Since m and n are both prime to 3, the order of w is prime to 3, so this is fixed by o7y.

mnf

Hence wy is fixed by o1 if and only if wy " is fixed by o1. Now, replacing the roles of (3%, q 4 ¢€)
in Lemma with (3971, n) here, the situation is analogous, as z1m3%n = zom3%n mod mn3®+!
if and only if z; = 23 mod 3 arguing like in Lemma [3.2

In this case, for wj to be fixed by o1, we therefore have r must be of one of the following forms:

r=4k, r==+qk, r==x¢k,
r=+k+mn3?, r= +qk + mn3?, = +¢°k + mn3?,
r=+k+2mn3%, r=4qk+2mn3?, or r=4¢’k+2mn3e

(Conversely, note that wj is fixed by oy if r is of any of these forms.)
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Now, recall that k ~ (—k), k ~ (£qk), and k ~ (+¢?k). Arguing similarly to Lemma with
the role of ¢ + € now replaced with n, we obtain that under the relation ~, each value in the list
above is equivalent to one of the following three elements of r € Ijs_.:

r=k r=k+mn3% and r=Fk—mn3%

Further, arguing as in the previous lemmas, we again see that these indeed give distinct elements
of I3_., completing the proof of (1).
(2) Now we consider the second claim. The character x(r) is what is known as a semisimple

character, and is indexed by a conjugacy class of G consisting of all elements in G with eigenvalues
wh, wyl, ngqQ,fag "y, and @3 """, where here @3 is a primitive ¢° — € root of unity in F 46+ (This is
the class g31(r) when € = 1, respectively gs4(r) when e = —1, defined in [0, Tabelle 19].) Now, since
G comes from an algebraic group over Fq whose center is connected, [12, Lemma 3.4] describes how
such characters are permuted by members of Gal(Q(e2™/I¢1)/Q). In particular, [12, Lemma 3.4]
@ 1wy qu} is permuted

tells us that x(r) is fixed by o if and only if the set {w}, ws?, wy
by o1.

Now, note that n { r, as otherwise n | z and hence 3n = ¢ + eq + 1 divides k, contradicting
that k € I;s_.. Suppose that some o € (o1) maps wj to wgq, where ¢ € {—1,£q, £¢*}. Recall that
n is relatively prime to 2, 3%+1m, (£¢* — 1), and (+q — 1). Writing w3 = y1y2 for y; a primitive
3% m-root of unity and y, a primitive nth root of unity, we then see that (o(y}))yh = vy} 9ys?, since
o is fixed by oq1. This forces yg(q_l) to be a (39+1m)’th root of unity. Then y? is also a (3971m)’th
root of unity, since |y3| is prime to § — 1. Then since |y is prime to 37+ m, we see that this forces
y5 =1, so that n | r, a contradiction. Hence we see that x(r) is fixed by o if and only if o7 fixes
ws. ]

—r —r
yWg , W3

4. PROOF OF THEOREM [[.2]

Let G := Spg(q) with g a power of 2. To prove Theorem we must show that if B is a 3-block
of G with cyclic defect groups, then there are exactly three height-zero characters in Irr(B) that
are fixed by o1, and that if B has noncyclic defect groups, then the number of such characters is
strictly larger than 3.

The defect groups for G are described in [I1, Proposition 3.1]. Namely, for the prime 3, the
cyclic defect groups are (in the notation of [I1]) denoted @i, Q2, and Q®), and the remaining
defect groups are denoted Q1,1, @2,1, @1,1,1, and P. Here P is a Sylow 3-subgroup of G.

The sets Irr(B) for each block B of G are described in [13] for so-called “unipotent” blocks, and
in [I0, Section 4.4] otherwise. The sets Irro(B) are described in [I1}, Sections 4.2-4.10] and also in
[10, Section 7.4.1]. In Tables we list the names of these blocks (with the notation of [13], [10])
and a subset of characters found in Irrg(B) (with the notation of the CHEVIE character table and
[10)).

With this information in place, and given our work in Section [3] the proof involves considering
the character table for Spg(g) due to Frank Liibeck [6] and available on CHEVIE, and analyzing
when the character values of the characters in Irrg(B) for each block B corresponding to a given
defect group are fixed by 1. The families of characters and of conjugacy classes for Spg(g) are
indexed by the various sets introduced in Notation [3.1] The character values are either rational or
sums of complex numbers of the form x(£7 4 €77, where 4,7 € Z come from one of the indexing
sets defined in Notation (depending on the index defining the character and the class within
their families), £ is some root of unity, and = € C is either rational or otherwise fixed by o1. In
the appendix, we include examples of specific values for the relevant characters. We have used our
lemmas from Section [3| to find the appropriate choices of r so that a given £ will be fixed by o7,
where again & denotes a relevant root of unity.
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We apply Lemma to say that £ is fixed by oy if and only if £ is fixed by oy, for every
relevant 7. Note that we also apply Lemma in conjunction with Lemmas [3.5 and [3.6f Lemma
in conjunction with Lemmas [3.8] and [3.9} and the two parts of Lemma [3.10] together to show
that in fact the full character Values being considered are also fixed by o1. Tables [1{14] list the
characters being considered for each block and the lemmas from Section [3| that are used for those
characters.

For a concrete example, consider the block B = Bag(s,t1) when € = 1 (see Table [3). Here
t1 € Igy1 and s € [y is divisible by 3%, Then the members of Irrg(B) are the characters
x61(7,t1), where r € I 2_; is equivalent to s or £¢s modulo m(q + 1). By Lemma there are
exactly three choices of such r such that (5 and w] are fixed by o, and hence exactly three such
choices of r such that (] + (7" and ¢§ + (" + ¢ + ¢, 7 are fixed by o1, using Lemmas and
Now, the irrational character values for xe1(r,t1) take the following forms, where i,i range
through appropriate indexing sets from Notation [3.1] for the conjugacy classes:

o (G HEM); (L—ah(E" + 51 s (1 ig )" t+£1 ;€ + £1t") (1 —~q A+
(1i OE+&7); (¢ +1)( T +€_“), (&1 +€_”)( ) A+ g€l +
1_”)( (R o T 5_”)( vt ogrthy, which are always fixed by o1 by Lemma

o (¢ +¢)s (@ —2q+1)( +C_“") (L= a) (¢ +¢);

o (& + & TG G G+ G C”’” +6')

o (GGG G D) (G G (1) €+

&)

( + CQ ir + Czqr + CQ zqr)( i't(g—1) + Cz i't(q— 1)) ( + C2 ir +Czqr + C;qu)( ilt +£;i’t)
Then we see that yg1(r,t1) is fixed by o1 exactly when r is one of these three choices, showing that
B contains exactly three height-zero characters fixed by o1. Since this block has defect group Qo,
which is cyclic, this block satisfies the statement.

For each defect group, we include two tables; one for when ¢ = 1 and one for when ¢ = —1.
Fach table lists all blocks B with the given defect group, additional conditions on indexing, the
characters in Irrg(B) being considered for that block (in the notation of the CHEVIE character
table), and the number of characters in the listed family that are fixed by o1, with reference to the
lemmas used for those specific characters.

The first six tables are for the cyclic defect groups, Q1, Q2, and Q). For these groups we list all
characters in Irrg(B), in order to show that |Irrg(B)?'| = 3. The remaining tables correspond to
the non-cyclic defect groups, P, Q1,1,@2,1, and Q1,1,1. In these cases, we only list enough characters
needed to see that |Irrg(B)?'| > 3. Therefore in these cases, the column that shows the number of
fixed characters refers only to the characters listed, not necessarily the total number fixed in the
given block.

4.1. The Tables. Throughout, we let ki, ko, k3 € I,—1 with none of ki, k2, k3 the same and let
t1,t2,t3 € Ig4q with none of ¢y, ts,t3 the same. When € = 1, let 3% k;, and when € = —1, let 39|t;.
Let u € I 241, and s € I 24 with 39s, where 3% := (¢ — €)3. Let v € I;s_y and w € I3;1. When
e=1, let (q —1)3]v, and when € = —1, let (¢° + 1)3|w. Moreover, let m := (q — €)3 as before, and
let n = (¢*> + eq+ 1)3.
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TABLE 1. Blocks with Defect Group @)1 when € =1

Block B Restriction Characters in Irro(B) # Fixed by o1
by N/A X5, X11 2: rational

m|r x17(T) 1: Lemma|3.5

Bg(k1)® r=+ki mod m x17(r) 3: Lemma 3.6

B23(t1 tz) N/A X53(t1,t2),X54(t17t2) 2: Lemma |3.4}
’ m|r Xe6o(T, t1,t2) 1: Lemmas|3,4 3.5]

Baa(u) N/A x55(u), x56(u) 2: Lemma |3.4
m|r X62 (T, u) 1: Lemmas|3.5] 3.4
Bag(ki,t1,t2) | r = £k1 mod m X60 (7, t1,t2) 3: Lemmas|3.4} [3.6
Bso(k1,u) r =4k mod m xe2(r, u) 3: Lemmas|3.6} (3.4

TABLE 2. Blocks with Defect Group @)1 when e = —1

Block B Restriction Characters in Irro(B) # Fixed by o1
by N/A X4, X9 2: rational

mir X20(T) 1: Lemma|3.5)

B7(t1)<1) r=4t; mod m x20(7) 3: Lemma (3.6

Bl7(k1 kz) N/A X41(l€1,k22),X42(l€1,k22) 2: Lemma 34
’ mir xs8(k1, k2, 1) 1: Lemmas |3,4 3.5]

Baa(u) N/A Xs55(w), X56(u) 2: Lemma 3.4
mir Xe65(u,T) 1: Lemmas|3.5] |3.4
Bge(k}1, kz, tl) T = itl mod m X53(l€1, kz, 7‘) 3: Lemmas |3.4} |3.6)
Bss(u,t1) r=4t; mod m Xe65(u, 1) 3: Lemmas|3.6} [3.4

TABLE 3. Blocks with Defect Group Q)2 when € =1

Block B Restriction Characters in Irrg(B) | # Fixed by o1
Bg(t1) _ N/A X28 (tl), XSO(tl) 2: Lemma 3.4
r=4(q— 1)ty mod m(q+1) xe1 (7, t1) 1: Lemma [3.9

Bzg(tl,tz) _ N/A X51(t1,t2),)(52(t1,t2) 2: Lemma 3.4
r=4(q— 1)ty mod m(q+1) X61 (T, t2) 1: Lemma [3.9

Bag(s,t1) | r = £s or £gs mod m(qg+ 1) x61(r, t1) 3: Lemma [3.8

TABLE 4. Blocks with Defect Group QQ2 when € = —1

Block B Restriction Characters in Irro(B) | # Fixed by o1
Bs(ky) N/A x25 (K1), x27(k1) 2: Lemma|3.4
r==x(¢+1)ki mod m(q—1) xs0(r, k1) 1: Lemma (3.9

Blﬁ(kl kg) _ N/A X39(k1,k2),X40(k1,k‘2) 2: Lemma 3.4
’ r==x(¢+1)ki mod m(q—1) Xs59(7, k2) 1: Lemma (3.9
Bay7(s,k1) | r==4s or £gs mod m(q — 1) x59(7, k1) 3: Lemma|3.8

TABLE 5. Blocks with Defect Group Q) when e =1

Block B

Restriction

Characters in Irro(B)

# Fixed by o1

B31 (’U)

r = tv, £qu or £¢%v mod mn

X63(r)

3: Lemma |3.10|

TABLE 6. Blocks with Defect Group Q®) when ¢ = —1

Block B

Restriction

Characters in Irro(B)

# Fixed by o1

334 (w)

r = +w, £qw or £¢°w mod mn

Xo6(7)

3: Lemma |3.10|




12

A. PENA, F. PRYOR, AND A. A. SCHAEFFER FRY

TABLE 7. Blocks with Defect Group P when € =1

Block B Restriction Selection of Characters in Irrg(B) | # Fixed by o1
bo N/A X1, X3, X4, X9, X105 X12 6: rational
Bg(k‘l) r= ikl mod m X25 (T’), XQG(T),X27(7‘) 9: Lemma

TABLE 8. Blocks with Defect Group P when € = —1

Block B Restriction Selection of Characters in Irrg(B) | # Fixed by o1
bo N/A X1, X25 X5, X85 X11, X12 6: rational
By(t1) | r=+t1 modm x28(7), x29(7), X30(7) 9: Lemma

TABLE 9. Blocks with Defect Group (1,1 when € =1

Block B Restriction Selection of Characters in Irro(B) # Fixed by o1

B7(t1) N/A X19(t1)7X20(t1)7X21(t1)7X22(t1) 4: Lemma 34
Bao(k1,t1) r=24k; modm Xa7(r,t1), xas(r,t1) 6: Lemmas|3.4] [3.6
Bisg(ki,t1) r=4+k modm Xasz(r,t1), xaa(r,t1) 6: Lemmas|3.4} [3.6
BQG(kl, kz, tl) Ty = jik'i mod m X58(7’17 T’2,t1) 9: Lemmas |3.4} |3.6

TABLE 10. Blocks with Defect Group (1,1 when € = —1

Block B Restriction Selection of Characters in Irrg(B) # Fixed by o1

Ba(lﬁ) N/A X13(k1)7X15(k1)7X16(k1)7X17(k1) 4: Lemma |3.4]
Bao(k1,t1) r=4+t; mod m Xa7(k1,7), xa8(k1,7) 6: Lemmas|3.4} [3.6
BQ1(t1, kl) T = :Et1 mod m X49(T, ]451)7 X50(7", k1) 6: Lemmas|3.4] 3.6
Bag(ki,t1,t2) | ri = £t; mod m x60(k1,71,72) 9: Lemmas|3.4} [3.6

TABLE 11. Blocks with Defect Group ()2;; when e =1

Block B Restriction Selection of Characters in Irro(B) # Fixed by o1
Bis(t1) N/A X35 (1), x36(t1), X7 (t1), x38(t1) 4: Lemma (3.4
Boi(t1, k1) r=+k; mod m xa9(t1,7), x50 (t1,7) 6: Lemmas (3.4 [3.6
Bio(s) r = +£s or £¢s mod m(q+ 1) Xa5(r), x46(T) 6: Lemmas (3.4} (3.8
Ban(s, k) r = +s or £¢s mod m(qg+ 1) (r, )
2785, B j=+ki modm X591 ] 9: Lemmas
TABLE 12. Blocks with Defect Group (2,1 when € = —1
Block B Restriction Selection of Characters in Irro(B) # Fixed by o1
Bi1 (k1) N/A x31(k1), x32(k1), x33(k1), x34(k1) 4: Lemma 3.4
Bisg(k1,t1) r = +t; mod m xasz(k1,7), xaa(k1,7) 6: Lemmas (3.4 [3.6
Big(s) r = +s or £¢s mod m(q—1) xa5(r), xa6(T) 6: Lemmas (3.4} [3.8
r = +s or £¢s mod m(q— 1) . 9: Lemmas |3.4} (3.6} |3.8
Bao(s,t1) j =+t modm xe1(r, 1)
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APPENDIX A. SOME CHARACTER VALUES

Although it would be unreasonable to include the entire character table, here we list a character
value on a single family of conjugacy classes for some relevant characters, to help illustrate the use
of the lemmas listed in Tables We follow the order they are listed in those Tables. In many
cases, only one character family from a line in Tables is listed, as the character values for the
other characters on the line take similar forms. All notation is taken from the CHEVIE character
table for Spg(q).

Character Class Value
X5, X11 all rational values
x17(k1) Ciz(i1) To(tF 4 ¢t
xoo(k1, k2, ks) | Caalin,iz) S SR | S TR o S G o TN
X55 (1) Cs3(i1) TN T TN
xe62(k1, ko) Cea(i1,12) (Cilkl I C;qkl)(gggkz n §;i2k2 T fgi2k2 T 5;qi2k2)
X4, X9 all rational values
x20(k1) Ca0(i1) NG )
xss(k1, k2, k3) | Caa(in, iz) —(£2Fs g R [eiFL 4 TR fRe TRz
X56 (1) Cs3 (i) G e T e T
x65 (K1, ko) Cos (i1, 12) —( ;2k2 +§;12k2)(§;1k1 + §;t1k1 T Egllkl T ggqukl)
Xzs(t1) Co(in) (—¢® + ¢ —q+ D + &)
xe61 (7, t1) Clas(i1) (—q + 1)(C;1i1k1 ¥ Cz—qilkl + 4;711“1 T C2—71k1)
x52(t1,t2) Coo(i1) (—q% +2q — 1)(5;1’% ¥ 51*11761) + q(ﬁlkz + glﬂlkz)
X25(t1) 017(i1) . Cilkl +Acfi1k1‘ .
xs59(T, 1) Cus (41) (g — D)(CITFL ¢ 7P 4 (iR 4 PR
xao(k1, k2) Cio(i1) 2a+ DG+ +q(GH2 + ¢
’ o3 (k1) ‘ Cos(in) ‘ ngilkl N Cs—qzz‘lm N C;ih T Cs—qilkl N Célkl N Cs—ilkl ‘
R I O e i A e e Tl
Character Class Value
X1 X35 X4, X9, X105 X12 all rational values
Xzo(k1) Cas (1) (¢ +2° +2¢ + DG+ ¢ + (@ + (G 4G
X1, X2, X5, X8, X11, X12 all rational values
xz8(k1) Cas(i1) (2 —q+ D(EM + &) g1 g 70R
xa (1) Can (1) —— 1@+ e )
xa7(k1, ko) Clar(i1,12) (—q — 1_)(Ci1k1 +.<1—7,1 k1v)(£;2k2 +.£1*1r2k‘2)
X44(k1,k2) 044(1'1’1'2) . ‘ . 7(§i1k1 +‘C;'t1k'1)(§12k2 +§;!2k2) . ‘ »
Xss (k1. k2, ks) Csslin iz i) [ (6% +& M) + ¢TGP + 602" + (G2 + ¢TGP ¢ )]
X17(k1) C3(i1) EP -3+ %q)(dlkl )
xas (k1, k2) Cyug(i1,12) . 7(C;1vk1 +C1*%1k.1)(§;2k2 +.§;z2k2.) ‘
Xa9 (K1, k2) Cag (i1, i2) ] (a— 1)§C12k2 +§f12k2)‘— (éf”kl_—&-&fz”k})(gzkz —Q—Cf”&) _
xeo(k kaike) | Coolinsizein) | (G0 4G D€ + & )€™ +6 ) + (2 + 6 > D& +67)

Character Class Value
x37 (k1) Cse (i1, 92) R T T 551_1“2))61 + §f(11+12)k1_+ 55”712‘%1 +g T4
x49(k1, k2) Cso(i1,42) —(&71F ¢ R (2R 4 2R
X46(k1) 045(7;1) _q(cgnkl +C2_(”1k1 +C;1k1 +C2—11k1)
x50 (k1, k2) Cso (i1, i2) (€272 + ¢ (MM 4 TR (U
xsa (k1) Carlinsia) | a(¢F™™ + ™) + (g + 1)<<§1}*;2>’“1 + g“l*ffkl +5£”k”2>’°1 +¢ TR 414
Xa3(k1, k2) Caa (i1, 42) — (P F (62T €22
xas5 (k1) Cae(i1) —(CINFL g TR (IR TR
xo1 (K1, k2) Ce1 (i1, 12) (§;2k2 I §;z2k2)(cgnk1 + C;qqkl 4 C;lkl + C;tlkl)
x14(k1) Cs7(i1,12,13) Z(C_ilkvl i C;ilkl + g’zkl T C;izk‘l T d’;ﬂq + C;z‘skl)
X33 (k1) Css (i1, 92, i3) C{Zlﬂ?)kl + C;(”Hwkl + Cfl’““)’“l + Cf(nﬂ'z)kl
Xa1(r1,72) Cy1(i1,12) see (2] below
X39(r1,72) C39(i1,12) see (3) below
x57(71,72,73) | Cs7(i1,12,1%3) see (4) below
x19 (k1) Coa(in, iz, i3) —(1FT p P L g2F TRl 8RR
x36 (k1) Coa(i1,12,13) see (5) below
X53(r1,72) Css(i1,12) see (6) below
X51(r1,72) Cs1(i1,12) see (7)) below
x64(r1,72,73) | Coa(in,i2,13) see (8) below
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(2) (@4 DICH + ¢ +¢0272) + (2P 4 T2 + ¢ + (G 4 T 4 ¢ )
(q+ 1)[4?1“2)’61 +<;(i1+i2)k1 + Ciilﬂ'z)’m + C;(i1*i2)k2 + (dlkl +<;i1k1)(<;’2k2 + C;i2k2)+
(2" 4 ¢ + ¢

(CFL g gk [(¢i2Re g gk (¢fsts ok 4 (¢l2Rs 4 ¢ RRe ) (¢l ¢+
(4) (€72 4 ¢r R [P ¢t Ry (¢peRs ¢k 4 (¢Re 4 ¢ TRRe) (¢t ¢+
(¢itks g ¢riksy[(¢izke 4 ¢tk (R oMy 4 (¢RRt 4 ¢ TR (3R 4 ¢k

£§i1+12)k1 +E;(il+i2)k1 +§§11*i2)k1 +§;('i1*i2)k1 +§§i1+i3)k1 +§;('i1+i3)k1+

5

®) fiil—i:})kl +§1—<i1—i3)’<1 +f§i2+i3)k1 +£1—(i2+i3)k1 +£§i2—i3)k1 +§1—(i2—i3)k1

© —(a = DIEM + & T ER2 672 2 £ 4R (1 g (2 4 g )
- (@ = DIEM + &) (6252 +677202) + (62" + 6,2 ) (7 + 6,1+

i1+ig)k —(i1+ig)k i1 —ig)k —(i1—ig)k
(&il 2)1+§1(1+2)1)(§§1 2)2+£1(1 2)2)]

(€17 + 7P [(E1272 e 72" 2) (65358 4 g873) 1 (61278 e 2Re) (61352 g2
®) (€72 &0 IIEP™ + 60 IE + €010 + (@27 + 7 e
(6173 + €79 [(€1272 + &7 22 (1351 4 €778 4 (67271 + 67 2R ) (€302 + £, 3%
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