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1 Problem 1

1.1 Part a

If

G(t) = 90 + 45 cos
t2

18
, (1)

then

G′(t) = −5t sin
t2

18
. (2)

Thus

G′(5) = −25 sin
25

18
tons per hour per hour. (3)

This means that the unprocessed gravel arrival rate is decreasing at time t = 5 at the
rate of 25 sin(25/18) tons per hour every hour. This is about −24.58751 tons per hour per
hour.

Note: The word decreasing is usually defined only over intervals, and not at points. It
might therefore be better to say that because G′(5) < 0 and G is a continuous function,
G’(t) must be negative over an interval centered at t = 5. Thus, the amount of unprocessed
gravel at the plane is decreasing over some interval centered at t = 5.
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1.2 Part b

The total amount, in tons, of unprocessed gravel that arrives at the plant during the hours
of operation is, in tons, ∫ 8

0
G(t) dt.

Integrating numerically, we find that this is about 825.55109 tons.

1.3 Part c

The rate at which the plants unprocessed gravel changes is

G(t)− 100 = 45 cos
t2

18
− 10, (4)

and at time t = 5, this is

G(5)− 100 = 45 cos
25

18
− 10 ∼ −1.85924 tons per hour per hour. (5)

1.4 Part d

The amount, in tons, A(t) of unprocessed gravel at the plant at time t during the hours of
operation on this workday is given by

A(t) = 500 +

∫ t

0

[
45 cos

τ2

18
− 10

]
dτ. (6)

By the Fundamental Theorem of Calculus,

A′(t) = 45 cos
t2

18
− 10. (7)

We note that A′+(0) = 35 > 0, while A′−(8) ∼ −51.19903 < 0, so A can have a maximum
for [0, 8] only interior to the interval. By the Extreme Value Theorem, there must be a
maximum, and we know that it can happen only at a point where G(t)− 100 = A′(t) = 0.
Solving numerically, we find the only such point to be t ∼ 4.92348. Taking t to have
this value and integrating the expression in (6) numerically, we find that the maximum
amount of unprocessed gravel at the plant during the hours of operation on this work day
is approximately 635.37612 tons.

2



2 Problem 2

2.1 Part a

We find the values of t in [2, 4] for which v(t) = 2 by numerical solution of the equation
v(t) = 2, and we obtain just one solution in the interval: t ∼ 3.12763.

2.2 Part b

By the Fundamental Theorem of Calculus,

s(t) = 10 +

∫ t

0
v(τ) dτ, (8)

where v is as given in Part a, above. Integrating numerically, we obtain find that the
position of the particle when t = 5 is s(5) ∼ −9.20733.

2.3 Part c

The particle changes direction of motion at points where v(t) undergoes a change of sign.
Because v is a continuous function, this can happen only where v(t) = 0. Solving numer-
ically we find that the only such places are at t ∼ 0.53603 and t ∼ 3.31776. But it is easy
to check that v(0) < 0, v(2) > 0 and v(4) < 0, so there is a sign change between t = 0
and t = 2, and there is another between t = 2 and t = 4. It now follows that the particle
changes directions when t ∼ 0.53603 and when t ∼ 3.31776.

2.4 Part d

We have v′(4) ∼ −22.29571 < 0, so v is decreasing on some interval centered at t = 4. (See
the note to Problem 1, Part c.)
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3 Problem 3

3.1 Part a

The value of C ′(3.5) is approximately

C ′(3.5) ∼ C(4)− C(3)

4− 3
=

12.8− 11.2

1
= 1.6 ounces per minute. (9)

3.2 Part b

We have

C(4)− C(2)

4− 2
=

12.8− 8.8

2
= 2. (10)

It is given that C is a differentiable function, presumably on [0, 6] though this is somewhat
unclear. So C is continuous on [2, 4] and differentiable on (2, 4). C thus satisfies the hy-
potheses of the Mean Value Theorem on the interval [2, 4]. Taking (10) into account, we
see that there must be a value t0 in (2, 4) such that

C ′(t0) = 2. (11)

3.3 Part c

The midpoint sum with three subintervals of equal length indicated by the data in the

table for
1

6

∫ 6

0
C(τ) dτ is

1

6
[5.3 · (2− 0) + 11.2 · (4− 2) + 13.8 · (6− 4)] = 10.1. (12)

In the context of the problem, this means that the average amount of coffee in the cup over
the time period 0 ≤ t ≤ 6 is about 10.1 ounces.

3.4 Part d

IfB(t), the amount of coffee, in ounces, in the cup at time t, is given byB(t) = 16−16e−04.t,
then B′(t) = 6.4e−0.4t, so that B′(5) = 6.4e−2 ∼ 0.86614 ounces per minute. This is the
rate at which the amount of coffee in the cup is changing when t = 5.
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4 Problem 4

4.1 Part a

By the Fundamental Theorem of Calculus, we have

f(x) = f(8) +

∫ x

8
f ′(t) dt (13)

= 4 +

∫ x

8
f ′(t) dt (14)

= 4−
∫ 8

x
f ′(t) dt. (15)

The function f can have a local minimum on the open interval (0, 8) only at a point where
f ′ increases through zero as x increases through that point. According to the graph, the
only such point is at x = 6.

4.2 Part b

The required absolute minimum must occur either at an endpoint or at a critical point
which is also a local minimum. We are given that f(8) = 4. At the local minimum found
in Part a, above, we have

f(6) = 4−
∫ 8

6
f ′(t) dt = −3. (16)

At the left-hand endpoint we have

f(0) = 4−
∫ 8

0
f ′(t) dt (17)

= 4−
∫ 1

0
f ′(t) dt−

∫ 4

1
f ′(t) dt−

∫ 6

4
f ′(t) dt−

∫ 8

6
f ′(t) dt (18)

= 4− 2− 6 + 3− 7 = −8. (19)

It follows that the absolute minimum for f on [0, 8] is f(0) = −8.

4.3 Part c

A function, F , is concave down and increasing on any interval where F ′(x) is positive (ex-
cept, perhaps, for some isolated zeros) and decreasing. We therefore seek open intervals
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where the graph of f ′, which is given, is above the x-axis and has tangent lines of negative
slope. There are two such intervals: (0, 1) and (3, 4).

Note: F is increasing on the closures of both these intervals, because a continuous func-
tion that is increasing on some open interval must be increasing on the closure of that
interval. Whether a similar statement is true of downward (upward) concavity depends
on which of several common definitions one chooses to employ.

4.4 Part d

If g(x) = [f(x)]3, then g′(x) = 3[f(x)]2f ′(x). From the graph, f ′(3) = 4. Hence,

g′(3) = 3 [f(3)]2 f ′(3) = 3 ·
(
−5

2

)2

· 4 = 75. (20)

Thus, the slope of the line tangent to the curve y = g(x) at x = 3 is g′(3) = 75.

5 Problem 5

5.1 Part a

The area ofR, the region bounded by the curves f(x) = 2x2−6x+4 and g(x) = 4 cos(πx/4)
is ∫ 2

0

[
4 cos

π

4
x− (2x2 − 6x+ 4)

]
dx =

[
16

π
sin

π

4
x− 2

3
x3 + 3x2 − 4x

] ∣∣∣∣2
0

(21)

=
16

π
− 4

3
. (22)

5.2 Part b

The volume generated by rotating the region R about the horizontal line y = 4 is

π

∫ 2

0

[
4−

(
2x2 − 6x+ 4

)]2
dx− π

∫ 2

0

[
4− 4 cos

π

4
x
]2
dx. (23)
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Note: Evaluation is not required, but the integrals are elementary, and the volume is easily
found to be 128− 112π/5. In fact,∫ 2

0

[
4−

(
2x2 − 6x+ 4

)]2
dx =

∫ 2

0

(
4x4 − 24x3 + 36x2

)
dx (24)

=

[
4

5
x5 − 6x4 + 12x3

] ∣∣∣∣2
0

(25)

=
128

5
− 96 + 96 =

128

5
, (26)

and ∫ 2

0

[
4− 4 cos

π

4
x
]2
dx =

∫ 2

0

[
16− 32 cos

πx

4
+ 16 cos2

πx

4

]
dx (27)

=

[
16x− 128

π
sin

πx

4

] ∣∣∣∣2
0

+ 8

∫ 2

0

[
1 + cos

πx

2

]
dx (28)

=

[
32− 128

π

]
+ 8

[
x+

2

π
sin

πx

2

] ∣∣∣∣2
0

= 48− 128

π
. (29)

5.3 Part c

The volume of the solid given is∫ 2

0

[
4 cos

π

4
x− (2x2 + 6x− 4)

]2
dx.

Note: Evaluation is not required, but the integral is elementary, and the volume is easily
found to be

16(19π3 − 720π + 1920)

15π3
.

The integration is tedious and will not be given here.

6 Problem 6

6.1 Part a

If y = f(x) is the solution to the initial value problem

y′ = ey(3x2 − 6x), (30)
y(1) = 0, (31)
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then the slope of the solution at the point corresponding to x = 1 is

y′(1) = ef(1)(3 · 12 − 6 · 1) = −3, (32)

so an equation for the tangent line to the solution curve at the point (1, 0) is

y = 0− 3(x− 1) (33)

or

y = 3− 3x. (34)

The value of f(1.2) is then approximately 3− 3 · 1.2 = −0.6.

6.2 Part b

If y = f(x) is the solution of the initial value problem stated in Part a of this problem,
then

f ′(x) = ef(x)(3x2 − 6x), so that (35)

f ′(x)e−f(x) = 3x2 − 6x. (36)

∫ x

1
e−f(ξ)f ′(ξ) dξ =

∫ x

1
(3ξ2 − 6ξ) dξ, (37)

−e−f(x) + e−f(1) = x3 − 3x2 + 2, or (38)

e−f(x) = −x3 + 3x2 − 1. (39)

Thus, the solution we seek is given by

f(x) = − ln(−x3 + 3x2 − 1). (40)

8


