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1 Problem1

1.1 Parta

The two curves intersect when z = a, where /a = 3% Solving numerically, we find that
a ~ 0.23873. Thus, we find (after a numerical integration) that the area of the region R

1S
1
/ (Va —e™%) dz ~ 0.44263. 1)

Note: The exact integral is

1

/al (V=773 dx = % {2373/2 + 673:”} )

1 . . .
=3 (2+ 6_5) - % (2@3/2 + 6_3a> . (3)

However, we know a only approximately, so “exact” integration is misleading.

a

1.2 Partb

This problem is most easily solved using the method of washers. The required volume,
V,is

T I ®
~ 1.42356. ©)



It is also possible—but probably not wise—to use the method of shells:
Va 1 1 )
V:27T/ (1y)<1+3lny> dy+27r/ (1—y)(1—y*)dy. (6)
e—3 a

Note: For the sake of completeness (See the Note to Part a, above), we record the “exact”
value:

1
V= i (—8@3/2 +3a% 4+ e — 473 f 4e73 — 0 4 5) . (7)

1.3 Partc
The area A(h) of the cross section meeting the z-axis at x = h is
2
A(h) =5 (\/E - e_3h) )
The required volume is therefore
1
/ A(x) dx ~ 1.55435. )

The integral is not elementary, and we have carried out the integration numerically.

2 Problem 2
2.1 Parta
The quantity
2'(t) = —9cos %t sin W\/T (10)

is negative on both of the intervals (0,3) and (3, 8). (This is because 7t/6 lies between 0
and 7/2 when 0 < t < 3, but between /2 and 37/2 when 3 < t < 9, making the cosine
factor in 2/(t) positive on (0, 3) but negative on (3,9), while 7/t + 1/2 lies between 7 /2
and 7 when ¢t is in (0, 3) but between 7 and /107/2 < 27 when ¢ is in (3,9)—making
the sine factor positive on (0, 3) and negative on (3,9).) Thus, z/(t) < 0 on (0, 3) and on
(3,9), which means that z(t) is a decreasing function on [0,9].. Furthermore, 2/(3) = 0.
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We also know that the slope of the tangent line to the curve at a point (z(9), y(to)) is
y'(to)/2' (to)-

This shows that the point B must have coordinates (z(3), y(3)), because B is the only point
on the curve where 0 < ¢t < 9 and the slope of the tangent line is undefined. It follows that
the point C, corresponds to some value, ¢; of ¢ in (3,9) where 2’(t) is negative. Moreover,
the slope of the tangent line to the curve at C' is positive. That slope being v/(¢1)/2/(t1), we
conclude that if ¢; is such that C'is the point with coordinates (x(t1),y(t1)), theny/(t1) <0
because, as we have seen above, /(1) < 0.

2.2 Partb

We have shown in Part a, above, that the particle is at point B when ¢ = 3.

2.3 Partc
. . 5 .5
The slope of the tangent line to the curve at the point (2(8),y(8)), y = 9%~ 2, is Y
Hence,
y®) _5
_5 11
78 9 (1
y(8) = 2a'(8) (12)
5 A7 . 3w
=3 [—9 coS 5 sin 2] (13)
50 9
-5 -] o
)
The velocity vector v(8) is thus
v(8) = (2'(8),4/(8)) (16)

9 5
={-=,-2). 17
< - 2> (17)
Speed at time ¢ = 8 is then

VNE = VEEPF P =[5+ 2 = [ s s a8)




24 Partd

Distance from A to D is

[(9) — 2(0)] =

9
VIFT
/cosﬂi VIR |~ 39.25537,
0

6 T 9

/0933’(75) dt‘ =9

where we have carried out the integration numerically.

3 Problem 3

3.1 Parta

At the point P we must have

Sy = Vit

3

(19)

(20)

which implies that 25y = 9 + 932, or y*> = 9/16. Rejecting the extraneous negative
solution for y, we obtain y = 3/4. P lies on the curve C, where = /1 + y2. Thus, at P

we have
9 25 5
= 1 = 1 _— _——= -,
oVt 16" Vie T 4
: . 53
The coordinates of the point P are thus <4, 4) .

Because x = /1 + y2 on the curve C,

dz) __y | _3
dylp  1+y2lp 5

3.2 Partb

The area of the region S is

3/4 5 5 3/4
/0 <v1+y2—3y>dy=0 \/1+y2dy—3/0 ydy

~ 0.81532 — 0.46875 ~ 0.34657,

3/4

21)

(22)

(23)

(24)



by numerical integration.
Note: The integrations are elementary and can be carried out as follows:

The second integral on the right side of (23) is easy.

5 [3/4 5,174 15
= dy = ~y*| = —. 25
3 /0 ydy =y . 3 (25)
To evaluate the first integral, we make the substitution y = sinh u. Then
dy = coshu du; (26)
y=0=u=0; (27)
Y= Z = u = sinh ™! % (28)

Therefore
3/4

sinh~1 3/4 sinh~!3/4
V1+y2dy = / V1 + sinh? ucosh u du = / cosh? u du (29)
0 0 0

1 sinh—! 3/4 1 1 sinh=!3/4
=3 / (14 cosh2u) du = 3 [u + 3 sinh Qu] (30)
0 0

sinh~! 3/4

=3 [u + sinh u cosh u] (because sinh 2o = 2 sinh avcosh ) (31)
0

—_ 1 - —1 3 3 . —1 3 _ 1 . —1 3 15

=3 [smh 1 + 1 cosh (smh 4)] =3 [smh 1 + 16} ) (32)

where we have used the relation cosha = /1 + sinh? o to make the last transforma-
tion.

This latter integral can also be obtained by making the substitution = tan @, but this
leads to the somewhat more difficult [ sec? 6 df.

3.3 Partc

The relations for the transformation from rectangular to polar coordinates are x = r cos 6
and y = rsin . We substitute these relations for x and vy,

z? — y? = 1 becomes (33)
r2cos?f — r?sin? 6 = 1; (34)
r2(cos? § — sin?6) = 1; (35)

i P S (36)

cos2 6 —sin? 6’



3.4 Partd

The line 3z = 5y can be written as 3r cos @ = 5rsin 6, which is equivalent to tan§ = % or
0 = tan"!3/5.

Using (36) now leads to the integral

1 8 1 tan—13/5 d6
- / r2df = = / — (37)
2 /. 2 Jo cos? f — sin“ 0

Note: Evaluation of this integral is not required, but it easier than the one we evaluated
in Part b, above.

1 [tan™'3/5 do 1 [tanl3/5 gp | tan—13/5
o —_— (7 = — — 2
2 /0 cos2f —sin2 6 2 /0 c0s20 2 /0 sec 26 df (38)

1 tan—13/5
= —In |sec 20 + tan 26| (39)
4 0
1 tan—!3/5
=M ‘\/1 +tan?20 + tan29‘ (40)
0
But
2tanf
tan 20 = m, (41)
SO
.3 2.(3/5) 6 25 15
t 2t 12y = =2 /0 — = 22— 42
an( o 5> 1-(3/52 5 16 8 42)
Substituting this latter into (40) and simplifying, we find that
1 tan~13/5 do 1
— ———————— = —-In4 =1Inv2 ~ 0.34657. 43
2/0 00 —sin2f 4 nv2 (43)

It is reassuring to find that the two integrals give the same value.

4 Problem 4

4.1 Parta

The graph of y = f’(x), as given, lies above the z-axis only on the interval [-3, —2), so f
is increasing precisely on the interval [—3, —2].
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Note: Positivity of the derivative on [—3, —2) guarantees that f is increasing on [—3, —2).
It is easily shown that a continuous function that is increasing on [a, b), or, in fact, on
(a,b), must be increasing on [a, b]. However, the readers have ignored this subtlety in the
past.

42 Partb
Inflection points can be found at places where the derivative changes from increasing to

decreasing, or vice versa. For the function f, we see from the graph of f’ that one of these
things happens at z = 0 and at v = 2.

4.3 Partc

We have f/(0) = —2, so the tangent line to y = f(x) at the point with coordinates (0, 3)
is

y=3—2x (44)

44 Partd

The Fundamental Theorem of Calculus assures us that

fla) =3+ [ 1o, (45)
SO
-3
3 =3+ [ e (46)
Now f_03 f(&de = — f073 f(&) d¢ is the area of a triangle of base 1 and height 1 minus the
area of a triangle of base 2 and height 2, or % - 2= —%. So
3 9
f(—3)—3—|—§—§. (47)
On the other hand,
4
f@=s+ [ saa (48)
0

and this integral is the negative of the area that remains when a semicircle of radius 2 is
removed from a rectangle of base 4 and height 2, or 8 — 27. Thus,

f(4)=3—(8—27m) =2m—5. (49)
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5 Problem 5

5.1 Parta
We have
V = mr’h = 257h, (50)
SO
av dh
— = 25r—.
7 5 7 (51)
But it is given that
av
o= —51Vh. (52)
Therefore
dh
257— = —5mV/h, (53)
dt
and, dividing by 257, we obtain
dh Vh
b S 54
dt 5 %)

5.2 Partb

Let h = f(t) be the solution of the differential equation 54’ = —v/h for which h = 17 when
t = 0. Then f, being the solution of a differential equation with a positive initial value at
t = 0, is a continuous function, remains positive over some interval centered at ¢ = 0. We
can therefore choose ¢ so that f(7) doesn’t vanish for any value of 7 that lies in the closed
interval whose endpoints are 0 and ¢. For such values of 7 we see that from

firy =YL, 5)
it follows that
t f/(T) 1 t
dr = —= dr. 56
I ket )



Integrating, we obtain

or

But f(0) =17, so

and we conclude that

1, VAT
)= —t> - Tt 417
1 = 150 5 i+ 17

The solution we seek is thus h = f(t) = l(l)—otQ — @t +17.

5.3 Partc

The coffee pot is empty when (v/17 — t/10)? = 0, or when ¢t = 101/17 seconds.

6 Problem 6

6.1 Parta
When
fl@) = apat,
k=0

it follows that

*) (0
ak:fk!(), k:O,l,Z,....
Thus,
f'(0) =a; =0, and
1
f”(()) = 2(12 = —g

(57)

(58)

(59)

(60)

(61)

(62)

(63)
(64)

Consequently, f has a critical point at z = 0, with f”(0) < 0. By the Second Derivative

Test, f has a local maximum at x = 0.



6.2 Partb
We have

f(l)zl——'+f—f.+---. (65)
The denominators increase as we move to the right in the series, and the series is alternat-

ing. Hence, by the Alternating Series Test, the error in approximating f(1) by 1 —1/(3!) is
no larger that 1/(5!) = 1/120 < 1/100.

6.3 Partc
We have
x2 x4 $6 (—l)kx%
xf(:v)—x<1—3, on Tt @y ) (66)
:U3 m5 337 (—l)kx2k+1
— e T N 7
T tm Tttt ey T 67)
=sinx, (68)
and it follows that
sinx
fla)=— (69)

extended through the origin by continuity. Substituting (69) for y in the expression zy’ +y
then gives

Trcosx — sinx sinx
:cy'+y:a;< 5 )—i— (70)
x x
cosx sinx sinx
=z < - — > + (71)
T T T
= cosz — o8 4 T _ sz (72)
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