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To the Reader

This is a collection of some of the exams I gave in my second semester calculus courses
over the twenty-four-year period beginning in 1992 and extending into 2015. I offer it here
as a resource for current calculus teachers—and for students, too.

I have little to say here that I haven’t already said in the introduction to the companion
volume, Calc I Ezams, that I posted just over a week ago, so I won’t again ask you to
read several paragraphs. I will remark only that much the same difficulties attended the
preparation of this volume, except that I had a better idea of where I was headed and so
didn’t take as long to complete the task.

And, of course, I offer you the same wishes for success in your pursuit of calculus, in hopes
that this volume, too, will help you.

Louis A. Talman
Denver, CO
February 11, 2019









MTH 241, Calculus II, Exam 1 March 6, 1992

Instructions: Submit your solutions to the following problems on your own paper; give your rea-
soning and show enough detail to support your reasong. Your paper is due at 10:55am.

1.

2.

3.

Find the following integrals.

(a) /01 ze” dx.

(b) /01 zv/1 = 22 da.

What are parametric equations for the polar curve
r = cosf?

Give two different integrals that give the area inside this polar curve. Evaluate either of them.
[Hint: 2cos?f = 1 + cos 26 and 2sin? 6 = 1 — cos 26.]

(a) Give the expansion for 158 in powers of .

3

(b) Give the first seven terms of the expansion for in powers of . Can you identify

1—2+ 22
a pattern?

Find the volume that is generated when the region between the z-axis and the curve y = 1422,
with 0 < z < 2 is revolved about the z-axis.

The temperature of a pan of water at time ¢ is given by a function T'(¢). According to
Newton’s Law of Cooling, the rate of change, T"(t) of the temperature at time t is given
by T'(t) = k[M — T(t)] if the pan is placed in a room whose temperature is maintained at
M degrees. Find the expression that gives the temperature of a pan of water at time ¢ if
temperature is 100° initially and 80° after 30 minutes.



MTH 241, Calculus II, Exam 1 March 6, 1992

Instructions: Submit your solutions to the following problems on your own paper; give your rea-
soning and show enough detail to support your reasong. Your paper is due at 10:55am.

1. Find the following integrals.

(a) /01 ze” dx.

1

(b) / xV/1—a?dx.
0

Solution:

(a) Take u =z and dv = e® dz. Then du = dx and v = e*. Thus,
1

1 1
/xeidx:xe”” —/ edr=e—¢e"
0 0 0

(b) Letu=1-— 22. Then du = —2x dzx, or xdx = f% du. Moreover, v = 1 when z = 0, and
u = 0 when = = 1. Therefiore,

1 0 1
1 1
/JJ\/l—.’EQdSE:—*/ ul/Qdu:f/ u/? du (2)
0 2N 2 Jo
2
3

1
=1 (1)
0

1
1
u =2,

_ 1
7

0

2. What are parametric equations for the polar curve
r(t) = cos6?

Give two different integrals that give the area inside this polar curve. Evaluate either of them.
[Hint: 2cos?# = 14 cos26 and 2sin® 6 = 1 — cos 26.]

Solution: If r = cosf, then = rcosf = cos?d and y = rsinf = sinfcosf. So parametric
equations for the curve r = cosf are

x = cos’ 0 (4)
y = sinf cos 6. (5)
These can be rewritten
1
x = 5(1 + cos 20) (6)

y = % sin 260 (7)



or

1
x = 5 cos 20 (8)

1

2
1.

y = sin 20. (9)

From the latter pair of equations, we see that

1\ , 1
(552> Ty =7 (10)

and we conclude that the curve is the circle of radius 1 centered at (3,0). Solving (10) for y in
terms of z, we find that y = +v/z — x2.

The area inside the curve can be written as

A:2/01\/x—x2dac (11)

or as
1 /2 1 /2
A= f/ r?df = 7/ cos® 0 df (12)
2 —m/2 —m/2
1 71'/2
= 7/ (14 cos 20) do (13)
4 w/2
/2
1 < 1 . > T
=—(t—=sin26 =—. (14)
4 2 a4
3. (a) Give the expansion for T3 27 in powers of z.
x
(b) Give the first seven terms of the expansion for R —— in powers of x. Can you identify
a pattern?
Solution:

(a) Using what we know about the geometric series, we see that

1 1 Nt
= — =) (=1, 15
1+23  1—(—29%) Z( Jla (15)

k=0

(b)
1 1+ 1 T
= = 1
l—z+22 1423 1+£E3+1—|—.T3 (16)
_ Z(_l)kak +Z(_1)k$3k+1 (17)
k=0 k=0

=(1-a2*+2° 22+ )+ (@—at+2" 204 (18)
=l4+z—ad—at 425 +27 2% — 204 ... (19)



4. Find the volume that is generated when the region between the z-axis and the curve y = 142,
with 0 < x < 2 is revolved about the z-axis.

Solution:

2 2
V:W/(1+x2)2dm:7r/ (14222 +2%) da (20)

0 0

2

2., 1, 16 32\ 206

_ z Z — 24 —+ =) =" 21
7T(””Jrs””+5”c>0 7T(Jr?,+5> 15" (21)

5. The temperature of a pan of water at time t is given by a function T'(t). According to
Newton’s Law of Cooling, the rate of change, T'(¢) of the temperature at time ¢ is given
by T'(t) = k[M — T(t)] if the pan is placed in a room whose temperature is maintained at
M degrees. Find the expression that gives the temperature of a pan of water at time ¢ if
temperature is 100° initially and 80° after 30 minutes.

Solution: We must solve the initial problem

T =k(M —T); (22)
T(0) = 100, (23)
and then adjust k so that 7°(30) = 80.
From T7 = k(M — T), we find that
daT
=kdt 24
A —ka (24)
—In|M —T|+c=kt, or (25)
1
CeM = . 26
e’ =+r—r (26)

We rewrite this as T = M — Ce~*!, with a (possibly) different value for the unknown constant C.

Now T' = 100 when ¢t = 0so 100 = M — C, or C = M — 100. This allows us to write our solution
as T = M + (100 — M)e~**. From the fact that T = 80 when ¢ = 1 (in hours), we see that
80 = M + (100 — M)e=*/2, and

k2 80—M

= 0 (27)
This means that
100 — M

k=2ln——. 28
"R0— M (28)

Substituting for k in our expression for T and rearranging, we find that

80 — M \*
T=M 100 - M) | ——— 2

#0030 (=37 ) (29)

where ¢ is measured in hours. (Note that we have implicitly assumed that M < 80. Where?)



MTH 241, Calculus II, Exam 2 April 24, 1992

Instructions: Submit your solutions to the following problems on your own paper; give your rea-
soning and show enough detail to support your reasoning. Your paper is due at 10:55am.

1. Give the expansions in powers of x for

(a) f(x)=cosz

1
b =
(b) () = ——
(c) f(z)=e""
2. Explain where the expansion, in powers of x, of the function
x4+ 2
— I 1
fa) = (1)

converges to f(x).

3. Given a function f, and a positive integer, k, explain how to find a number M which has the
property that if p is another function for which

|f(x) = p(z)] < M, (2)

for all  for which a < x < b, then

/abf(a:)dx—/abp(x)dx

Why does the number you have found work?

<107k (3)

4. Describe the region of convergence for the series
z+ V227 + V32 =Y Vnah, (4)
n=1

Be sure to give your reasoning and the calculations that support it.

5. Find the limits:
sin

(2) lim =
(b) lirn r —Ssinx

x—0 373



MTH 241, Calculus II, Exam 2 April 24, 1992

Instructions: Submit your solutions to the following problems on your own paper; give your rea-
soning and show enough detail to support your reasoning. Your paper is due at 10:55am.

1. Give the expansions in powers of x for

(a) f(x)=cosz

() f() = 7
(©) fe) =
Solution:

(a) The expansion of cosx in powers of x is

(b) The expansion of in powers of z is

1-2z
oo
ltzta?+ad 4o =D am (2)
n=0
(c) he expansion of e~ in powers of z is
2 23 a2t T = cx
_ T 4= I
l—zt o=t +(=1) j!+ _JZ:(:)( 1) T (3)

2. Explain where the expansion, in powers of x, of the function

T+ 2

f(x)::v274x+5

converges to f(x).

Solution: The expansion for a function about xy converges inside the interval (z9 — R, z¢ + R),
where R is the distance from g to the nearest singularity of f in the complex plane. For f as
given, the only singularities are when the denominator vanishes, or where 0 = 22 — 4z + 5, which is
at © = 244. Both of these points lie |24 i| = /5 units away from the origin, which is the center
of the expansion we are asked to consider, so the expansion converges in the interval (—+/5,/5).
(As discussed in class, end-point behavior need not be determined.)

3. Given a function f, and a positive integer, k, explain how to find a number M which has the
property that if p is another function for which

|f(z) = p(a)] < M, (5)

for all x for which a < x < b, then

/abf(x)dx—/abp(x) dz

Why does the number you have found work?

<107k (6)




Solution: If the number M has the property that |fIz) — p(z)| < M on [a,b], then we know

that
b b b
/ f(x) da — / p(a) da < / (@) - p()|de (7)

</bde:M(b—a). (8)

It therefore will suffice for our purpose to find M so that

M(b—a) <107%, or (9)

1
M S w0 e (10)

We know both &k and (b — 1), so we know the right-hand side of (10).

. Describe the region of convergence for the series
(o)
x+\f2x2+\/§x3+~-~\/ﬁx”+--~ZZ\/ﬁﬂ. (11)
n=1

Be sure to give your reasoning and the calculations that support it.

Vn+ 1zt 1
g YT L (12)

We conclude, by the Ratio Test, that the interval (—1,1) is the required region of convergence.
(Discussion of end-point behavior is not required.)

Solution: We have

. Find the limits:

(a) lim Sy
x—0 X

(b) lim r —SsSmx

x—0 (E?’
Solution:

(a) We know that sinz — 0 as  — 0 and that 2 — 0 as 2 — 0 (Duh!). This means that we
may attempt I'Hopital’s rule:

. sinz COS &
liy = =S 09

(b) The limits in numerator and denominator are both zero, so we may again attempt I'Hépital’s

rule:
. x—sinzx . 1l—cosz
I e )
— lim (14 cosz)(1 —cosx) _ lim 1—cos?x (15)
e—0  322(1 + cosx) 10 322(1 + cos x)
L (sinz)® 1 16)
6 h—0 T 6



MTH 241, Calculus II, Final Exam May 12, 1992

Instructions: Submit your solutions to the following problems on your own paper; give
your reasoning and show enough detail to support your reasoning. Your paper is due at
11:55am.

3
1. Solve: y/(z) = % for y(z), given that y(0) = 5.
y(z

2. Find the following integrals.

(a) / zsinz dx
0

1
xr
(b) /0 Y

3. (a) Give the expansion of 1_{?37353

in powers of z.

(b) The function f has the expansion

.734 .IS 1:12 x4n

R (1)

Identify the function f.

4. The base of a certain solid is the disk enclosed by the circle z2 +y? = 4 in the 2y-plane.
Each cross-section of the solid by a plane perpendicular to the z-axis is an equilateral
triangle whose base lies in the xy-plane. Measure the volume of the solid.

5. (a) Give parametric equations for the polar curve r = 2 — 2 cos 6.
(b) Find the area enclosed by this curve.

6. Find the expansion, in powers of z, for f(x) = arctan x. Explain where the expansion
converges to f(z).

7. Describe the regions where these expansions converge:

(a)

(b) 2 3 n
(=5 @@=, @=5° (@5

5 50 375 T

8. Use expansions to solve the differential equation y”(x) = 2 — 2, with y(0) = 2 and
/
y'(0) = 4.



MTH 241, Calculus II, Final Exam May 12, 1992

Instructions: Submit your solutions to the following problems on your own paper; give
your reasoning and show enough detail to support your reasoning. Your paper is due at
11:55am.

3
1. Solve: y/(z) = 2 for y(x), given that y(0) = 5.
y(x)
Solution: Choose = > 0, let ¢ be a solution of the given initial value problem, and put
y = p(x). Then
o(t) = i so that (1)
o(t)’
et (1) =t (2)
Thus,

ﬁ
S
—~

~
SN—
~G\
—~
~
N—
QL
~
Il
O\Qg
~
w
o8
&
o
=
~~
w
N—

sl =3¢ (W
o) — 25 = a* ©

ol = | 2 ©

where we have chosen the positive square root because ¢(0) =5 > 0.

2. Find the following integrals.

(a) / xrsinz dx
0

1
T
b d

Solution:

(a) Let us use the method of undetermined coefficients. We seek an antiderivative
of the form Axcosx + Bsinz. [This form is motivated by the observation that

d : . : o
d—(w cosz) = cosx — xsinx contains the object whose antiderivative we seek,
x

while — sinxz = cosz, and we can hope that the second term of our proposed

x
antiderivative will supply what we need to cancel out the “extra” part from the first
term.] If

/xsin:cdx = Az cosz + Bsinz, then (7)

xsinez = Acosx — Azsinx + Bcos . (8)



3.

(a)
(b)

In order for the cosine terms to cancel each other, we must have A + B = 0. For
the remaining term to be what we need, we must have A = —1, and from what we
saw first, this means that B =1. So

iy

= . (9)
0

s
/ xsinx dr = (sinx — x cos x)
0

This integral is improper, because its denominator vanishes at the right endpoint
t
rdx

of the interval of integration. Therefore, we must evaluate lim 5. Let
t—0~ Jo 1—=x
w=1—22 Then du = —2zdz, or xdr = %du. Now
xdx 1 [du 1 1 9
/1_$2:2 ;:ilnu:§ln(1—x), SO (10)
t t
T 1 1
lim == lim In(1 —2%)| == lim In(1 —¢?), 11
120 o 1—2a? 2 0~ ( )0 2 t—0- ( ) (11)
which doesn't exist. The improper integral diverges.
Give the expansion of T i powers of x.
1423
The function f has the expansion
4 8 12 4n
x T x T
=1—-—=4+ — - — 1" 12
f) =1 G+ b D g (12)

Identify the function f.

Solution:

(a) We observe first that 1 + 23 = 1 — (—23). We know from our analysis of the

geometric series that

1
1_u—1+u+u +ud 4 Zu (13)

(14)

when |u| < 1. Substituting —2? for u, we find that

1 oo
R W

when | — 23| < 1, or, equivalently, when |z| < 1. Consequently,
1fm3:x_$4+x7_x10+m+( 1) 3ntl | _Z n3n+17 (16)

also when |z| < 1.



564 $8 .TIQ lAn
f(x):1—§+]—F+~-+(—1)"(2n)!+ (17)
1,2 2 x2 4 172 6 x2 2n
:1_(2!) +(4!) _(6!) +"'+(_1)n((2£)! T (18
2

and we recognize f. Itis f(z) = cosz”.

4. The base of a certain solid is the disk enclosed by the circle 22 +y? = 4 in the zy-plane.
Each cross-section of the solid by a plane perpendicular to the x-axis is an equilateral
triangle whose base lies in the zy-plane. Measure the volume of the solid.

Solution: An equilateral triangle whose base is perpendicular to the z-axis at z =t and
extends from the bottom to the top of the given disk has endpoints at y = ++v/4 — 2.
Hence the length of the base is 2v/4 — t2. By elementary trigonometry, the altitude of
an equilateral triangle with base 2v/4 — t2 is /3 - V4 — t2. Consequently, the area of the
cross-section at x =t is % x base x height = v/3(4 — t?). The volume of the solid is
therefore

3 2 N 3 B\ 32
3/ (4—2)dt = 3<4t—> == (19
9 ) 3)1, V3 )
5. (a) Give parametric equations for the polar curve r = 2 — 2 cos 6.
(b) Find the area enclosed by this curve.
Solution:
(a) If r =2 —2cos#, then
rcosf = 2cosf — 2cos? 0, and (20)
rsinf = 2sinf — 2sinf cosb. (21)
Thus, one parametrization of the curve is
x =2cosf(1 —cosh), (22)
y = 2sinf(1 — cosb), (23)
taking [0, 27| as our parameter interval.
(b) The area enclosed by the curve is
1 2 ) 1 2m )
= redf = = (4 —8cosf +4cos ) do (24)
2Jo 2Jo
12" 1
=3 [4—8COSQ+4'§(1+C0829)]CZ9 (25)
0
2m
= / (3 —4cosf + cos20)db (26)
0
1 2m
= (39 —4sinf + 5 sin 20) = 6. (27)
0

3



6. Find the expansion, in powers of z, for f(x) = arctan x. Explain where the expansion
converges to f(z).

Solution: If f(x) = arctanz, then

1 1
@ =133 - o (28)
oo
=l-a?+at =S+ ()" =D ()™ (29)
n=0
when |z| < 1, by an argument similar to that in Problem 3(a), but with v = —22.
Integrating, we find that
f(:c):/(l$2+x4x6+---+(1)”x2"+-~)dﬂc (30)
o R B 22t
— T T 4y (=) 31
cte——+pF -+ +()2n+1+ ; (31)

¢ being an as yet undetermined constant. The integrated series, we know, must converge
inside the same interval where the unintegrated series converges, i.e. when |z| < 1. We
determine ¢ by noticing that f(0) = 0, and that all of the terms of the series for f, with
the exception of ¢, vanish when x = 0. We conclude that ¢ = 0, and that

3 5 7 2n+1
arctanw:x—%+%—%—l—---+(—1)”2$n+1+--- (32)
when |z| < 1.
7. Describe the regions where these expansions converge:
(a)
1 n x n x? "
4 5 6 n+4
v (x—5)  (@=5? (-5’ (z = 5)
z—5 ) -5 x—9)"
5 T 50 35 T a7
Solution: (Note: Endpoint analysis is not required.)
(a) We have
_ |z n+4 . n+4
D) <) dim 2 . (33)

0 n
We conclude by the Ratio Test that Z T converges when |z| < 1, or, equiva-
=" +4
lently, when z lies in (—1,1)..
(b) We have
—5)"t! 5" -5 -5
lim (@ ) | . i = | | lim (L = | (34)
n—oo \ (n 4 1)57*+1  |(x — 5)7| 5 nooon+41 5



oo
_ 5"
We conclude by the Ratio Test that Z M converges when |z — 5| < 5, or,
o nbn
equivalently, when z lies in (0, 10).

8. Use expansions to solve the differential equation y”(x) = 22 — 2, with y(0) = 2 and
/
y'(0) = 4.

Solution: We begin with a solution ¢, which we assume to have the form

o(2) = ap + a1z + aga?® +azx® + - apat 4+ (35)
We must have

¢ (x) = a1 + 2az7 + 3asx® + daga® + -+ (k+ 1)ak+1$k + ey (36)
and

" (x) = 2a3 + 3 - 2a3x + 4 - 3aq2® + 5 - dasx® + -+ (k 4+ 2)(k 4+ Dago2® + - -
(37)

But ¢(0) = 2, and, in conjunction with (35), this means that ap = 2. Simliarly, the fact
that ¢/(0) = 4 together with (36) mean that a; = 4. From (37) and the differential
equation itself, we see that ap = 0 for all £k > 5. We see as well that 2a, = —2, that
6as = 0, and that 12a4 = 1. Hence ag = —1, a3 = 0, and a4 = 1/12. Thus, the solution
is given by

1
o(x) =24 42 — 2% + ﬁa:4. (38)



MTH 241, Calculus II—Exam 11 October 21, 1994

Instructions: Write out complete presentations of your solutions to the
following problems on your own paper. If you want full credit, you must
show enough detail to support your conclusions. Your paper is due at 1:55
pm.

1. (a) Give the form of the partial fractions decomposition for the ra-
tional function:

ot — 323 + 112% — 2 + 12
(z—1)(x+3)3(22+2+2)(32? —x+1)3
Do not try to find the coefficients!

(b) Use an appropriate trigonometric (or hyperbolic) substitution to
transform the integral

[(16+2%)2da

into an integral that involves no radicals or fractional powers. Do
not try to evaluate the resulting integral!

2. Murgatroyd found the formula

/ 7d:c i log

a?—1x2 2a

a+x
a—x

in a table of integrals. “Great,” he said. “This means that

/4 du —110
09_q22 6 8

(a) Explain why Murgatroyd’s calculation is utter nonsense.

3+ x
3—x

S 1 1
= —log7——=logl=—log7.”
= glog7—glogl=clog

(b) Give the correct calculation for Murgatroyd’s integral.

3. Find the following integrals:
(a) / sinz cos® x dx

322 + 31 + 2
(b) / (x —2)(22 4 22 + 2)

dx



4. Let
f(z) =V1+ah

Use the plots in Figures 1-5 to determine how many subdivisions one
needs in a Simpson’s Rule approximation of

[ () d

if one desires a value accurate to within 0.001. Give a full explanation
of your reasoning.

5. Find the length of that portion of the curve
Py =1

that lies in the first quadrant and to the right of x = 1/3.

Figure 1: Graph of f'(x)

Figure 2: Graph of f”(z)



. . .
05 1\_15/_/10
s

Figure 3: Graph of f©®(z)

Figure 4: Graph of f®(x)
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Figure 5: Graph of f©)(z)



MTH 241, Calculus II—Exam 11 October 21, 1994

Instructions: Write out complete presentations of your solutions to the following prob-
lems on your own paper. If you want full credit, you must show enough detail to support
your conclusions. Your paper is due at 1:55 pm.

1. (a) Give the form of the partial fractions decomposition for the rational function:

2t — 323 + 1122 — 2 + 12
(x—=1)(x+3)3(22+x+2)(322 — x4+ 1)3

Do not try to find the coefficients!

(b) Use an appropriate trigonometric (or hyperbolic) substitution to transform the
integral

L/k16—+a3)3dx

into an integral that involves no radicals or fractional powers. Do not try to
evaluate the resulting integral!

Solution:

(a) The form of the expansion is
A Br+C <~ D . Ba+ R
4 b n Z k 4 Z KT + L'k

r—1 3*—z+1 = (r+3 131‘2—$+1)k

(b) Let z = 4sinhu. Then dxr = 4coshudu, and, using the relation cosh?u —
sinh? u = 1, we find that

/(16 +2%)2de =4 /(16 + 16 sinh? u)*? cosh u du (1)

= 256/cosh4 u du. (2)

2. Murgatroyd found the formula

/ dx B log
aQ—xz_Qa

in a table of integrals. “Great,” he said. “This means that

/‘4 dx 11 3+
=—lo
922 6 °l3_u

(a) Explain why Murgatroyd’s calculation is utter nonsense.

a-+x
a—T

4
1 1 1
= “log7— ~logl=~log7.”
L clog7—Zlogl = Zlog

(b) Give the correct calculation for Murgatroyd’s integral.



Solution:

(a) Murg has missed the fact that the denominator of the integrand is zero at a point
interior to the interval of integration, making this an improper integral.

(b)

4 dx o dx 4 da
— i li . 3
/0 gz i gt g 3)
But
tod 1 3 t
lim T lim = log |25 (4)
t—3— 0 9—$2 t—>3*6 3—95 0

and the latter limit does not exist. We conclude that the improper integral diverges.

3. Find the following integrals:

(a)
/ sin? x cos® z dx
(b)
/ 32? + 3z + 2
x
(x —2)(x? 4+ 2z + 2)
Solution:
(a)
/sin2 xcos’ x dr = /sin2 x(1 — sin® z) cos x dx (5)
= /(sin2 x — sin® x) cos v dzx (6)
1 1
= gsingx—gsin%:—l—c. (7)

(b) We must first find the partial fractions decomposition of the integral, so we write

324+ 3x+2 A Bz +C

G- +20+2) -2 2roat2 (8)
322 +3x+2  (A+B)a*+(2A-2B+C)z+2(A-C) ()
(r—2) (22 + 22 +2) (x —2)(x2 + 2z + 2)

Equation (9) must be true for all values of z, and this can be so only if the
coefficients of like powers of x in the numerators of both sides are equal to each

other. Thus,
A+B=3 (10)
2A—-2B+C =3 (11)
A-C=1. (12)



From (10), we see that B = 3 — A; and from (12), we see that C' = A — 1.
Substituting these for B and C'in (11) gives

2A—-2(3—A)+ (A—1) =3, whence (13)
BA—T7=3, or (14)
A=2. (15)
Thus,
B=3-A=1, and (16)
C=A-1=1. (17)

It now follows that

2 2 2 1
/ L dx:/ dx+/—x+ dx (18)
(x —2) (22 + 2z + 2) r—2 x? 4 2x + 2

1
:2ln|x—2|+§ln(x2+2m+2)+c (19)

4. Let
flx) =vV1+ a2t

Use the plots on the last page of the exam to determine how many subdivisions one
needs in a Simpson’s Rule approximation of

/0 : f(z) do

if one desires a value accurate to within 0.001. Give a full explanation of your
reasoning.

b
Solution: We know that the error in a Simpson's Rule approximation to / g(x) dz,

M(b—a)’
180n*
M for all z in the interval [a,b]. From Figure 4, we easily see that | (x)| < 15 for

all z in [0,2]. In our circumstances, therefore, we have

with n subdivisions, is at most , where M is any number for which [¢Y(z)| <

1525 8
E < = —. 20
TOr= T80nt ~ 3n (20)
1
We want to ensure that error is at most 0.001 = 1000" so we must choose an even

whole number n so that

8
<= 21
3nt — 1000 (21)
Thus it will suffice to have
8000
n' > 2667 > — o (22)
n>"7.2. (23)



Because n is required to be an even whole number, we must use at least 8 subdivisions

in order to achieve the required accuracy.

. Find the length of that portion of the curve

1},2 + y2 -1
that lies in the first quadrant and to the right of x = 1/3.

1
Solution: We must calculuate / \/1+ () dz, and we have, from (24)
1/3

z? 4+ y* = 1, so that an implicit differentiation gives

2x +2yy =0, or

y = —E, and
Y
2
2 xr
(?/) = E

1 — 22

R

1 — 22

It now follows that the arclength we desire is given by

1 1
/ \/1+(y’)2dx:/
1/3 1/3

= arcsin &

= — — arcsin —.

(This is about 1.23096.)

T

(24)

(29)
(30)

(31)
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Figure 1: Graph of f/(z)
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Figure 2: Graph of f”(x)
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Figure 3: Graph of f©®)(z)
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MTH 241, Calculus II—Exam 1 Feb. 11, 1994

Instructions: Write out complete presentations of your solutions to the following problems
on your own paper. If you want full credit, you must show enough detail to support your
conclusions. Your paper is due at 10:50 am.

1. Find f’(x) when:

(a)
(b)

f(z) = tanh(cos? z)

f(x) — earctanx

2. Find the following limits:

5.

(a)

(b)

(a)
(b)

(a)
(b)

L oef—1—2x
lim —
x—0 €T

3T _ 9oz
lim

z—0 €T

Give the number e to at least 4 decimal places. Explain why we choose e as the base
of the exponential function we use in calculus.

A scientist has a collection of data points

{(371,y1), (‘T27y2)7 ERRR ($n7yn)}'

She suspects that there are constants K and p such that each of her points (xg, yx)
lies on (or, at least, very near) the curve y = K zP. To test her hypothesis, she plots
the points

{(Inz1,Iny), (Inzo,Inys), ..., (Inx,,Iny,)}

obtained by replacing both coordinates of each of her data points with their natural
logarithms. She notes that the points she has plotted all lie on (or very near) the
same straight line. Explain why this confirms her hypothesis.

A certain object cools at a rate (in degrees Celsius per minute) that is equal to one-tenth
of the difference between its own temperature and that of the surrounding air. A room is
kept at 21° C and the temperature of the object is 33° C at noon. Use this information
to derive an expression for the temperature of the object ¢ minutes after noon.

Explain how we can be sure that the hyperbolic tangent function has an inverse
function. What are the domain and range of tanh™!?

Explain how to use what we know about the tanh function to find the derivative of
tanh ',



MTH 241, Calculus II—Exam I,Solutions Feb. 11, 1994

Instructions: Write out complete presentations of your solutions to the following problems
on your own paper. If you want full credit, you must show enough detail to support your

conclusions. Your paper is due at 10:50 am.

1. Find f’(x) when:

(a)
f(z) = tanh(cos? z)

Solution:

d d
— tanh(cos? x) = sech?(cos® z) %(cos2 x) =

d
sech?(cos? z) [2 cosT - (cos x)] = sech?(cos® z) [~2cos zsinxz] =
x

—2cos zsinz sech?(cos® z)

(b)
f(f) — earctana:
Solution:

d d 1
7earctanm — earctanw — arctanx = earctanm

dx dx 1+ 22

2. Find the following limits:

(a)
et —-1—z
lim ——
r—0 1172

Solution: The limit in the numerator and the limit in the denominator are both

zero, so we may use L’Hopital’s Rule. After we apply the rule, we find that, again,
numerator and denominator both have limit zero, and we may apply the rule a

second time:

oef—1—x Coet—1 et 1
hm72:hm = lim — = -
x—0 x x—0 2x z—0 2 2
(b)
3T _ 9z
lim
r—0 €T

Solution: The limit in the numerator and the limit in the denominator are both

zero, so we may use L’Hopital’s Rule:

3% — 2% 3%In3 —2%In2 3
lim :lim¥:1n3—ln2:lnf
x—0 €T x—0 1 2




3.

(a)

Give the number e to at least 4 decimal places. Explain why we choose e as the base
of the exponential function we use in calculus.

Solution: When we attempt to calculate the derivative of the exponential function
f(x) = a®, we find that

_ z+h _ x
lim &R =@y @ 1)
h—0 h h—0
a —1
= a® i . 2
o Jim — )

When we replace the parameter a with the number e, the resulting value of the
limit that appears on the right-hand side of (2) is one, making the derivative of our
function as simple as possible.

A scientist has a collection of data points

{(‘Tlayl)ﬂ (m27y2)7 SRR (xmyn)}'

She suspects that there are constants K and p such that each of her points (z, yx)
lies on (or, at least, very near) the curve y = K xP. To test her hypothesis, she plots
the points

{(Inz1,Inyy), (Inzo,Inys), ..., (Inx,,Iny,)}

obtained by replacing both coordinates of each of her data points with their natural
logarithms. She notes that the points she has plotted all lie on (or very near) the
same straight line. Explain why this confirms her hypothesis.

Solution: Let v = Inxz, v = Iny. Then the statement that the given data points all

lie on the same straight line is equivalent to the existence of two constants, m and
b such that the points (ug,vy) all satisfy the equation v = mu + b. But this latter
equation can be rewritten e’ = ™4t = b . (¢)™. Now e’ = y and e* = z. Thus,
putting K = e and p = m, we can rewrite the relation between v and v yet again
as y = KaP, confirming her hypothesis.

4. A certain object cools at a rate (in degrees Celsius per minute) that is equal to one-tenth

of the difference between its own temperature and that of the surrounding air. A room is
kept at 21° C and the temperature of the object is 33° C at noon. Use this information
to derive an expression for the temperature of the object ¢t minutes after noon.

Solution: If the rate at which the object cools is one-tenth the difference between its own
temperature and the ambient temperature, then, writing 7'(¢) for temperature at time t
minutes after noon, we have

() = —%O(T(t) _91),

Thus,

T 1

T(t)—21 10’

/t T'(s)ds _/tds
o T(s)—21  J, 10’

2

so that



D.

In(T(t) - 21) ~ W[T(0) - 21] = ——

We have been told that 7'(0) = 33, and so we may now write

E.

t t
In(T(t) = 21) = — 75 +1n(33 — 21) = - +In12,

Applying the exponential function to both sides yields

t
T(t) — 21 =exp [ln 12 — 10] = exp [In12] exp [

From this we conclude that

(a) Explain how we can be sure that the hyperbolic tangent function has an inverse

T(t) =21+ 12 e~ ¥/10,

function. What are the domain and range of tanh~!?

Solution: We know that -& [tanhz] = sech?z > 0 for all . It follows that tanh
is everywhere increasing and therefore a one-to-one function which must have an
inverse. The domain of tanh is the set R of all real numbers, and the range of tanh is
the open interval (—1,1). Hence, the domain of tanh™! is the open interval (-1, 1),

and the range of tanh™! is R.

Explain how to use what we know about the tanh function to find the derivative of

tanh~ 1.

Solution: We know that y = tanh™!z is equivalent to = tanhy. Differentiating

the latter yields:

d
—x = — tanh
ot = g, tanhy
dy
1 =sech? y ——
sech™ y -
dy 1
dr  sech®y
But
2 c 12
cosh®y —sinh*y =1,
whence
cosh?y  sinh?y 1
cosh?y  cosh?y ~ cosh? y’
or
1 — tanh?y = sech?y.
Hence

y 11
dr  1-—tanh’y 1-— a2’

where the last equality follows from tanhy = x.

10

t}



Alternate Solution: From x = tanhy and the definition of the hyperbolic tangent
function, we have

Y —e ¥ e 1

T = = (3)

ey +e YV 41’

so that
ze® +x=e% -1, or (4)
(x—1)-(e*)?+(x+1) =0, or (5)
1
(") = -, and (6)

1+=x
eyzwl_z, (7)

where we have chosen the positive square root because €Y can’t be negative. Taking
logarithms on both sides of (7), we see that

tanhflx:y:%lniiz. (8)
Thus,
a1 l=7 (I-x)+(1+2) 2
dmtanh T Ty (1—az)% 2(1+z)(1 — ) )
1
T 1-—a? (10)



MTH 241, Calculus II—Final Exam Dec. 12, 1994

Instructions: Write out complete presentations of your solutions to the
following problems on your own paper. If you want full credit, you must
show enough detail to support your conclusions. Your paper is due at 2:55

pm.

1. Find f'(x) when:
(a) f(z) = sinh(lnx)

(b) f(x) = arctan e”

2. Find the following limits:

. e2x_1
() lim—

. osinz —x
CEE

3. (a) Give the form of the partial fractions decomposition for

ot + 323 — 22 + 11
z(x —2)2(x2 — 22+ 5)3

Do not try to find the coefficients in the expansion.

(b) Find

/- 32 —r+11 .
(x+1)(2x%2+4)

4. How many subdivisions are needed to obtain a Midpoint Rule ap-
proximation, accurate to within 0.005, of

8 d
1I18:/1 —x?
T



. Evaluate the improper integrals:
1 dx
(a) /—2 1’2/3

o~ xdr
b o
(b) /1 va?+1
. Show how to determine the general term for the Maclaurin series of
the function

f(x) = Arctan(3x).

What is the radius of convergence for this series? What is the interval
of convergence?

. Find a positive whole number N which has the property that

1 n—1
=z =

< 0.003

for all n > N whenever |z| < 0.7.

. An engineer needs to estimate values of the integrals
_ [ 2
I(z) = /0 In(1 + %) dt,

where 0 < z < 1/2. She wants to replace the integrand with the first
three non-zero terms of its Maclaurin series:
1

1
In(l+t2) 22— ¢ty =46

and use the resulting estimates:

1 1 1
() 2 _ 25 17
(x) Bx 10:L‘ +21x

She needs to be sure that her estimates are accurate to within 0.0005,
and she knows that if 0 <t < 0.5, then

1, 1
In(14 %) — (* — 5754 + §t6) < 0.00009.

Will her approximation scheme produce the required accuracy, or
does she need (at least) another term in her Maclaurin series?



MTH 241, Calculus II—Final Exam Dec. 12, 1994

Instructions: Write out complete presentations of your solutions to the following prob-
lems on your own paper. If you want full credit, you must show enough detail to support
your conclusions. Your paper is due at 2:55 pm.

1. Find f'(x) when:

(a)
f(z) = sinh(In z)

(b)

f(z) = arctan e”

Solution:

d . d cosh(ln x)
4 — — [— e —
(a) fl(z) = o sinh(In z) = cosh(ln z) o Inz . :

d 1 d e’
b) f/(z) = — arctane® = —— . Ler— &
(b) f'(x) g Arctane® = ) T e

2. Find the following limits:

Solution:
(a) We know that

22$2 231.3 241.4

2r e
e =1+2z+ 9] + 3] + 1 + . (1)
Hence
4 2
o2 _ 1 27 + 207+~ + Sat -
lim = lim 3 3 (2)
z—0 €T z—0 T
, 4 5, 24
_£%<2+2n+§r+§x+~~)_2. (3)
(b) We know that
2 Al
smx:x—g—i-a—W%— (4)
Consequently,
R
-t
. sinx —x . 31 57
};E)% T3 - }:1—>0 3 (5)

1 1 1 1
= lim 2 4 — )



3. (a) Give the form of the partial fractions decomposition for

rt+32% —2x + 11
x(x —2)%(x2 — 22 + 5)%

Do not try to find the coefficients in the expansion.
/ 322 — o+ 11
dx
(x + 1) (22 +4)

(a) The form of this expansion is

A+ B n C . Dx+ FE Fx+ G Hx+1
r (x—22 -2 (@®-22x+5)3 (22—2r+5)? a2-20+45

(b) Find

Solution:

(b) We must find constants A, B,and C so that

2 _ 11 A B
3z —x + _ n x+C 7

(x+1)(2x2+4) z+1 2244

If this is so, then
A(@*+4)+ (z+1)(Bx + C) 322 —xr+11

@t )@+ 4) “wrv@ry " ®
(A+B)z>+ (B+C)lz+ (4A+C)  3a* —z+11 ©)
(x +1)(22+4) C(r+1)(2244)

This can be so only if the coefficients of like powers of x in the numerators are
equal, or

A+ B =3, (10)

B+ C = -1, and (11)

4A 4+ C =11. (12)

Subtracting (11) from (12), we find that 44 — B = 12. Adding this latter equation
to (10), we find that 5A = 15, whence A = 3. Substituting this value for A in (12)
gives C' = —1, and from this value for C' we find from (11) that B = 0. Thus,

32 —xr+11 3 1
do— [ 2 g [y 1
/(m+1)(x2+4) v /x—i—l v /x2+4 v (13)

1
:31n]a:+1]—§arctan§+K, (14)

for some undetermined constant K.

4. How many subdivisions are needed to obtain a Midpoint Rule approximation, ac-
curate to within 0.005, of
8
dx
In8 = / —7
. T

2



Solution: If a < b, the magnitude of the error in an n-subdivision midpoint approx-
M(b—a)?
12n?
which | f”(x)| < M for all z in [a,b]. If f(z) = i then f"(z) = % Now f”(x) is a
decreasing function on the interval [1,8], so |f"(z)| < f”(1) = 2. Hence we may take

M = 2, and we must therefore find n so that

imation to the integral fff(t) dt is at most , where M is any number for

2(8 —1)% 343 1
22~ o2 = 00 =55 o (15)
34300
n? > — 11434. (16)

But n must be a whole number, and the smallest whole number which is larger than
V11434 ~ 106.93 is 107. So we will need n > 107 in order to insure the desired
accuracy.

. Evaluate the improper integrals:

(a)

dx

/°° z dz
1 2 +1

(b)

Solution:

(a) We must evaluate both

lim 273 dx
t—0— _9
and
1
lim 723 dx.
501 Jg
We have
t t
lim [ 2z ?3dr=31lim 2% =3 1lm[t"?+2Y%) =2Y3 and  (17)
t—0" J_o t—0~ _9 t—0~—
1 1
lim [ 2722dz=3lim 23| =3 lim [l — s3] =1 (18)
s—=0t J g s—07t s—07F
Thus
1 dx t 1
/ —75 = lim 272 dx + lim 72 dy =23 1. (19)
LT3 S0 ) s—0+ J,



(b) We have

0o T

d T xd
L ar lim Lar = lim va2+1

1 \/fL‘Q—l—l :T—>oo 1 \/ZL‘Q—{—]_ T—o0 1
= lim [\/T2+ —\/5], (21)
—00

o0

z dx
1 \/[E2—|—1

6. Show how to determine the general term for the Maclaurin series of the function

f(z) = Arctan(3x).

which doesn't exist. The improper integral diverges.

What is the radius of convergence for this series? What is the interval of conver-
gence?

Solution: From f(x) = arctan 3z, we have

fla)=—2 31 (22)

T 14922 11— (—92?)

which, by the geometric series,
=3[1+ (=92%) + (=92°)* + (=92%)° + - - - + (=92)" + -]  (23)
—_ Z(_l)n32n+lx2n (24)
. , 1
when | — 92%| < 1, or when —1 < 3z < 1—uwhich, in turn, we can rewrite as —3 <

1
T < 3 We integrate this series to get the Maclaurin series for f(z), which is then

n32n+1 x?n—&-l

25
2n +1 ( )

fla)y=C+)_ =)

(Here C'is a constant we could determine if we needed to, but we don't and won't
bother.) Except for (possibly) the endpoints, about which we don't care, the integrated

. : 11
series converges on the same interval, <—§, §> as that for f’. We conclude that the

general term of the Maclaurin series for arctan 3z is

(_1)n32n+1x2n+1

Y

2n +1
. 1
and that the radius of convergence is 3

7. Find a positive whole number N which has the property that
n—1
1 k
1—12 Z L
k=0

4

< 0.003




for all n > N whenever |z| < 0.7.
Solution: We begin by recalling that

1—a"
k
= 2
T T (26)
k=0
and so
n—1
1 i 1 1—2a" x"
_ - — - ) 27
11—z Zm ‘1—x 11—z ‘l—x (27)
k=0
Consequently, we can rewrite the inequality we want to establish as
x" 3
< : 28
‘ 1l—=x 1000 (28)
We have been given |z| < 0.7, which is equivalent to the compound inequality
—0.7< -z <0.7. (29)

Adding one to each member of this latter inequality preserves the inequalities, and we
see that

3
— =03<1—a<1.7. 30
10 =T (30)
Thus, the requirement that |z| < 0.7 guarantees that
1 10
< — 31
l—x— 3’ (31)
and this means that
" 10
< —lx|® 2
< D (32)

Thus, we can ensure that (28) holds if we can be sure that
10 3

§|$| < 1000’ (33)
or, because |z| < 0.7|, that
7\" 9
— — 4
(10) = 1000 (34)
This latter inequality, in turn, is equivalent to the inequality
7 9
In— <Iln——.
nln 75 <In 1500 (35)
Now 0.7 < 1,50 In0.7 =In7 —In 10 < 0, and this means that we can write (35) as
In9 — 1In 1000
——— ~ 13.2.
"= In7—1n10 s (36)



It follows that NV = 14 has the property that
n—1

1ix_zxk

k=0

< 0.003

for all n > N whenever |z| <0.7.

8. An engineer needs to estimate values of the integrals

I(x) = /095 In(1 +#%) dt,

where 0 < z < 1/2. She wants to replace the integrand with the first three non-zero
terms of its Maclaurin series:

1 1
In(1+t?) =22 — —t* 4+ =48

and use the resulting estimates:

She needs to be sure that her estimates are accurate to within 0.0005, and she knows
that if 0 <t < 0.5, then

1 1
In(14 %) — (t* — =t* + §t6) < 0.0009.

2

Will her approximation scheme produce the required accuracy, or does she need (at
least) another term in her Maclaurin series?

v 1 1
/ {m(l + %) — (t2 ——tt+ —t6)] dt‘
0 2 3

Solution: We observe that

v 1 1
I(x —/ (tz——t4+—t6) dx
)=/ 2 3

(37)
< /Oi In(1+¢%) — <t2 - %t‘* - %t6>’ dt  (38)
< /0 (0.0009) dt (39)

< ) r <
— 10000 — 20000

= 0.00045 < 0.0005, (40)

the final inequality having z in its left member owing to the fact that 0 < 2z < —.

\)

Consequently, her approximation scheme meets her requirements.



MTH 2410, Calculus II—Exam 1 Oct. 1, 1998

Instructions: Write out complete presentations of your solutions to the following prob-
lems on your own paper. If you want full credit, you must show enough detail to support
your conclusions. Your paper is due at 11:55 am.

1. Professor I. M. Brightly put the following problem on a Calc II exam:

A bacteria culture starts with 500 bacteria and grows at a rate that is
proportional to its size. After 4 hours there are 8000 bacteria. Give an
expression for the number of bacteria after ¢ hours.

When Athelbert read this, he said to himself “If NV is the number of bacteria in the
colony at time ¢, there must be constants C' and k such that N = Ce**. Moreover,
we know that C' must be 500. But then we have to have 8000 = 500¢*. This means
that & = In 2. Consequently, N = 500 - 2!”

Each of Athelbert’s sentences expresses a conclusion. Give the reasoning that
underlies each of those conclusions.

2. Find 3" when
(a)
y = tanh® z sech
(b)
coshz

y=x

3. A surface is generated by revolving the part of the curve y = cosh x that corresponds
to —1 <z <1 about the z-axis.

(a) Write out the integral gives that area of this surface.
(b) Evaluate the integral you gave for part 3a.

4. Find the limits; explain your reasoning.
(a)

T + sin 2z

lim -
z—0 x — sin 2x

o2 =922 + 242 — 16
lim
z—4 13 — 5y?2 — 8x + 48




5. Find
(a)

/ cos? 4z sin® 4z dx

/(sin 2r — cosx)sinx dx

6. Find
(a)

/ xe3® dx

/ x Arctan z dx

7. Find
dx

/ 5x% + 61 — 23
(x+2)(x —1)(z —3)

8. Given that y = f(x) satisfies

%y = y*(z —4), and (1)
[ =1, (2)

describe f completely.



MTH 2410, Calculus ITI—Exam I Solutions Oct. 1, 1998

Instructions: Write out complete presentations of your solutions to the following problems
on your own paper. If you want full credit, you must show enough detail to support your
conclusions. Your paper is due at 11:55 am.

1. Professor I. M. Brightly put the following problem on a Calc II exam:

A bacteria culture starts with 500 bacteria and grows at a rate that is pro-
portional to its size. After 4 hours there are 8000 bacteria. Give an expression
for the number of bacteria after ¢ hours.

When Athelbert read this, he said to himself “If N is the number of bacteria in the colony
at time ¢, there must be constants C' and k such that N = Ce**. Moreover, we know
that C must be 500. But then we have to have 8000 = 500e**. This means that k = In 2.
Consequently, N = 500 - 2!”

Each of Athelbert’s sentences expresses a conclusion. Give the reasoning that underlies
each of those conclusions.

Solution:

(a) We are told that N'(t) is proportional to N(t), so there must be a constant k such that
N'(t) = kN(t). This means that

dN = kNdt;
dN
— = kdt;
N )
dN
— = k[ dt
[ =k
In|N| = kt+ec,
for some constant ¢. Taking exponentials on both sides ot the last equation above, we
obtain
|N| — ekt—i—c
= eft. e or
N(t) = CeM,

where |C] = €°.
(b) Since N(t) = CeF, and N(0) is given as 500, we must have
500 = N(0) = Ce*0 =,
so that N(t) = 500e".
(c) We are also given that N(4) = 8000. Thus
8000 = N (4) = 500e** = 500e**.

(d) Dividing the equation 8000 = 500e** through on both sides by 500 yields 16 = e**.
Taking natural logs on both sides of this latter equation gives In 16 = 4k, or %ln 16 = k.
But 1In16 =In16Y/4 =1In2. Thus, k =In2.



(e) We may now write

N = 500e"
500! 2
500( eln?)t
500(2)
= 500- 2%

2. Find 3’ when

(a) y = tanh?  sech z
Solution: If y = tanh? z sech z, then

d d
Ta— [daj (tanh2 x)] -sech z + tanh® z - [dxsech x}

= {2 tanh x - di tanh x} -sech z 4 tanh? - [—sech z tanh ]
x

= 2tanhz sech® z — tanh® z sech .

(b) y = mcoshx
Solution: If y = x> then
Iny = Inz°%? = coshz Inz.
Hence,
4 Iny = —(coshzlnz);
dx - dx ’
! d d
v < cosh a:) Inx + coshx ( lnw> ;
Y dx dx
1
y =y {sinhxlna} + (cosh az)] ;
x
, cosha [ coshz
Yy = x sinhzlnx + .

3. A surface is generated by revolving the part of the curve y = cosh z that corresponds to
—1 <z <1 about the z-axis.

(a) Write out the integral gives that area of this surface.

Solution: Surface area for a surface formed by revolving a curve y = f(z), a < x < b,
about the z-axis given by a integral of the form

277/&byds: 27r/abf(x)\/1+(f’(a;))2d:v

. Here, a = —1, b=1, and f(z) = coshz, so the desired integral is
1
277/ coshzy/1+ sinh? z dx.
—1

(b) Evaluate the integral you gave for part 3a.



Solution: Now 1 + sinh?z = cosh® z, so

1 1
277/ coshx\/1+sinh2xdaz = 277/ cosh? z dx

-1 -1

= g/ (e* + 24 e 2®) dx
-1
Tl o 1 o0 |!
= — 2 — &
2(26 +22 - e )71
= g(62+4—6_2)

4. Find the limits; explain your reasoning.

(a) i T -+ sin 2z
a im ——
z—0 x — sin 2x

Solution: Because lim,_,o(z £ sin 2x) = 0, we may apply L'Hépital’s Rule:

. x+sin2x . 14+ 2cos2x
lm — = lim ———
z—0 x — sin 2x z—01 — 2cos 2z
142
1-2
= 3.

(b) . 23 — 922 + 241 — 16
1m
z—4 3 — bx? — 8x + 48
Solution: Because

lini(:n3—9x2+24m—16) = 43-9.424+24-4-16
T—
= 64—144+24—16
=0
and
lim (23 — 522 — 8 +48) = 4% —5.4% — 8.4 448
r—4
= 64—80—32+48

=0

we may apply L'Hopital’s Rule:

oa® — 922 4+ 242 — 16 322 —18zx+24

hrn 5 = hm —_— .

z—4 3 — 5x? — 8x + 48 z—4 3x2 —10x — 8
But

lim (322 — 18z +24) = 3-4*>-18-4+24

x—4

= 48-T2+24

= 0,



and

lim (322 — 10z —8) = 3-4>—-10-4—8

r—4
= 48 —-40-38
p— O’
so we may apply L"Hopital’s Rule again:
i 32?2 — 18z + 24 iy 67— 18
im —— = lim
z—4 312 — 10z — 8 z—4 6z — 10
2418
2410
_ 5
14
_ 3
= o
Note that L'Hépital’s Rule does not apply a third time, and we must not use it.
5. Find
(a) / cos? 4z sin® 4z dx

Solution: We have:

/ costdx sin®dx dr = / cos* 4z (sin” 4z) sin 4z dx
= /COS4 4z (1 — cos? 4z) sin 4z dx

= /(cos4 4z — cos® 4z) sin 4z d.

Putting u = cos 4z, we have du = —4sin4x dx, or sindx dx = —%du. Hence
1
/(cos4 4z — cos® 4z) sindz dr = ~1 (u* — ub) du

= 28 cos’ 4 — 20 cos® 4z.

(b) /(sin 2x — cosx) sinx dx
Solution: We may write:

/(sin 2r —cosx)sinzdr = /(2 sinx cosx — cos x) sin z dx
= /(2 sin? x — sin z) cos x dz.
If we now put u = sinx, then cos x dx = du, and consequently

/(2sin2x —sinx)cosxdr = /(2u2 —u)du

2 1
A
= 3 sin®z — B sin? z.



6. Find
(a) /$63x dz

Solution: We let u = z; dv = €3* dx. Then du = dz and v = %63‘”, SO

1 1
/we?’x dr = gxe?’x — g/egx dx

1 1
= —ged® — Ze7,

3 9

(b) / x Arctan z dz

1
Solution: Put u = Arctanx; dv = x dx. Then du = % and v = =42 dx, so
1+ 22 2

r n r n

1 1—1
= 2x Arctanx—f/w;;_’_l

1 1
= 23: Arctanx—2/(1 $2+1> dz

1 1 1
= 53:2 Arctanz — 51‘ + §Arctan xT.

7. Find

dx

/ 522 + 6z — 23
(x+2)(x—1)(z — 3)

Solution: We must decompose the fraction by finding constants A, B, and C' so that

5% + 6x — 23 A B C
(x+2)(x—1)(z—3) x+2+x—1+:):—3
A(x—1)(:6—3)+B(w+2)(x—3)+0(w+2)(w—1).

(x+2)(x—1)(x —3)

Equating numerators, we obtain:
522 4+6x—23 = Alz—1)(z—3)+Bz+2)(z—3)+C(z+2)(z—1).

Putting z = —2 in this latter equation yields —15 = 154, or A = —1. Similarly, setting
x =1 gives —12 = —6B, whence B = 2; and setting z = 3 gives 40 = 10C, so that C' = 4.
Consequently,

/ 522 4 6z — 23 dx_/( 4 2 1 )dx
(x4+2)(x —1)(x —3) N r—3 x—-1 z+2

= 4dln|z—3[+2ln|z—1] —In|z +2|.




8. Given that y = f(z) satisfies

23y = y*(x—4), and
fa =1

describe f completely.

Solution: We have

Bdy = y*(x—4)d;

dy r—4
g = ()
y 2dy = (272 — 4273 dx;

/y*2 dy = /(JF2 — 4273 da;
)
—y = -4 <SE_2> +e.

Therefore,
y_1 = gz l—227%2 4 c;
1 2 n
= —_—— — C:
x xz 7
=2+ cx?
= o
Consequently
Y T T2t

But y =1 when x =1, and so

1
1 = ——;
1-2+4+¢
1
1 = ;
c—1
c—1 = 1;
c = 2.
Therefore
2
x
f(@) 22+ —2



MTH 2410, Calculus II—Exam II Nov. 5, 1998
Instructions: Write out complete presentations of your solutions to the following prob-

lems on your own paper. If you want full credit, you must show enough detail to support
your conclusions. Your paper is due at 11:55 am.

1. Professor 1. M. Brightly gave another calculus test. This time, he asked for the

partial fractions decomposition of — g Briinhilde answered as follows:
x

(a) We have z® — 8 = (z — 2)(2% + 2z + 4), so
(b) I must find constants A, B, and C' that make
A@* + 20 +4)+ (Br +O)(z—-2) = 1 (1)
a true statement for all values of z.
(¢) Putting = 2 in equation (1) tells me that A = .
(d) Setting z = 0 in equation (1) tells me that
4A-2C = 1
whence C' = —é.
(e) Finally, putting = 3 in equation (1) yields
19A4+3B+C = 1

Y

?

and so B = —4.
(f) Thus, the required decomposition is
1 1 1 1 x+4
-8 12 xz—2 12 2?+2z+4

Each of Briinhilde’s statements expresses a conclusion. Give the reasoning that
underlies each of her conclusions.

2. Find the area bounded by the rays 6 = 0, § = 7, and the polar curve r = e20

3. Give a substitution that is likely to transform each of the following integrals into an
integral that can be calculated with reasonable ease. In this problem, you need not
actually carry out any substitutions, and you need not calculate any of the integrals.

x dx
@ e
(b) \/% da
(c) /x\/ 2522 + 16 dx

4. (a) Find the polar equation for the line whose rectangular equation is y = 2z + 3.
Give your equation in the form r = f[6] for suitable f.

(b) Transform the polar equation r = 4sin 6 into rectangular coordinates and iden-
tify the curve.



. Use the indicated substitutions to transform the following integrals (simplify the
transformed integrands). You do not need to evaluate the integrals of this problem.

(a) / “C;_l
(b)

dx; substitute x = sec.

dx
——— — —; substitute v = 28,
/ VI + Jx
. Decide whether or not the following improper integrals converge; give the values of
those that do.

(a) /02 SR,

2 —1
o dx
. Let flz] = !

1+ 22

3
(a) Calculate the Simpson’s Rule approximation for [ f[x] dz using two subdivi-

1
sions. Give your answer correct to the third digit to the right of the decimal in
yOUur answer.

(b) Unpleasant calculation (or Mathematica) shows that
4 2
fibpy _ 160552" — 19822 +27)
81(932 + 1)13/3

It can be shown from this that if 1 < 2 < 3, then |f®[z]] < 3. How much

error could there be in the approximation you gave in the previous part of this
problem?

3
(¢) How many subdivisions will be needed in Simpson’s Rule to estimate / flz] dz
1
to within 10767



MTH 2410, Calculus II—Exam II Nov. 5, 1998
Instructions: Write out complete presentations of your solutions to the following prob-

lems on your own paper. If you want full credit, you must show enough detail to support
your conclusions. Your paper is due at 11:55 am.

1. Professor 1. M. Brightly gave another calculus test. This time, he asked for the

partial fractions decomposition of 3 Briinhilde answered as follows:

3 _
(a) We have 2® — 8 = (z — 2)(2® + 2z + 4), so
(b) I must find constants A, B, and C' that make

AR +20 +4)+ (B +O)(z—-2) = 1 (1)

a true statement for all values of z.
(¢) Putting 2 = 2 in equation (1) tells me that A = .
(d) Setting x = 0 in equation (1) tells me that

4A-2C = 1

Y

whence C = —%.

(e) Finally, putting = 3 in equation (1) yields
19A+3B+C = 1,

and so B = —%.
(f) Thus, the required decomposition is
1111 z44
-8 12 x—2 12 22+20+4

Each of Briinhilde’s statements expresses a conclusion. Give the reasoning that
underlies each of her conclusions.

Solution:
(a) She has used the identity a® — b* = (a — b)(a® + ab + b?).

(b) The desired partial fractions decomposition must have the form

A N Bx +C
r—2 x242x+4’

and when we combine these two fractions over a common denominator, the numer-
ator is the quantity that Brinhilde has equated with one—which is the numerator
of the fraction she's expanding.

(c) Equation (1) must be true for all values of x if the expansion is to equal the fraction
she began with.

(d) This follows from reasoning in line just above this one, using both the observation
about values of x and the fact that she now knows what A is.



(e) Now she knows both A and C, and substitutes another value for = to obtain B.
(f) Here, she puts it all together.

. Find the area bounded by the rays 6 = 0, § = 7, and the polar curve r = e??

Solution: The area, A, bounded by the polar curve r = f(0), a < 0 < [ is given by

1[5 ) 1 (™2 1
A: —_ = — 40 = — 40
2/a [£(6)]% do 2/0 e df = ze

/2

:é@%—n. (2)

0

. Give a substitution that is likely to transform each of the following integrals into an
integral that can be calculated with reasonable ease. In this problem, you need not
actually carry out any substitutions, and you need not calculate any of the integrals.

@ x dz
[

x? =2

— dx
Vaz? —9

(b)

(c)
/SL‘\/ 2522 4+ 16 dx

Solution:

(a) Try the substitution v = 4 — 2?; du = —2x dx.

(b) Try the substitution 2 = 2sec6; dz = 2 tan@secddf. Alternately, try the substi-
tution x = %tanht; dr = %secthdt.

(c) Try the substitution = = 7 tan; dz = 2 sec® § df.

. (a) Find the polar equation for the line whose rectangular equation is y = 2z + 3.

Give your equation in the form r = f(6) for suitable f.

(b) Transform the polar equation r = 4sin 6 into rectangular coordinates and iden-
tify the curve.

Solution:

(a) The coordinate transormations are x = rcosf; y = rsinf. Substituting these for
x and y in the equation y = 2x + 3 gives

rsinf = 2rcosf + 3; or (3)

r= 3 (4)

sinf — 2cosf’



(b) If » = 4sin6, then multiplying by 7 introduces no new points (because r = 0
already lies on the curve), so that, making use of the identity r* = 2% + 3* we have

r? = 4rsin ;
2?4y = dy;
2?4yt —dy +4 =4
2’ 4 (y —2)* = 2%

(5
(6
(7
(8

~— ~— — ~—

In rectangular coordinates, the curve can be written as 2% + (y — 2)? = 22, and this
shows that the curve is a circle of radius 2 centered at the point with (rectangular)

coordinates (0, 2).

5. Use the indicated substitutions to transform the following integrals (simplify the
transformed integrands). You do not need to evaluate the integrals of this problem.

! [

dx; substitute x = sec#.

(b)

substitute v = 2/6.

| w

Solution:

(a) If z =sec, then dz = secftanf db so

/\/:CQ—ldx_/\/seCZG—l
2 T sec?f

For the curious, here is the complete integration:
/tan2 0 cosfdl = /(S.ec2 0 —1)cosfdo

= /(SeCH —cos b)) df

= In|secf + tan | — sinf + C

VT =1
:ln‘x—i—\/xz—l‘—x——l—c.
x

(b) If v = 26, then z = v5, so that dz = 6v° dv. Thus

b/v”+vf ,/i?zﬁ

secHtan 6 db = /tan2060s0d9.

(9)

(14)



For those who are still curious, this proceeds as follows;

60v° dv V0 dv v3dv
/77—3:6/77———:6/——— (15)

vt vi(v+1) v+1

(v¥4+1)-1
-6 [ ————L—"d 1
6/ v+1 Y (16)
2 _v+1 d
:6/M(v U+)dv—6/ v (17)
(o417 v+1

=20° —3v* +6v—6In|v+ 1| +c (18)
=222 — 3213 4 6276 — 6In |2V + 1| + ¢ (19)

6. Decide whether or not the following improper integrals converge; give the values of
those that do.
() 2
/ Y e
0 2 —1
/ < dx
o T2 44

. : U rde
(a) We must evaluate the improper integral 5
o T°—

(b)

Solution:

, and, if that one converges, the

2
) . x dx ) . ..
other improper integral / PR If either diverges, so does the original. If both
1 X7
converge, the original is their sum. Now

1 s
/ x dx ~ im T dx (20)
0

x2—1 ss1- ) 22 -1

s

1
= — lim In|z® — 1|
s—1—

1
:§hmhﬂ§—ﬂ, (21)

0 s—1—

1

) ) z dx
which does not exist. We conclude that /
0

R diverges.

: . O dx * dx
(b) Here, we must evaluate the two improper integrals / o and /0 2
We have

—00

0 0
dx dx

= 1 22

/ooa:2+4 Timm/T x4+ 4 (22)

1 . T
= —arctan0) — = lim arctan — =
2 T——o00 2

e~



while

> d T d
/ =~ lim / < (24)
0 X + 4 T—o0 0 :L'z + 4
1 T 1
=3 Th_r}r;o arctan 373 arctan 0 = % (25)
We conclude that the improper integral / converges to the value T
o T2 44 2

7. Let f(x) = ﬁ

3
(a) Calculate the Simpson’s Rule approximation for f(z) dx using two subdivi-

1
sions. Give your answer correct to the third digit to the right of the decimal in
your answer.

(b) Unpleasant calculation (or Mathematica) shows that

16(552* — 19822 + 27)
81(2% + 1)13/3

79 @) =

It can be shown from this that if 1 < < 3, then |f@(z)| < 2. How much
error could there be in the approximation you gave in the previous part of this
problem?

3
(¢) How many subdivisions will be needed in Simpson’s Rule to estimate / f(x) dz
1
to within 10767

Solution:

3
(a) The 2-subdivision Simpson's rule approximation for / f(z)dx is
1

S +472) + 1) =

1 1 4 1

5[6’/1+12+€/1+22+€/1+32
1] 1 4 1

3 \Et vt T

(b) The error in an n-subdivision Simpson's rule approximation to f:g(t) dt is at most
M(b—a)®

A
Consequently, the error in the approximation we have just calculated is at most

3 3-175 1
: — — ~0.0167. 28
2718028 60 (28)

| e

1 ~1.199. (27)

, where M is any number that exceeds |g(¥)(z)| at every point z of [a, b].




(c) If the error in an n-subdivision Simpson's rule approximation to this integral is to
have error that we can be sure doesn't exceed 1075, then n must satisfy

3(3—1)° 1
° < 29
2180 - n* — 1000000° (29)
800000
nt > ~ 266, 667. (30)

Now 22% = 234,256, and 23* = 279,841, so the smallest even integer' that meets
the requirement is n = 24.

1Simpson’s rule requires an even number of subdivisions.



MTH 2410, Calculus II—Exam 1 Feb. 21, 2002

Instructions: Solve the following problems. Present your solutions, including your
reasoning, on your own paper. Your work is due at 1:50 pm. You may keep this copy
of the exam.

1.

10.

. Use an appropriate substitution to evaluate the definite integral /

Find the limits:

(a) xlggi xlnz
(b) i &SI

x—0 :p3

. Show how to use Newton’s Method, together with your calculator, to approx-

imate the root of the equation x* + x — 4 = 0 that lies in the interval [1,2].
Use o = 1 as your initial guess and give both x; and x5 as fractions whose
numerators and denominators are whole numbers.

Inz

. Use integration by parts to find /wcos(Bz) dx.

. Find

2
(a) / (1 +22°)% dx
0
1
(b) / tan~' x dx
8z —1

. Find /7dx.
202 +x —1

. Use Simpson’s Rule with four subdivisions to find an approximate value of In2 =

2dx
. Show what calculations you must perform and give your answer correct

to ﬁve digits to the right of the decimal point. How does your answer compare
to the value your calculator gives for In 27

oo
. Is the integral / ze ™ dx convergent or divergent? If it is convergent, find its
0

value.

. Find the area of the region enclosed by the curves y = 62? — 64z + 140 and

y =2x —4.

2
Fmd/ £+ dz.
22+ 4r+8



MTH 2410, Calculus II—Exam I Solutions Feb. 21, 2002

Instructions: Solve the following problems. Present your solutions, including your
reasoning, on your own paper. Your work is due at 1:50 pm. You may keep this copy
of the exam.

1. Find the limits:
(a)

lim zlnz
r—0t

Solution: First note that

. . Inzx
lim zlnz = lim -,
z—0+t z—0+t (E)

and that both numerator and denominator of the latter become infinite as
x — 0T, so that we may apply L'Hépital’s Rule to it. Doing so, we obtain

e ()
SR T )
= lim —=xz
z—0+
= 0.
(b)
. x—sinx
lim ——
x—0 [E?’

Solution: The limit in the numerator and the denominator are both zero so
we may apply L'Hopital’'s Rule.

. T —sinx . l—cosz

lim —— = lim ———.

x—0 ,CE3 x—0 3332
L'Ho6pital's Rule applies to this problem, too, because both numerator and
denominator go to zero as = goes to zero. We get

1 —cosx . sinz

hm _— = 11m .
z—0 312 z—0 61

Using L'Hopital’s Rule, which is applicable yet again, we get
. sinz . COoST
lim = lim
z—0 6x z—=0 6

1
5



2. Show how to use Newton’s Method, together with your calculator, to approx-
imate the root of the equation x? +x — 4 = 0 that lies in the interval [1,2].
Use o = 1 as your initial guess and give both x; and x5 as fractions whose
numerators and denominators are whole numbers.

Solution: In order to find approximate solutions for an equation f(z) = 0 by
Newton's Method, we begin with an initial guess x( for the solution and then refine
the guess iteratively using the relation

- f(xn>

n

In this case, f(z) =2 +x — 4, so f'(x) = 42® + 1. Therefore,
f(x) t+r—4
T — = r——
f(x) 43 4+ 1
4ot +x—at —x+4

4a3 + 1
B 3xt+4
4341
Taking xo = 1, we obtain
3(1)* + 4 7
:Ul —= _—m -
413 + 1 5
3(2)' + 4
Ty =
e
+ 4(5)4 9703

4

¢ d
3. Use an appropriate substitution to evaluate the definite integral / lx .
e zVInzx
Solution: We let © = Inz. Then du = —x. Also, if z = e, then v = 1, while if

T
x = e*, then u = 4. Thus,

/ ¢ dr B 4 du
e zVInz L Vu
4

= / w2 du
1

= 2141/2|411

= 2V/4-2V1 = 2.




. Use integration by parts to find /xcos(?)x) dx.

Solution: We take u = z; dv = cos(3z)dx. Then du = dx and we may take

v =1gin

3

/x cos(3x) dx

5. Find
(a)

2
/ 23 (1 + 22%)3 da
0

(3z). Therefore

1
3

—sin(3x)} — %/sin(?)x) dx

1
g sin(3x) + 5 cos(3z) + c.

Solution: Let u = 1 + 2a3.
when £ = 2, u = 17. Hence

2
/ 23(1+22°)% dx
0

1
/ tan~! z dx
0

Then du = 6x2dxz. When 2z =0, u = 1; and

1 [\
6 / u? du
1

17
’LL4

24,
3480.

x2’

d
Solution: Take v = tan~'x and dv = dx. Then du = % and we may

take v = x. Thus

6. Find /

1
/ tan 'z dr = xtan 'z
0

8r —1

202 +x — 1

dz.

1
:z——ln(1+x2)

4

2

! Uy dx
B 1+ 22 (1)
0 0

1:%—m¢§ (2)

0




Solution: First note that 222 + x — 1 = (22 — 1)(z + 1). We will find A and B
so that

8z —1 A B
Qr—D@+1)  20—1 z+1
Ar+ A+2Bx — B
2z —1)(z +1)
(A+2B)x+ (A— B)

22— D)(z+1)

If this is to be so for all z, we must have A + 2B = 8, while A — B = —1.
Subtracting the latter equation from the former yields 3B = 9, whence B = 3.
Then A — 3 = —1, so that A = 2. Hence

M/‘ et PR u/“ 2 3],
w210 T w—1 z+1| ™

= In[2z — 1|+ 3In|z+ 1| +¢,

Where we have used the substitution © = 22 — 1, du = 2dz, to find f 2:;;2_4 dz and
the substitution v =z + 1, dv = dx, to find [ xiﬂ dz.

. Use Simpson’s Rule with four subdivisions to find an approximate value of In2 =

2
dx

/ —. Show what calculations you must perform and give your answer correct
1

to five digits to the right of the decimal point. How does your answer compare
to the value your calculator gives for In 27

Solution: The Simpson’s Rule Approximation S, for ff f(z) dx with four subdi-
visions is

si = g (vsar |3 v s [3]) g5 (03] var|] + o)

1 4 2 2 4 1

= —|(1+4-2+2 Z44o4 -
12{(‘+ 5+3)+(3+ 7+2H
1 1747

12 210

1747
= 9m00 = 0.69325

The calculator value of In2 is 0.6931471806.

(e.e]
. Is the integral / ze ™ da convergent or divergent? If it is convergent, find its
0

value.

Solution: The integral converges if limp_, . fOT ze ™ dx exists. Substituting
w = —x% du = —2xdzx, we find that fxe_“”‘”2 de = —%fe“du = —%e“, e}

4



that fxe*"““2 dr = —%e*””Q. Thus,

T T
. _ 2 . _ T2
lim re ™ dr = lim —=e T
T—o0 0 T—oc0
0
1 .. 2
= —— lim (e_T —1)
T—o0
1
5

The integral converges; its value is %
9. Find the area of the region enclosed by the curves y = 622 — 64z + 140 and
y =2z —4.

Solution: We first find the intersection points by solving 6x% — 642 +140 = 2z —4.
This is equivalent to

62> — 66z + 144 = 0, or
22 —1lz+24 = 0.

Factoring, we find that (z — 3)(z — 8) = 0, so that the solutions are x = 3 and
x = 8. The curve y = 622 — 642 + 140 is a parabola opening upward, while the
curve y = 2x — 4 is a straight line. The area they enclose between x = 3 and r = 8
is therefore above the parabola and below the line. We want

8 8
/ (22 — 4) — (62% — 642 + 140)]dz = - / (62 — 66z + 144) dx
3 3

8
= (—22° + 332% — 144x)
3

= —64—(—189) = 125

2x + 5
10. Find | —— dx.
o /x2+4x—|—8 v

Solution: If we take u = 2% + 4x + 8, then du = (2 + 4) dz, so
2 + 5 20 +4 1
S L R Y . o S S L
/x2+4w+8 . /x2+4x+8 x+/x2+4x+8 .
B /du+/ 1 d
N u x2+4x+8 *
1

— 1 -4
n|u|+/x2+4z+8 .

1
= 1nyx2+4x+8|+/

—dx.
22+ 4r +8 v

5



It remains to find /;dm We have:
22 +4x + 8

[t = [wrmrgd

————ar = x

2 +4x +8 (x24+4x+4)+4
1

= [ ——d
/(az+2)2+4 !
B 1/ dz

A =)

2

2
Putv:x+

. Then dv = %dm, e}

1/ dx B 1/ du
4 (wTH)?Jrl 2) u?+1

= tan"tu

2
1 2
= itam’1 (x; )—l—c.
Thus,

2x +5 B 9 1. 4y fx+2




MTH 2410, Calculus II—Exam II Apr. 16, 2002

Instructions: Solve the following problems. Present your solutions, including your
reasoning, on your own paper. Your work is due at 1:50 pm. You may keep this copy
of the exam.

1. Find the volume generated when the region bounded by the curve y = \/x, the
x-axis, and the lines x = 4, x = 9 is rotated about the z-axis.
2. A function y(t) satisfies the differential equation
dy
dt

(a) What are the constant solutions of the equation?

= y' —6y° + 5.

(b) For what values of y is y increasing? Why?
(c¢) For what values of y is y decreasing? Why?

3. The base of a solid is the triangle cut from the first quadrant by the line 4z+3y =
12. Every cross-section of the solid perpendicular to the y-axis is a semi-circle.
Find the volume of the solid.

4. Find the volume generated when the region bounded by the curve y = e*”, the
r-axis, and the lines x = 1 and x = V/2 is rotated about the y-axis.

5. A colony of bacteria contained 600 organisms when ¢ = 0. When ¢ = 24 hr,
there were 38,400 organisms in the colony. Give an expression for N(t) for the
number of organisms in the colony at time ¢ under the assumption that there
are no external restraints on its growth. How many organisms were there in the
colony at time ¢t = 10 hr?

6. Find the centroid of the region in the first quadrant cut off by the line

Y

x
LA |
a+b ’

if a and b are both positive constants.
7. Find y(z) given that e~*y’ = /1 — y? with y(0) = 0. What is the exact value
of y(z) when x = Z +17

8. Use Euler’s Method with a step-size of 1/10 to find an approximate value for
y(13/10) if y(1) =1 and
dt oyt

Show all of the intermediate y values you obtain. Either give your answers as
fractions of integers or maintain a minimum of five digits accuracy to the right
of the decimal point.

dy 1



MTH 2410, Calculus II—Exam II Solutions Apr. 16, 2002

Instructions: Solve the following problems. Present your solutions, including your
reasoning, on your own paper. Your work is due at 1:50 pm. You may keep this copy
of the exam.

1. Find the volume generated when the region bounded by the curve y = /z, the
x-axis, and the lines x = 4, x = 9 is rotated about the z-axis.

Solution: A typical cross-section of this solid perpendicular to the z-axis for 4 <
z < 9is a disk of radius /Z and having area A(z) = 7 (/z)° = mz. Hence the

9 9 9 65
required volume is / A(z)dx = 7r/ rdr = (W) 2 =20
4 4 2 4 2
2. A function y(t) satisfies the differential equation
dy 4 3 2
— = —6 5y~
dt Yy Yy~ +oy

(a) What are the constant solutions of the equation?
(b) For what values of y is y increasing? Why?
(c¢) For what values of y is y decreasing? Why?

Solution:

(a) We have y* — 6y3 + 5y*> = y?(y — 1)(y — 5), which is zero only when y = 0,
y = 1, or y = 5. Consequently the constant solutions for the differential
equation are the constant functions y(z) =0, y(x) = 1, and y(z) = 5.

(b) If y(z) is to be increasing, then we must have y/(x) > 0. But y/(x) can be
positive only if there are an even number of negative factors in the product
y*(y—1)(y—>5). Thiscan besoonlyify < 0,if0 <y < 1, orif 5 <y. Thus,
yisincreasing if y < 0,if0 <y <1, orif5<uy.

(c) If y(z) is to be decreasing, then we must have y'(z) < 0. But y/(z) can be
negative only if there are an odd number of negative factors in the product
v*(y — 1)(y — 5). This can be so only if 1 < y < 5. Thus, y is decreasing if
1<y <b.

3. The base of a solid is the triangle cut from the first quadrant by the line 4x+3y =
12. Every cross-section of the solid perpendicular to the y-axis is a semi-circle.
Find the volume of the solid.

Solution: The equation 4z 43y = 12 is egivalent to x = 3—3y/4. The semi-circle
with base at distance y from the z-axis therefore has base of length 3 — 3y/4, and
so has area A(z) = (m/2)[(3 — 3y/4)/2]>. The required volume is therefore

4 Or 4 nt:
Apdy = [ (1-Y
/0 (v) dy 8 0< 4) dy

e y>34_
2 1) |,

3

5




4. Find the volume generated when the region bounded by the curve y = e, the
z-axis, and the lines z = 1 and = = /2 is rotated about the y-axis.

Solution: Using the method of shells, we find that the required volume is given by

V2

\/5 2 2
27T/ ze® dr = me*

1 1
= 7(e* —e).

5. A colony of bacteria contained 600 organisms when ¢t = 0. When ¢t = 24 hr,
there were 38,400 organisms in the colony. Give an expression for N(t) for the
number of organisms in the colony at time ¢ under the assumption that there
are no external restraints on its growth. How many organisms were there in the
colony at time ¢t = 10 hr?

Solution: We know that under conditions of unrestrained growth, the size N
of a bacterial population is give by N(t) = Nye*?, so in this case we must have
N(t) = 600e*® for a certain constant k. Because N(24) = 38400, we must have
38400 = 600e***, or e*** = 64. Thus, k = (In64)/24, and

N(t) — 6006t(1n 64)/24
600 - 64424,

This means that N(10) = 600 - 64°/2, which is approximately 3400 organisms.

6. Find the centroid of the region in the first quadrant cut off by the line

x Yy
9
a+b ’

if a and b are both positive constants.

Solution: We begin by noting that the region in question is a right triangle whose
base extends from x = 0 to x = a on the z-axis, and whose vertical leg extends
from the origin to y = b along the y-axis. Solving the equation (x/a) + (y/b) =1
for y, we obtain y = b — (b/a)x. Thus

/ax<b—bx> dx
0 a
b




Solving for x, on the other hand, yields x = a — (a/b)y, so that

b a
frv (o)
y —

The coordinates of the centroid are therefore (; g)

. Find y(x) given that e~y = /1 — y? with y(0) = 0. What is the exact value
of y(x) when x = g + 17
Solution: The given differential equation can be rewritten as
dy
VI
and, integrating, we obtain arcsiny = e” + ¢, or y = sin(e® + ¢). From the fact

that y = 0 when 2 = 0, we now obtain 0 = y(0) = sin(e” + ¢) = sin(1 + ¢), so
that ¢ = —1. Thus, y(z) = sin(e® — 1). From this, we obtain y = sin [61”/4 - 1}

= e"dx,

T
h =—+1
when 4—|—

. Use Euler’s Method with a step-size of 1/10 to find an approximate value for
y(13/10) if y(1) =1 and

dy _ 1
dt oyt

Show all of the intermediate y values you obtain. Either give your answers as
fractions of integers or maintain a minimum of five digits accuracy to the right
of the decimal point.



Solution: Putting tg = 1, yo = 1, and using the relations

1
ty = th1+ —

10
B L1 1
e e Yk—1 +tg—1 10
when k£ = 1,2, 3, we obtain:
k 2 Yk
0 1.00000 1.00000
11 21

1| —==11 — =1.
10 0000 50 05000

6 943
2| - =1.20000 — ~ 1.09651
5 860

13 387277
— =1. ——— ~1.14
3 10 30000 339700 006




MTH 2410, Calculus II—Final Exam May 14, 2002

Instructions: Solve the following problems. Present your solutions, including your rea-
soning, on your own paper. Your work is due at 1:50 pm. You may keep this copy of the
exam.

In(1 + e™/17)

1. Let {a,} be the sequence given by a, = Determine whether {a,}

n
converges or diverges. If it converges, find the limit.

2. Evaluate:
@ [ 2
o) [ 2

3. Determine whether the series

= 5

is convergent or divergent. Explain your conclusion.

4. Show how to use Newton’s Method, together with your calculator, to approximate the
root of the equation x + 8 — 8 = 0 that lies in the interval [0, 1]. Use 2o = 1 as your
initial guess and give both x; and x5 as fractions whose numerators and denominators
are whole numbers.

5. Find the radius of convergence for the series E (—1)’“(3:]:—2k). Give the interior of
k=1

the interval of convergence. Justify your conclusions.

6. The base of a solid is the triangle cut from the first quadrant by the line 4z + 3y = 12.
Every cross-section of the solid perpendicular to the y-axis is a square. Find the
volume of the solid.

7. Find y(z) given that v’ = y(1 — x) with y(0) = 2. What is the exact value of y(z)
when z = 17

8. Show how to determine the general term for the Taylor expansion, centered at x = 0,
for the function f(z) = Arctan(3z). What is the radius of convergence for this series?
Give the interior of the interval of convergence.



MTH 2410, Calculus II—Final Exam May 14, 2002

Instructions: Solve the following problems. Present your solutions, including your rea-
soning, on your own paper. Your work is due at 1:50 pm. You may keep this copy of the
exam.

In(1 + e/17)

1. Let {a,} be the sequence given by a, = Determine whether {a,}

n
converges or diverges. If it converges, find the limit.

Solution: Note that both numerator and denominator approach infinity as n — co. We
may apply L'Hépital’'s Rule:

n/17
lim 7111(1—1—6"/17) = lim 7(%71;%)
n—00 3n n—00
. 1
= M S e
1
= =

2. Evaluate:
3 dx
a o
W [
3 dx
b o
Ol
Solution: Both integrals are improper. For (a) have
3 3
/ dr lim 22 dx
0 V& T—0+ J7
= lim 2V3-2VT = 2V3.
T—0t

For part (b), we have

3 d 3
/—JU = lim 2732 dy
0 T\ T—0+ JT
B 2 n 2
t—0t \/§ \/T’

and, because the latter limit does not exist, the integral diverges.

3. Determine whether the series

> 5)
>y
n=1

is convergent or divergent. Explain your conclusion.

Solution: We surely have 3" < 2 + 3" for every whole number n. Hence, 5/(2 +
3") < 5/3™ for every whole number n. Now » >° , 5/3"™ is a convergent geometric series.
Consequently, >0 ; 5/(2 + 3™) converges by the Ratio Test.



4. Show how to use Newton’s Method, together with your calculator, to approximate the
root of the equation x* + 8z — 8 = 0 that lies in the interval [0, 1]. Use 2o = 1 as your
initial guess and give both x; and x9 as fractions whose numerators and denominators
are whole numbers.

Solution: We have, according to Newton's Method,
Tl = @y — f(an)
" " f'(zn)
xﬁ + 8x, — 8
4a3 +8

= [L‘n—

3z} + 8
43 + 8

Thus

3-14+8 11
= = —
P74 1358 12’

and

[e.e]
5. Find the radius of convergence for the series Z(—

k=1
the interval of convergence. Justify your conclusions.

p (z+2)F

pok Give the interior of

Solution: We let

i a:—i—2)

k=1

where the series converges. Then

i x+2)

and the latter series has the same radius of convergence as the first. But then

fo) = =5 A

ok—1

is given by a geometric series with common ratio —(x +2)/2. The derived series therefore
converges when | — (x + 2)/2| < 2, or when |z 4+ 2| < 2. It follows that the radius
of convergence for both series is 2 and that the common interior of their intervals of
convergence is (—4,0).




6. The base of a solid is the triangle cut from the first quadrant by the line 4x 4 3y = 12.
Every cross-section of the solid perpendicular to the y-axis is a square. Find the
volume of the solid.

Solution: The cross-section at y is a square whose side is z, where 4x + 3y = 12. This
means that x = 3 — (3/4)y. Hence,

4
A = /xQdy
0

7. Find y(z) given that ' = y(1 — x) with y(0) = 2. What is the exact value of y(x)
when x = 17

Solution: From ¢y’ = y(1 — x), we obtain:

dy

= 1 —

7 y(1—x)

dy

— = (1—z)dx

) ( )
Inly] = z-— :Lj +

y = = 5 c.

Hence,
y = Ce®"/2

But y(0) =2, s0 2 = CeP=0%/2 — C'. Hence, Y= 2¢7~%/2 and y(1) = 2/e.

8. Show how to determine the general term for the Taylor expansion, centered at x = 0,
for the function f(z) = Arctan(3x). What is the radius of convergence for this series?
Give the interior of the interval of convergence.

Solution: Differentiating, we obtain

d 3
% arctan(?)x) = W
1
14 922
T — (=922

But the latter is the sum of a certain geometric series when | — 92| < 1, or, equivalently,
when |z| < 1/3. Thus, for such z,

d
o arctan(3z) = 3(1— 922+ 81zt — 72940 + .. )
x



= 33 (Do)
k=0

_ 3%(_1)k32kx2k
k=0

It follows that when |z| < 1/3 there is a constant ¢ for which we may write:

00 oo, 22
arctan(3z) = c+3k§::0(—1) 3 1

oo A 32k+1$2k+1
= k2
et ,;)( T

Now we note that when x = 0, the left side is O while the right side is ¢, so that ¢ = 0.
Hence,

o0 32k+1
arctan(3z) = Z (—1)kmx2k+1

27 5 243 5 2187
3 590 7ﬂs+ s

and the series on the right has radius of convergence 1/3. The interior of the interval of
convergence is (—1/3,1/3).



MTH 2410, Calculus II—Exam 1 Feb. 12, 2003

Instructions: Solve the following problems. Present your solutions, including your
reasoning, on your own paper. Your work is due at 2:20 pm. You may keep this copy
of the exam.

1. Find the limits:

(a) xlggi xlnz

. x—sinx

CEES

2. Show how to use Newton’s Method, together with your calculator, to approx-
imate the root of the equation z* + # — 4 = 0 that lies in the interval [1,2].
Use o = 1 as your initial guess and give both x; and x5 as fractions whose
numerators and denominators are whole numbers.

3. Use an appropriate substitution to evaluate the definite integral / 1
nx

4. Use integration by parts to find /wcos(Bz) dx.

5. Find
2
(a) / (1 +22°)% dx
0

1
(b) / tan~' x dx

8:70—1 _ 9

7. Use Simpson’s Rule with four subdivisions to find an approximate value of In 3 =

3 da
. Show what calculations you must perform and give your answer correct

to ﬁve digits to the right of the decimal point. How does your answer compare
to the value your calculator gives for In 3?7

20 + 5
8.Fd/ Hint: 2z + 5 = (2 +4) + 1.
in x2+4$+8 x. [Hint: 2z + (2x +4)+ 1]



MTH 2410, Calculus II—Exam 1 Feb. 12, 2003

Instructions: Solve the following problems. Present your solutions, including your
reasoning, on your own paper. Your work is due at 2:20 pm. You may keep this copy
of the exam.

1. Find the limits:

(a)

lim zlnzx
r—0t
(b) .
. r—sinx
lim ———
x—0 ,733
Solution:
(a) We begin by noticing that
1
lim rlnz = lim —— (1)

z—0t z—0+ 1\’
X

and, because both numerator and denominator of the latter fraction become
unbounded as x — 0™, we may attempt a I'Hépital’s Rule solution:

1
Inzx (E) o*
li = lim ——~Z_— = — lim — =0. 2
Aoy TA Ny T =0 @)
x 22

(b) Numerator and denominator both approach zero as x approaches zero, so we
may attempt a I'Hopital’s Rule solution:

T —sing 1 —cosz
lim —— = lim —— 3
z—0 :L‘g x—0 3%2 ’ ( )
provided the latter limit exists. But, again, numerator and denominator both

approach zero, and we can make another attempt at |'Hopital’s Rule.

. x—sinx .1 —cosz
e T W
sinx 1. sinz 1
= lim = —lim =, (5)
z—0 0Ox 6z—0 6

because we know that
. sinz
lim
x—0

~ 1. (6)



2. Show how to use Newton’s Method, together with your calculator, to approx-
imate the root of the equation x? +x — 4 = 0 that lies in the interval [1,2].
Use o = 1 as your initial guess and give both x; and x5 as fractions whose
numerators and denominators are whole numbers.

Solution: We take 7g = 1, f(z) = 2* + 2 — 1, and we apply the Newton's
Method iteration

f (k)

=T — 7
O T i ) )
4
— kv 8
T T 1 (8)
We find that
4
Tog+xo—1 1 4

T X 4x0+1 5 57 ( )

4 -1 4 131 1393

4, + 1 5 1905 1905

4

dx

zvVinz

e
3. Use an appropriate substitution to evaluate the definite integral /
e

Solution: We let w = Inz. Then du = —x, uw =1 when z = ¢, and ©u = 4 when
x
x =e*. Thus

4

e 4
/ _dr o s
e u

il A =2/4—-2v/1=2. (11)

4
1

4. Use integration by parts to find /:c cos(3z) dx.

Solution: We let u = z, dv = cos3z dx. This gives du = dx and we may take

v =3sin3z. Then [udv =uv— [vdu becomes
1 1 .
/xcos(Sx) dx = 3sin 3r — 3 /sm 3z dx (12)
1 1
= 3%sin 3z + g cos 3z + C. (13)
5. Find

(a) )
/0 (1 + 22°)% dx

2



(b)

1
/ tan~! z dx
0

(a) Let u =1+2z% Then du = 62° dz—so that 2> dz = ¢ du. Also, u = 1 when
x =0, and v = 17 when = = 2. Thus

Solution:

2 1 [
/ 23 (1 +22%)3 do = —/ u® du (14)
0 6 /1
417 4
u 17 1
24, 24 24 3480 (15)
dz

(b) Let u = tan~'z, dv = dx. Then du = : 5, and we may take v = .

Integrating by parts, we obtain

+x

1 ! U xdx
/tan_lxdx:xtan_lx —/ 5 (16)
0 B 0o 1+
T 1 !
= — — —In(1+2? 1
[ g+ (7)
ISR (18)
S
8r—1
6 1nd/2$2+x_1dz
Solution: We must find constants A and B so that
r —1 Sr —1 A B
_ — 19
202+ -1  (z+1)(2x—1) a:+1+2x—2 (19)
A+2B —2A+ B

(@+1)(2z 1)

For this to be so, we must have A + 2B = 8 and —2A + B = —1. Adding twice
the first of these two equations to the second, we find that 5B = 15, or B = 3.
Substituting this latter value for B in either equation then gives A = 2. Thus

8r —1 8r —1
" " dr = 21
/2ﬂ+x—1¢t /[@+U@x—n}mj (21)
3 2
= 22
/[I+1+2$—11 da (22)
=3z +1|+In[2z -1+ C (23)



7. Use Simpson’s Rule with four subdivisions to find an approximate value of In 2 =

2
dx
/ —. Show what calculations you must perform and give your answer correct
x

1
to five digits to the right of the decimal point. How does your answer compare
to the value your calculator gives for In 27

Solution: Using Simpson's Rule with four subdivisions, we put z;, = 1 + %, where
k=0,1,...,4. Then

2de 171 4 2 4 17 2—-1
— e~ | — | (24)
1T 3lxg T X9 T3 T4 4
1 16 4 16 1 1747
~— 12 2 22 = 22500 0.693254. 2
12{+5+3+7+2} 2520 0.69325 (25)

In fact, In2 ~ 0.6931472, so the Simpson's Rule calculation is correct to three
decimal places..

8. Is the integral / ze ™ da convergent or divergent? If it is convergent, find its
0

value.
Solution:
& 2 T 2
/ re * dr = lim xe " dx (26)
0 T—oo J
7
ST 21)
1 [ e 1
=5 Jm e 1] =3 (28)

9. Find the area of the region enclosed by the curves y = 622 — 642 + 140 and
y =2z —4.

Solution: The two curves intersect at the points where

62 — 64 + 140 = 27 — 4; (29)

62 — 66z + 144 = 0; (30)

2 — 11z + 24 = 0; (31)

(z —8)(x —3) =0, (32)

or where x = 3 and where z = 8. The graph of the quadratic is a polynomial

opening upward, while the other equation graphs as a straight line. Consequently,
we need the area below the line y = 22 —4, above the parabola y = 622 — 642+ 140,



and between the vertical lines x = 3 and x = 8. So we must compute

8
/( 62° + 662 — 144) d
3

2x + 5
10. Find | ——d
o /:c2—|—4:c—|—8 o

Solution:

/ 2r+5
2 +4x +8

8
6/ 22 — 11z + 24) dx
3

1
<§x3 — —x + 243:)

GJ

3

2

12
6<5?—77 192)—#6(9—%—1—72

= 125.

/(2x+4)+1dx

2 +4x +8

d

/ 2 +4 d +/ 1
= ———— dzx —— ax
2?2 +4x + 8 (x+2)2+4

:/d(a:2+4a:+8)+/( d(z +2)

2?2 +4x + 8 r+2)2+4
1 2
zln(x2+4:v+8)+§arctanx—2|— +C.

)



MTH 2410, Calculus II—Exam III Apr. 16, 2003

Instructions: Solve the following problems. Present your solutions, including your reasoning, on
your own paper. Your work is due at 2:20 pm. You may keep this copy of the exam.

1. Show that the function f given by
flz) = C¥ —x—

where C is an arbitrary constant, is a solution of the differential equation 3’ — 3y = 3z. What
value should C have if y(0) = 17

2. A function y = y(t) satisfies the differential equation

dy

4 2
= -5 4.
di Y Y+

(a) What are the constant solutions of the equation?
(b) For what values of y is y decreasing? Why?

(¢) For what values of y is y increasing? Why?

3. A colony of bacteria contained 600 organisms when ¢ = 0. When ¢t = 24 hr, there were 38, 400
organisms in the colony. Derive an expression for N(t), the number of organisms in the colony
at time ¢, under the assumption of unconstrained growth. How many organisms were there in
the colony at time t = 10 hr?

4. Find y(x) given that e~y = y/1 —y? and y(0) = 0. What is the exact value of y(x) when
z=In (1 + %)7

5. Use Euler’'s Method with a step-size of 1/10 to find an approximate value for y(13/10) if
y(1) =1 and

dy 1
dt  t+y’

Show all of your intermediate calculations; either give your answers as fractions of integers or
maintain an accuracy of no fewer than five digits to the right of the decimal.
1)71—1

o0
6. Determine whether the series Z (7

on converges or diverges. Give all of your reasoning.
n

n=1

o0
7. Show how to use the Integral Test to determine whether the series Z

n=2

——— converges o
(o n)? nverges or

diverges.

8. For what values of x does the series

i 1 (z+1\" (x4 L1l 2+1 z+1 3+1 z+1 4+
k:12k71 z—1 o \z-—1 2\z—1 2 \z—1 28 \z—1

converge?




MTH 2410, Calculus IT—Exam III Apr. 16, 2003

Instructions: Solve the following problems. Present your solutions, including your rea-

soning, on your own paper. Your work is due at 2:20 pm. You may keep this copy of the
exam.

1. Show that the function f given by

flz) = Ce’® —x — %,

where C is an arbitrary constant, is a solution of the differential equation vy’ —3y = 3z.
What value should C' have if y(0) = 17

Solution: If f is as given, then
fl(x) = 3Ce* -1,

so that

Fl@)—3f(x) = (3C€™ —1)—3 <ce3ﬂc e ;)

= 30 —1-3Ce* +3x—1

= 3z,

and we see that f satisfies the given differential equation.

In order to have y(0) = 1, we must have

I = f(0)
1
— 03-0 0 -
c 3
1
— C_f
37
4
h C=-.
whence 3

2. A function y = y(t) satisfies the differential equation

dy

4 2
= -5 4.
dt ) Yy +

(a) What are the constant solutions of the equation?
Solution: We have 3/ = 0 when y*—5y?+4 = 0. But y*—5y2+4 = (y?>—4)(y>—1),
and the latter is zero only when y = +2 or y = 1. The constant solutions are thus
y==2and y =+1.

(b) For what values of y is y decreasing? Why?

Solution: We know that the sign of 3/ is the same of the sign of (y% —4)(y? — 1).
The latter is positive when both factors are positive and when both factors are



negative; it is negative when one factor is positive but the other is negative. Both
factors are negative only if 42 < 1, or equivalently —1 < y < 1. Both factors are
positive only if 4 < 42, or equivalently, y < —2 or 2 < y. On the other hand, one
factor is positive and the other negative when 1 < y? < 4, which is equivalent to
the condition that either —2 <y < —1 or 1 < y < 2. Thus y is decreasing when
either -2 <y<—-lorl<y<2.

(¢) For what values of y is y increasing? Why?

Solution: By the analysis in the preceding part of this problem, y is increasing
when either of the three conditions y < —2, —1 <y < 1, 2 < y holds.

3. A colony of bacteria contained 600 organisms when ¢ = 0. When ¢ = 24 hr, there were
38,400 organisms in the colony. Derive an expression for IV, the number of organisms
in the colony at time ¢, under the assumption of unconstrained growth. How many
organisms were there in the colony at time ¢ = 10 hr?

dN
Solution: Under the condition that growth is unconstrained, we have T kN, or
dN

A = k dt. Therefore

N t
/ dn- _ k:/ dr,
600 M 0

or In N —In600 = kt. This is equivalent to N = 600e**. But n = 38400 when t = 24,
5o 38400 = 600e2**. Thus e?** = 64, or 24k = In64 = In2% = 61n 2. This means that

1
k= 1 In2 = In2'/4, Consequently, N = 600¢e? 2t/ _ 600e™ 24 600 - 2/4,
When t = 10, this yields N (10) = 600 - 2°/2 = 2400+/2. This is about 3400.
4. Find y(x) given that e~ %y’ = /1 — y? and y(0) = 0. What is the exact value of y(z)

when x = In (1 + 1)7
Solution: The equation e~%y’ = /1 — y? separates as dy/\/1 — y? = e* dz, so
v g @
/ _ / e du, or
0 V1—w? 0
arcsiny = e* —1.

The latter equation can be rewritten as y = sin(e®” — 1), which is therefore the solution

to the given initial value problem. When z = In (1 + Z) we have

y = sin (eln(H%) — 1)

T
= sin(1+->-1
sm( —|—4 )

V2

5



5. Use Euler’s Method with a step-size of 1/10 to find an approximate value for y(13/10)
if y(1) =1 and
dy _ 1
dt  t+y
Show all of your intermediate calculations; either give your answers as fractions of

integers or maintain an accuracy of no fewer than five digits to the right of the decimal.

Solution: In order to apply Euler's Method to this differential equation with step size
1/10, we put

1
h = —;
10
1
F(t, = —.
(t,y) "
We need y3, where
tO = 17
yo = 1
and, when k > 1,
by = tp_1+h;
Ye = Yk—1+ hF(tk—1,Yk-1)
Thus
P 11
1 = 107
- 14 1 1 21
o= 10 T3 7 200
Lo 12
2 - 107
21 + 1 1 943
V2o = 55T 10 12 L 21 T Ran’
20 10 5435 860
P 13
3 - 10?
943 1 1 387277
U5 T %60 T 10 By 9B T 339700°
10 t 860
(_1)n71

o0
6. Determine whether the series Z on converges or diverges. Give all of your
n
=1

reasoning.
Solution: For every positive integer n, we have n2" < n2" -2 = n2"+t! < (n 4 1)27+1

1 1
Therefore o > m > 0, and the terms of the sequence o V= 1,2,3,...,
1 —1)"1

o
. : , , (
are decreasing. Moreover, nh_}rglo o = 0. By the Alternating Series Test, E AT
n—
converges.



1

n(Inn)? con

(o9}
7. Show how to use the Integral Test to determine whether the series Z
n=2

verges or diverges.

Solution: Let f(z) = :L'(lr}x)2 = [z(Inz)?]7L. Then
fiz) = —[z(n2)’)*[(Inx)* + z(Inz)(1/)]
B 2+Inx
i)

which is negative for all z > 1. Consequently, f is a decreasing function on the interval
[2,00). We also have, using the substitution v = Inz; du = dz/z,

T InT
/ dr = / w2 du
2 z(lnz)? In2

B 1 InT
Uln2
-1
~ In2 InT’
. 1 : : ~©  dr
and this goes to (In2)™" as 7' — oo. Thus, the improper integral converges.
2 x(lnzx)?
oo
By the Integral Test, the series ?12::2 W converges as well.
8. For what values of x does the series
i 1 <x+1>k B <m—|—1> L1 <x+1>2+ 1 <x+1>3+ 1 (.ch+1>4+
mokt\z—1) \z-1) 2\z-1 22 \z -1 2 \z—1
converge?
. Lo . . 1l /z+4+1
Solution: The series is geometric, with common ratio slo—1) and therefore con-
x —

verges when, and only when,

()] <
2\zx—1 '

In order to solve this inequality, we first note that it is equivalent to the compound

inequality
z+1

T —

-2 < < 2.

In order to solve the first of these two inequalities, we add two to the first two members
to obtain

1

0 < s + 2, or
r—1
< 3z —1
r—1



This inequality holds when numerator and denominator are both positive or when the
numerator and denominator are both negative, i.e., when x < 1/3 or = > 1. The second
of the two inequalities in the compound inequality is

1
T -2 < 0, o0r
r—1
3—x
0.
r—1

Here, numerator and denominator must have opposite signs, and, solving through an
analysis similar to what we have just done, we find that x < 1 or x > 3. The series
therefore converges when x meets both of the conditions

(a) x<1/3orz>1, and
(b) x<lorz>3

simultaneously. Equivalently, the series converges when x > 3 or x < 1/3.



MTH 2410, Calculus II—Final Exam May 12, 2003

Instructions: Solve the following problems. Present your solutions, including your rea-
soning, on your own paper. Your work is due at 2:25 pm. You may keep this copy of the

exam.

1.

o0
. Show how to use the Integral Test to determine whether the series Z
n=1

. Find the radius of convergence for the series Z(—l)

Find the limits:

li 1
(a) Jim zlne

t _
(b) lim 2 "7
r—0 r —sInx

o
. Determine whether the improper integral / ze ™ dr converges or diverges. If it
0

converges, find its value.

n(lnn)? con

verges or diverges.

. Show how to use Newton’s Method, together with your calculator, to approximate the

root of the equation x* + 82 — 8 = 0 that lies in the interval [0, 1]. Use 29 = 1 as your
initial guess and give both z; and x2 as fractions whose numerators and denominators
are whole numbers.

Lok Give the interior of

k=1
the interval of convergence. Justify your conclusions.

. The base of a solid is the triangle cut from the first quadrant by the line 4z + 3y = 12.

Every cross-section of the solid perpendicular to the y-axis is a square. Find the
volume of the solid.

Find y(z) given that y' = y(1 — x) with y(0) = 2. What is the exact value of y(x)
when z = 17

. Find a whole number N which has the property that

whenever n > N and —



MTH 2410, Calculus II—Final Exam May 12, 2003

Instructions: Solve the following problems. Present your solutions, including your rea-
soning, on your own paper. Your work is due at 2:25 pm. You may keep this copy of the
exam.

1. Find the limits:

li 1
(a) Jim zlny

t —
(b) lim ¥ "7
z—0 r —Ssinx

Solution:
(a) We begin by noting that if we write

lim zlnz = lim Inz (1)

z—0t z—0+ (1
X

then we may try to use |I'Hopital’s rule on the fraction because both its numerator
and its denominator become unbounded as z — 0. Thus,

(z)

lim zlnxz = lim

(2)

z—0t z—0t (—;12)
.TQ
=—lim —=— lim z=0. (3)
z—0t T z—0t

(b) We may again attempt a I'h6pital’s rule solution, because the limit in the numerator
and the limit in the denominator are both 0. We find that

tanx — x sec2r —1

lim ———~ = lim ——— (4)

=0 r —sinx x>0 1 —cosz
sec? x(1 — cos? x)

= li 5
xli% 1 —cosx ( )
= 1 3
= (lim sec? x) . <lirn (1 —eos)(1 + COMC)) =2. (6)
z—0 z—0 1= T

oo
2. Determine whether the improper integral / ze ™ da converges or diverges. If it
0

converges, find its value.



Solution:

2T

:——1. T
2 ©

1 1 _T2
g g me =5 (10)

oo
3. Show how to use the Integral Test to determine whether the series E —
ot n(lnn)

verges or diverges.

Solution: Let f(z) = x(hia:)z = [z(Inz)?]"'. Then
fiz) = ~[z(n)’)*[(Inz)? + z(lnz)(1/z)]
B 2+Inzx
T 22(lnx)d)

which is negative for all x > 1. Consequently, f is a decreasing function on the interval
[2,00). We also have, using the substitution u = Inx; du = dz/z,

T InT
/ du = / w2 du
o x(Inz)? In2

B 1 InT
Ul 2
1 1
~ In2 InT’
. 1 . . < dx
and this goes to (In2)™" as 7" — oo. Thus, the improper integral converges.
9 z(lnz)?

oo
By the Integral Test, the series Z converges as well.
n=2

n(lnn)?

4. Show how to use Newton’s Method, together with your calculator, to approximate the
root of the equation 2* 4+ 8z — 8 = 0 that lies in the interval [0,1]. Use 2o = 1 as your
initial guess and give both x1 and x5 as fractions whose numerators and denominators
are whole numbers.

Solution: We set 29 = 1 and f(z) = 2*+82—8. Then we employ the Newton interation
scheme

et — 1p f(zg) R zy + 8z — 8
i f'(z) 4xi+8

(11)




This gives

1+8-8 11
2 1+8 12 (12)
11 (1) +8 ()-8 69937 (13)
T3 = —= — 3 = .
12 4 (%) +8 76592
> (z +2)F
. Find the radius of convergence for the series Z(—l)k ok Give the interior of
k=1
the interval of convergence. Justify your conclusions.
Solution:
k+1 9 k+1 ]{22k
i (g [ 2 (14)
|z +2] . k
= lim —— 15
2 koo k+ 1 (15)
2 1 2
I, 1:|f'3+ ] (16)
2 k—oo 1 + 5 2
This limit is less than one when —4 < 2 < 0, one when x = —4 and when z = 0, and

larger than one when x < —4 and when = > 0. By the Ratio Test, the series converges
when —4 < x < 0 and diverges when z lies in (—oo, —4) U (0, 00). The required interior
is therefore (—4,0).

. The base of a solid is the triangle cut from the first quadrant by the line 4z + 3y = 12.
Every cross-section of the solid perpendicular to the y-axis is a square. Find the
volume of the solid.

Solution: If we assign the value ¢ to y, then the corresponding value of x is

3
=3— -1 17
r=3- "1, (7)
so the base of the cross-section at y = ¢ has length 3 — 3¢ and area A(t) = (4 — %t)Z.
The solid extends from y = 0 to y = 4. Consequently, the volume of the solid is

4 3\? 4 9 9
—Zt) dt= — Zt4+ —t%) dt 1
/0(3 4) /0(9 2*16> (18)

4
92 33
= (9t— 282+ ¢
(9 4 +16)

= 12. (19)
0

. Find y(z) given that ¢ = y(1 — z) with y(0) = 2. What is the exact value of y(z)

when x = 17

Solution: We must have

y(@) =1—2x, so
/0 0 dt/o (1—t)dt (21)



Now y(0) =2 > 0, so when z is close to 0, y(z) > 0. For such x, we have

Iny(z) — Iny(0) = —%(1 _ 42 : or (22)
lny(x):ln2+%—%(1—x)2. (23)

Thus,
y(z) = 2exp <ac - ;:ﬁ) , (24)

where, for ease of reading, we have employed the convention e = exp(u). From this
expression, it now follows that y(1) = 2/e.

. Find a whole number N which has the property that

n—1
1 1
k
Sl <L
Pt 1—=x 20
7 7
whenever n > N and -3 <z < 3
Solution: We know that
n—1
1—x™
k _
" = T (25)
k=0
as long as x # —1, so
n—1
1—2z" 1—x™ z"
k
_ =1— = . 2
Z v 1—=x 1—2x l1—=x (26)
k=0

Consequently, we would like to choose N so that when n > N and z is in the given
interval we will have

< —. (27)

x
— 20

1—=x

When —% <z< %, we note, that —% < —z < %, and, adding one to all three members
of this inequality, that

1 7 7 15
—=1—-=-<1- 14+-=—. 2
g 8< T < +8 g (28)
Therefore,
8 1 8
— - 2
0<15<1—x 1 (29)



Thus, —— is larger that =, which means—among other things—that —— = —— and
1-z 15 [1—z] 1-x
this latter fraction is smaller than 8. Hence,
= < 8lz|" < . 30
1—z 1—z =1 gn—1 (30)
On account of this latter inequality, we need only be able to guarantee that
N1
7\ = — 31
(8) < gy O (31)
(AN
— — 2
() < &2
when n is large enough. This will be so precisely when
7
(n—1)In s <~ In 140, (33)
or, because ln% =1In7 — In8 is negative, when
In 140
1+ —— ~ 37.01. 34
S Py e (34)

Now N must be a whole number larger than 37.01, so we may take N = 38.



MTH 2140, Calculus II, Exam 1 September 14, 2005

Instructions: Write out, on your own paper, complete solutions of the following problems.
Your grade will depend not only on the correctness of your conclusions but also on your
presentation of correct reasoning that supports those conclusions. Your paper is due at
1:50 pm.

1. Show how to evaluate the following limits:

. 22— 5x
(a) Tim 5
Inz
(b) Jim &

2. Apply Newton’s Method to find an approximation to the root in [1, 2] of the equation
23+ 2 —4=0. Take z; = 1.5 and give 25 and x3. Maintain at least 8 correct digits
in all of your calculations.

2 2
3. Show how to evaluate / (Inz)

1 X

dx and give the value.

4. Show how to use the substitution x = asinf to transform the definite integral
a
/ v a? — 22 dz into another definite integral. Then evaluate the latter definite in-

0
tegral.
5. Show how to evaluate / z e** dz and give the value.

6. Show how to use the method of partial fractions to evaluate / _ Swdw and
(x+2)(x—1)

give the value.
9 dx .
7. Show how to evaluate —— and give the value.
0 VT

8. Show how the substitution 3z — 4 = u® reduces the integral
xdz
V/3r —4

to an integral of a polynomial. Then use what you have shown to evaluate the original
integral.



MTH 2140, Calculus II, Exam 1 September 14, 2005

Instructions: Write out, on your own paper, complete solutions of the following problems.
Your grade will depend not only on the correctness of your conclusions but also on your
presentation of correct reasoning that supports those conclusions. Your paper is due at

1:50 pm.

1. Show how to evaluate the following limits:

(a)

I 22— 5x
m-—-————
xr—5 $2 —4x —5

Solution:
. x? — b . x(x —5)
llm ———— = lm-—n——">—
z—5 12 — 4 — 5§ r—5 (:L‘+1)(ZE—5)
= lim :c = §
T 255 r—+1 o 6

One may also use L'Hopital's Rule. Of course, this requires that one first explain
how one knows that the rule is applicable.

lim ln—x

Solution: The limit in the numerator is infinite, and so is the limit in the denomi-
nator. We may therefore attempt L'Hé6pital's Rule:

lim ln—x = lim (1/z)
o0 I3 =00 312
= Jmas =0

2. Apply Newton’s Method to find an approximation to the root in [1, 2] of the equation
23+ —4. Take 7 = 1.5 and give x9 and z3. Maintain at least 8 correct digits in
all of your calculations.

Solution: We take x1 = 1.5, and

f(xk)
TR T TR T )
$% +x — 4
3z +1




Thus,

(1.5)>+1.5—4
3(1.5)2+1
= 1.3870967742, while
(1.3870967742)% 4 1.3870967742 — 4
3(1.3870967742)2 + 1

o = 1.5 —

x3 = 1.3870967742 —
= 1.3788389476.

dx.

2 2
3. Show how to evaluate / (In )

1 X

d
Solution: Let u = Inx. Then du = —x, while z = 1 implies © = 0 and x = 2 implies
x

2 1 2 In2
/ (Inz) dr = / u? du
1 T 0

u = 1In2. Hence

In2 3
1
_ 13 _ (In2) ‘
3 3
4. Show how to use the substitution z = asinf to transform the definite integral

/ vV a? — 22 dz into another definite integral. Then evaluate the latter definite in-
tegral.

Solution: If z = asiné, then dx = acosfdf. Also, § = 0 when z =0, and 6 = 7/2
when z = a. Thus

/ Va2 —x2dx = / Va2 —a2sin?0-acos6db
0
= / \/a? 1—sm 0) - acosfdf

= a2/ cos? 6do
0

2 /2
= / (1 + cos260) db

/2

| S el [,

[\



5. Show how to evaluate /x e du.

Solution: Let us integrate by parts, taking v = z and dv = €2* dz. Then du = dz,

and v = €2%/2. thus:
/xe%da: = /udv

= uv—/vdu

1 1
= 5.7362:6 — 2/629” dx

1 1
— ierJ: _ 162511 +C.
. . 3z dx
6. Show how to use the method of partial fractions to evaluate | ———————.
(x+2)(x—1)

Solution: We need to expand the integrand (a;—l—;;g(cx—l) in the form
3z A B
@+2)@-1) w42 w-1
Az —1)+ B(z +2)
(x+2)(x—1)
(A+B)x + (—A+2B)
(x4 2)(x —1)

Consequently,

A+B = 3
—A+2B =

Adding these latter equations gives 3B = 3, whence B = 1. Putting B = 1 into the first
of the latter displayed pair of equations, we find that A = 2. Hence,

3z dx 2 1
/(:C+2)(x—1) - /<JJ+2+$—1> de
_ 2/ dz +/ dz
T+2 z—1
= 2lnjz+2/+njz-1+C
= ln!K(w+2)2(x—1)|.




9
d
7. Evaluate / —x.
0 VT
Solution: Note first that the integral is improper. Hence,
9 dx ) 9 dx
— = lim
0 ﬁ T—0t J1 \/5
. . . d
To evaluate the integral on the right, we make the substitution u = \/x. Then du = %
x

d
or \/—:)i = 2du. Also, u =3 when z =9, and u = vT when x = T. Consequently,
x

9 dx . 9 dx
— = lim —
0 \/5 T—0t Jp ﬁ
3
= 2 lim du
T—0t J/T
3
= 2 lim u
T—0+

VT
= 2 lim (3—-VT) = 6.

T—0+

8. Show how the substitution 3z — 4 = u? reduces the integral
xdx
N
to an integral of a polynomial. Then use what you have shown to evaluate the origi-
nal integral.

Solution: If we put 3z — 4 = 3, then x = (u® +4)/3 and dx = u® du. Thus,

vdr [(u® 4+ 4)/3] - u? du
(Br—4 / 3/ (u?)

1 [ ud+ du?

- 3/

= 3/u +4u) du
1

= 3 5u +2u>—|—C’

L BT ST )
15 3



MTH 2140, Calculus II, Exam 2 October 12, 2005

Instructions: Write out, on your own paper, complete solutions of the following problems.
Your grade will depend not only on the correctness of your conclusions but also on your
presentation of correct reasoning that supports those conclusions. Your paper is due at
1:50 pm.

1. Find the average value of the function f given by
f(x) = zsinz

on the interval [0, 7).

2. The region bounded by the curve y = 22 and the line y = 4 is revolved about the
y-axis. Find the volume of the solid generated in this fashion. (See Figure 1.)

0.5 1 1.5 2

Figure 1: Problem 2

3. A spring whose natural length is one foot stretches 1.2 inches when subjected to a
5-pound load. Find the work done when the spring length of the spring is increased
from 15 inches to 20 inches.



4. A curve is given parametrically by

z(t) = cost;

y(t) = sin®t.
Find the length of that part of the curve which corresponds to 0 < ¢ < /2.

5. Use the Trapezoidal Rule with 3 subdivisions to approximate the integral

4
1

——dx.

/1 1423 o

Report your approximation either as a fraction whose numerator and denominator
are both integers or to at least five significant digits.

6. Briinhilde is working an engineering problem, and she needs an approximate value
for the integral
2 1-2z
—dz.
_94/1+ 4

She has found that the Simpson’s Rule approximation for the integral using 10 sub-
divisions is, to six significant digits, 2.71538. But she doesn’t know how many of
those digits to trust. Make appropriate use of the six figures below to estimate po-
tential error in her approximation. Explain your reasoning.

-0.5

Figure 2: Graph of f(x)



Figure 3: Graph of f/(z)

-2 1 2
Figure 4: Graph of f”(x)
10
-2 1 W
-5
-10

Figure 5: Graph of f©®(z)



80
60
40

/)

20
-2 - 1 2
-2
0

Figure 6: Graph of f®(z)

400

200

AR NTAN

-2 -1 1 2
-[200

400

Figure 7: Graph of f©®(x)



MTH 2140, Calculus II, Exam 2 October 12, 2005

Instructions: Write out, on your own paper, complete solutions of the following problems.
Your grade will depend not only on the correctness of your conclusions but also on your
presentation of correct reasoning that supports those conclusions. Your paper is due at
1:50 pm.
1. Find the average value of the function f given by
f(x) = zsinz

on the interval [0, 7).

Solution: The average value is

1 s
— rsinxdx.
™ Jo

We integrate by parts, taking ©u = x and dv = sin x dx, whence du = dx and v = — cos x.

Thus
1 ™ ™ ™
/ rsinzdr = +/ Cosxdx}
™ Jo 0 0

| -1
0

2. The region bounded by the curve y = 22 and the line y = 4 is revolved about the
y-axis. Find the volume of the solid generated in this fashion. (See Figure 1.)

|:—LU COSsT

1
m
1
m

[w +sinx

Solution 1 (Disks): Cross-sections of the solid perpendicular to the y-axis are disks.
Because y = 22, we have z = \/Y, so the cross-section at height y has radius ,/y. The
vertical extent of the region is from y = 0 to y = 4. Hence, volume V is given by

4
v = ”/0 (VB)? dy

4
= ﬂ/ydy
0

4

y?| = 8.

T
2

0



0.5 1 1.5 2
Figure 1: Problem 2
Solution 2 (Cylindrical Shells): Using the method of cylindrical shells leads to

2
vV = 271'/ z(4 — 2?) dx
0
4
= o222 - L
(%)

. A spring whose natural length is one foot stretches 1.2 inches when subjected to a
5-pound load. Find the work done when the spring length of the spring is increased
from 15 inches to 20 inches.

2

0

Solution: 1.2 inches is 0.1 feet. Hooke's Law for this spring thus requires that 5 = 0.1k,
or k = 50. Taking conversion of inches to feet and an equilibrium position of 1 foot into
account, we find that the work required to stretch the spring from a length of 15 inches
to a length of 20 inches is

2/3
W = 50/ T dr
1

/4
2/3

= oone2[ = BBy
" 144




4. A curve is given parametrically by
z(t) = cost;
y(t) = sindt.
Find the length of that part of the curve which corresponds to 0 <t < /2.

Solution: We have 2/(t) = —3cos?tsint and 3/(t) = 3sin®# cost. Hence

/2
5 = /D VIO T G OPdt

w/2
= / \/9cos4tsin2t+9(:os2tsin4tdt
0

/2
= / \/9 cos? tsin?t (cos? t + sin?t) dt
0

w/2
= 3/ sintcostdt
0
3 T2 3
= Zsin’t = —.
2 0 2

5. Use the Trapezoidal Rule with 3 subdivisions to approximate the integral

4
1
/fdx.
1 1"‘1’3

Report your approximation either as a fraction whose numerator and denominator
are both integers or to at least five significant digits.

Solution: According to the Trapezoidal Rule,

4
[ @y~ 5l50)+26@)+273) + )

11 2 2 1

- 2<1+1+1+8+1+27+1+64>

13313\ 3313
2(4095) T 8190

6. Briinhilde is working an engineering problem, and she needs an approximate value
for the integral
2 1-22

—2V1+ 2t

3

dz.



She has found that the Simpson’s Rule approximation for the integral using 10 sub-
divisions is, to six significant digits, 2.71538. But she doesn’t know how many of
those digits to trust. Make appropriate use of the six figures below to estimate po-
tential error in her approximation. Explain your reasoning.

M(b— a)®
180n*
the number of subdivisions and M is any number for which |f(*)(z)| < M for all 2 that
lie in [a,b]. From Figure 6 we see that we may take M = 90 in this case. Thus error in

Briinhilde's approximation with n = 10 is at most

Solution: Error in Simpson’s Rule is bounded in magnitude by , Where n is

Mb—a)®  90[2—(-2)
180nt  180(10)4
— 32 o512
625

Briinie had better not trust any of the digits to the right of the “7".

Figure 3: Graph of f/(x)



2
-2 1 2
Figure 4: Graph of f"(x)
10
2 -1 VZ
-5
-10

Figure 5: Graph of f(®(z)

80
60
40

Ny

Figure 6: Graph of f®*(z)




400

200

aRNTAN

-1 1
-[200

400

Figure 7: Graph of f©®(z)



MTH 2410, Calculus II, Exam 3 November 9, 2005

Instructions: Write out, on your own paper, complete solutions of the following problems.
Your grade will depend not only on the correctness of your conclusions but also on your
presentation of correct reasoning that supports those conclusions. Your paper is due at
1:50 pm.

1. Let y(z) be the solution of the initial value problem

dy
-~z = 92 .
y(0) = L

Use Euler’s Method with step size 1/10 to find an approximate value for y(0.2).
Show the calculations that support your answer.

2

2. Find the area enclosed by the polar curve r* = cosf. (See Figure 1.)

0.6

0.4

0.2

Figure 1: 72 = cos 6



3. Determine whether each of the following sequences is divergent or convergent. If
convergent, give the limit; if divergent, explain how you know.

nn2
(@) an =20
(b) an:ﬁ

(¢) ap=In(n+1)—Ilnn

4. Determine whether each of the following series is divergent or convergent. Explain.

(a) > 3"
n=1

5TL
b
e
e 3n+2
(0 3%
n=1
5. Find the solution of the initial value problem:
dy 2
dﬁl’,’ + y )
y(1) = 0.

6. A tank contains 30 kg of salt dissolved in 7500 L of water. Brine that contains 0.03
kg of salt per liter enters the tank at a rate of 25 L/min. The solution in the tank
is kept thoroughly mixed and drains from the tank at the same rate that the brine
enters. How much salt remains in the tank after half an hour?



MTH 2410, Calculus II, Exam 3 November 9, 2005

Instructions: Write out, on your own paper, complete solutions of the following problems.
Your grade will depend not only on the correctness of your conclusions but also on your
presentation of correct reasoning that supports those conclusions. Your paper is due at
1:50 pm.

1. Let y(z) be the solution of the initial value problem

dy
2 = 9 .
d"E fL’ + y?

y(0) = 1.

Use Euler’s Method with step size 1/10 to find an approximate value for y(0.2).
Show the calculations that support your answer.

Solution: For this initial value problem, Euler's Method requires us to calculate

zg = 0

Yo = 1L

rr = xp_1+0.1, k = 1,2;

Ye = Ye-1+(0.1)- Czp—1 +yk), B = 1,2
Thus

21 = 0401 = 0.1;

y1 = 1+(01)(2-04+1) = 1.1;

2 = 01+01 = 0.2;

ypo = L1+ (0.1)[2)-(0.1)+(1.1)] = 1.23.

2

2. Find the area enclosed by the polar curve r* = cosf. (See figure.)

Solution: The entire curve is swept out as 6 ranges over the interval [—7/2,7/2], so

w/2
A = 1/ r2 de
2 —7/2

1 w/2
= / cos 0 db
2 —m/2

/2

1
— y i 9
5 sin

—/2



0.6

0.4

Figure 1: 72 = cos 6



3. Determine whether each of the following sequences is divergent or convergent. If

convergent, give the limit; if divergent, explain how you know.

IITL2

(b) an = m
(¢) ap=In(n+1)—Ilnn

n

Solution:

(a) Numerator and denominator both grow without bound, so L'Hopital’s Rule applies:

2 2
lim In(n%) = lim (2n/n7)

n—00 n n—00 1
= lim — = 0.

n—oo N
This sequence is convergent.
(b) We have
lim — I !
im im
o T4 o (1/m) + (1)

oo,

because (1/n)+ (1/y/n) — 0 as n — oo, while the 1 in the numerator of the main

fraction is fixed. This sequence diverges.
(c) We have

lim [In(n + 1) — Inn]

n—oo

This sequence converges.

(a) > 3"
n=1

lim In (n +1

n—oo n

lim In <1 + (1/n)>

n—oo 1

In lim (1 + (1/n))
Nn—00 1

Inl = 0.

4. Determine whether each of the following series is divergent or convergent. Explain.



o

5n

n=1

x 3n+2

CHIE

n=1

Solution:

(a) lim, 00 3™ = 00 # 0. Consequently, the series fails the gateway test for conver-
gence, and so must diverge.

(b)

) o" ) (5/4)"
1 — P S —
Jim T Jim G 1 oo # 0,

because (5/4)™ — oo while (3/4)" — 0 as n — oo. So this series also fails the
gateway test for convergence. It must therefore diverge.

()
Dl S AR
~ 55 5

n=0

has the form a > > ;7" with r = 3/5—so that |rr| < 1. Consequently, this series is
a convergent geometric series.

5. Find the solution of the initial value problem:

dy 2
-~ - 1 .
dx +y Y
y(1) = 0.
Solution: We write
dy
1542 = dx; whence
d
rvw = [
1492
arctany = x4 ¢
y = tan(x + c).
But y(1) = 0, so 0 = tan(l + ¢). This means that ¢ = —1, and the solution is

y(z) = tan(x — 1).



6. A tank contains 30 kg of salt dissolved in 7500 L of water. Brine that contains 0.03

kg of salt per liter enters the tank at a rate of 25 L/min. The solution in the tank
is kept thoroughly mixed and drains from the tank at the same rate that the brine
enters. How much salt remains in the tank after half an hour?

Solution: Let S(¢) denote the amount of salt, in kg, in the tank ¢ minutes after the brine
begins entering the tank. Salt enters the tank at the rate of (0.03) - (25) = 0.75 kg/min.
The concentration of salt in the tank at time ¢ is S(¢)/7500 kg/L. Hence salt leaves the
tank at the rate of [S(¢)/7500] - (25) = S(t)/300 kg/min. Therefore

ds
di
ds

300—
dt

300dS
225 -8
s

300/ 225 —
—3001n |225 — S|

In |225 — S|

225 -8
S

But S(0) = 30 is given, so

30

S(0)
225 — O’
225 — C,

0.75 —

ﬁ’ or

225 — S;

so that C' = 195. Thus S(t) = 225 — 195¢*/3%0_ Finally, half an hour after the brine
starts flowing, we have S(30) = 225 — 195¢30/300 = 225 — 195¢1/10 = 48.56 kg.



MTH 2410, Calculus II, Final Exam December 12, 2005

Instructions: Write out, on your own paper, complete solutions of the following problems.
Your grade will depend not only on the correctness of your conclusions but also on your
presentation of correct reasoning that supports those conclusions. Your paper is due at
1:50 pm.

1. Find the radius of convergence for each of the series

o0
ok 4.k
() ) 5
k=0
oo I3k+1

(b) £ 3k + 1)!

2. The region bounded by the curve y = x? and the line y = 4 is revolved about the
y-axis. (See Figure 1.) Find the volume of the solid generated in this fashion.

0.5 1 1.5 2

Figure 1: Problem 2

3. Show how the substitution 3z — 4 = u® reduces the integral

T dr

3x—4



to an integral of a polynomial. Then use what you have shown to evaluate the original
integral.

. Show how to use the Integral Test to determine whether or not the series

o
g ke F
k=1
converges.

. Determine which of the following series converge and which diverge. Give your rea-
soning.
©.°] n
3
@ > (3)
k=1
(b) — 3k% +3
3
P k® + 3k

. Find the Maclaurin series (i. e., the Taylor series centered at = = 0) for the function
f(z) =In(1 — 2?). What is its radius of convergence?

. Find the solution of the initial value problem:

dy 2
< =1 .
ydm +y )

y(0) = -L

/°° dx
s x(lnz)3/2

converge? diverge? Support your conclusion.

. Does the integral



MTH 2410, Calculus II, Final Exam December 12, 2005

Instructions: Write out, on your own paper, complete solutions of the following problems.
Your grade will depend not only on the correctness of your conclusions but also on your
presentation of correct reasoning that supports those conclusions. Your paper is due at
1:50 pm.

1. Find the radius of convergence for each of the series
X 9k,.k
2%z
@) 2 Tz
k=0
© IESk—H

OB (3k +1)!

k=0

Solution:

()

2k+1$k+1
. (k+ 1)2 ) 2k+1|$’k+1k2
lim ————4%— lim ————
k:2
2
= 2 lim ———
el fim
2| lim ——
= im ——=
r k—oo 1 + k=2
= 2|z|.

This is less than 1 when |z| < 1/2, so, by the Ratio Test, the radius of convergence
for this series is 1/2.

(b)

3k+4
. (3k+4)!’ . \x|3k+4(3k+ 1)!
lim ————— = lim
k—oo | g3kF1 k—oo |z|3k+1(3k + 4)!
(3k + 1)!

1
= 31
e Bk T 33k £ 2)

= 0.

By the Ratio Test, this series converges for all values of x, and its radius of conver-
gence is o0.



2. The region bounded by the curve y = 22 and the line y = 4 is revolved about the
y-axis. (See Figure 1.) Find the volume of the solid generated in this fashion.

0.5 1 1.5 2
Figure 1: Problem 2
Solution: If y = 22, then 2 = /Y- Hence the volume of the solid given is
4 ) 4
[ Wtay = [y
0 0
4

= 8.
0

7Ty2

2

3. Show how the substitution 3z — 4 = u? reduces the integral
xdx
V3x —4

to an integral of a polynomial. Then use what you have shown to evaluate the original
integral.



Solution: If u? = 3z — 4, then z = (u +4)/3 and dx = u® du. Hence,

xdx B / [(u? 4 4)/3])(u? du)
Br—4 u

1

= 3/( Y4 du) du
1 2 1 2
= 1—5u5+§u2+c = B(3x—4)5/3+§(3x—4)2/3+c.

4. Show how to use the Integral Test to determine whether or not the series

i ke *
k=1

converges.

Solution: Let f(z) = ze ™. Then f/(z) = e —ze ™ = (1 —z)e ™. Nowe * >0
for all z, and (1 — ) < O for all z > 1. Hence f is a positive decreasing function on
[1,00). By the Integral Test, the series Y ;- ke™* converges iff the improper integral

floo xe~* dx converges. Taking u = z and dv = e ® dx, we have du = dx and v = —e™ 7.
Therefore
oo T
/ ze ¥dr = lim ze Tdx
1 T—0o0 /4
T T
= lim |—ze ®| + / e’ dac]
THOO 0 0
T
= lim (Te 7)) — lim e™®
T—o0 T—o0 0
= lim (Te ?)— lim e T +1.
T—o0 T—o0
Now lim e~ =0 and
T—o00
lim Te? = lim —
T—o0 T—oo €

. 1 SEVURNT
= Tlgréoe—T = 0 by L'Hépital’s rule.

The integral therefore converges and so does the series.

5. Determine which of the following series converge and which diverge. Give your rea-
soning.



k=1

> 3k%2+3
(b) S EECTA

£ k3 + 3k

Solutions:

(a) This is a geometric series with common ratio 3/5 < 1. It therefore converges.

o0

1
(b) The harmonic series Z z diverges. Moreover,
k=1
3k* + 3
k3 + 3k Y 3k + 3k
im ~———~ = lim —4/———
k
3+ 3k2
lim —— = 3.
Ty se? °
o 3k?
By the Limit Comparison Test, the series kZ: EpETS diverges.

6. Find the Maclaurin series (i. e., the Taylor series centered at x = 0) for the function
f(z) =In(1 — 2?). What is its radius of convergence?

Solution: Let p(u) =In(1 — u). Then when |u| < 1 we have

1
/ e —
= l-u—u?—ud—--.
Thus if |u| < 1 we have
w2 wd ot
@(U):C—U—j—g—z—
and, because ¢(0) = 1, we must have ¢ = 1. Putting u = 22, we have
4 6 8
In(1—2?) = 1—3:2—%—%—%—---,

for which the radius of convergence is 1.



7. Find the solution of the initial value problem:

dy 2
ydx +y7
y(0) = —L

Solution: Separating variables and integrating, we obtain

d
vly
1+y?
d
/ ydy  _ /dx;
1492
1
§ln(1+y2) = T+
In(1+4?) = 2z+c
1+9° = Ce*
P o= Ce* —1;
y = +vCe2r —1.
But we are given y = —1 when z = 0, so -1 = +v/C — 1, whence C' = 2 and

we must take the minus sign. The solution to the initial value problem is therefore

y=—v2e? —1.

8. Does the integral

/°° dx
o x(lnz)3/2
converge? diverge?
Solution: We have
/00 dx , T da
———— = lim _—.
o z(lnz)3/2 T—oo Jo  x(lnz)3/?

If we take v = Inz, then du = dx/x. Also, x =2 =wu=In2andz =T = u=InT.
Thus

i T dx i InT du

1m —_— = 1m =

T—oo Jo .’L'(h’l :L')3/2 T—o0 Jin2 u3/2
InT

- 1 —2
o Tl—Igo u1/2

The integral converges.



MTH 2410, Calculus II—Exam 1 Feb. 7, 2006

Instructions: Write out, on your own paper, complete solutions of following prob-
lems. Your grade will depend not only on the correctness of your conclusions but also
on your presentation of correct reasoning that supports those conclusions. Your work
is due at 2:50 pm. You may keep this copy of the exam.

1. Find the limits:

(a) lim zlnx

x—0

(b) lim

z—0 xs

T —sinx

2. Use an appropriate substitution to evaluate the definite integral / .
nx

3. Use integration by parts to find /xcos(?)x) dz.
4. Find
4
(a) / V9 + 22 dx

(b) /tan xdz

5. Fmd/ v —1 dx
(2x —1)(x+ 1)

6. Use Simpson’s Rule with four subdivisions to find an approximate value of

3dx
/ —. Show what calculations you must perform and give your answer cor-

1
rect to five digits to the right of the decimal point.

oo
7. Is the integral / ze ™ da convergent or divergent? If it is convergent, find its
0

value.

20+ 5
8. Fi d/
n x2+4x+8



MTH 2410, Calculus II—Exam 1 Feb. 7, 2006

Instructions: Write out, on your own paper, complete solutions of following prob-
lems. Your grade will depend not only on the correctness of your conclusions but also
on your presentation of correct reasoning that supports those conclusions. Your work
is due at 2:50 pm. You may keep this copy of the exam.

1. Find the limits:

(a)

lim xlnx
r—0t
(b)
. xr—sinx
lim ——
x—0 {ES
Solution:

(a) lim, o+ zInz = lim, ,o+(Inz)/(z~!), where both numerator and denomina-
tor become infinite as x — 0. We may therefore attempt L'Hopital’s Rule.

We get:
: . Inz
lim zlnz = lim —
z—0t z—0+ 1
-1
T
= lim
0t — 2
= lim —z = 0.
z—0*
(b) lim, ,o(x — sinz) = 0 and lim, ,o2®> = 0. We may therefore attempt

L'Hopital's Rule. This leads to:

T —sing . 1—cosx

x—0 373 x—0 31’2
) 1 —cos®x
=lim ————
2—0 322(1 + cos x)
1 .. sin x

320 22(1 + cos x)

. AN . 1
- lim ( ) - lim (—)
z—0 xT z—=0 \ 1+ cosz

o1

Wl = W+

1 1
2 6



4

dx

zvVInz
Solution: Let w = Inx. Then du = dz/x. Moreover, u = 1 when x = e and
u =4 when x = ¢*. So

e
2. Use an appropriate substitution to evaluate the definite integral /
e

4

€ 4
/ du = / w2 dy
e xVInz 1

4

= 2u'/?

3. Use integration by parts to find /xcos(Bx) dx.

Solution: Let u = z; dv = cos(3z)dx. then du = dx and v = (1/3)sin(3x).
Thus

1 1
/xcos(Bx) de =x - 3 sin(3x) — 3 / sin(3z) dx

1
= %sin(?)x) + 9 cos(3z) + C

4. Find
(a)
4
/ V9 + x2dx
0
(b)
1
/ tan~!z dx
0
Solution:

(a) Let w = 9+ 2% Then du = 2xdx, or dv = du/2. Moreover, when z = 0,
u =29, and when x = 4, u = 25. Hence

4 25
1
/x\/9+x2dx:§/ u'? du
0 9

25

1
_ 13




dx

(b) Let u = tan"'z, dv = dx. Then du = and we may take v = z.

_ 1+ a2
Integrating by parts, we have
1 1 1
d

/ tan ' rdr = xtan x| — / rar (1)

0 o Jo 1+a2
_ 11n(1+352)1—7T In /2 2)

42 o 4

8r —1
5. Find d
m‘/Qx—D@+U v

Solution: Let A and B be such that
8r—1 A B
@x—D@H4j_2x—l+x+l
_ Ar+1)+ B2z - 1)
2z —1)(x+1)
_ (A+2B)z+ (A-DB)
2z — 1)(z + 1)
Thus A + 2B = 8, while A — B = —1. Subtracting the second of these latter

equations from the first, we find that 3B =9, or B =3. Then A —3 = —1, so
A =2 Thus

8r— 1 2 3
dr = d d
!/Qx—D@+D v /ém—1x+/x+1x

=In[2z —1|+3ln|z+1|+C

6. Use Simpson’s Rule with four subdivisions to find an approximate value of

3
dx
—. Show what calculations you must perform and give your answer correct
x

1
to five digits to the right of the decimal point.

Solution: We have f(z) = 1/z. The points g = 1, 1 = 5/2, 5 = 2, 23 = 7/2,
and x4 = 3 divide the interval [1, 3] into four equal parts. Taking h = 1/2, Simpson'’s
Rule then gives for the integral the approximate value

g[f(fﬂo) +Af(x1) 4+ 2f (22) + 4f (w3) + f(2a)] = é 1+ % +1+ g - %
11
=10 1.10000.

oo
7. Is the integral / ze ™ da convergent or divergent? If it is convergent, find its
0

value.



Solution: The integrand is continuous on (0, 00), so we must consider

T

. _ 2
lim ze ¥ dx.
T—00 0

Let v = z%. Then du = 2w dx, or xdx = du/2. Also, u = 0 when z = 0, and
uw="T?when x =T. Thus

T ) T2
lim ze ¥ dr = lim — e “du
T—o0 0 T—o0 0
2
1. N
=g (=]
1 _T2
= — [hm <—e + 1)]
2 lT—0
1
=5

The improper integral converges to the value 1/2.

2¢ +5
.Find | —d
8. Fin /x2+4m—|—8 o

Solution: We have
/ 22x+5 dx:/(2$+4)+1dx
2 +4x+8 2 +4r +8
:/ 2c + 4 dm—i—/ dx
2?2 +4x + 8 (22 +4x+4)+4
:/ 20 +4 dx—i—/ dx
2?4 4x + 8 (x+2)2+4

1 2
=In|2® + 42 + 8| + 5 arctan <%) + C.




MTH 2410, Calculus II—Exam II Mar. 9, 2006

Instructions: Solve the following problems. Present your solutions, including your
reasoning, on your own paper. Do not use decimal approximations unless the nature
of a problem requires them. Your work is due at 2:50 pm. You may keep this copy
of the exam.

1. Find the volume generated when the region bounded by the curve y = /z, the
x-axis, and the lines x = 4, x = 9 is rotated about the line y = —1.

2. Find the area of the region that lies inside of the curve r = (2¢/2 — 1) cos § but
outside of the curve r = 2 — cos 6 (See Figure 1.)

Figure 1: Problem 2

3. The base of a solid is the triangle cut from the first quadrant by the line
4z + 3y = 12. Every cross-section of the solid perpendicular to the y-axis is a
semi-circle. Find the volume of the solid.

4. Use Euler’s Method with a step-size of 1/10 to find an approximate value for
y(13/10) if y(1) =1 and
dy

% = T+y.

Show all of the intermediate y values you obtain. Either give your answers as
fractions of integers or maintain a minimum of five digits accuracy to the right
of the decimal point.



5. Find y(z) given that e "y’ = /1 — y? with y(0) = 0. What is the exact value
of y(x) when x = In (1 — %)7

6. Use the accompanying figures to determine how many subdivisions will be re-
quired to obtain a Midpoint Rule approximation, accurate to within 1075 for

/ () de,

where f(z) = cosx3. Be sure to explain all of your reasoning. (Do not try to
find the Midpoint Rule approximation in question.)

1

0.5

Figure 2: Problem 6, Graph of f(x)

5
W.s 2

-5

-10

Figure 3: Problem 6, Graph of f’(z)



50
25

0.5 —1 ~ 1.5
-25

-50
-75
-100

Figure 4: Problem 6, Graph of f”(z)

1500
1000

500

0.5 1 1. 2
-500

Figure 5: Problem 6, Graph of f(®(z)

15000
10000

5000

0.5 1 ‘I\S\// 2
-5000

Figure 6: Problem 6, Graph of f®(z)




MTH 2410, Calculus II—Exam II Mar. 9, 2006

Instructions: Solve the following problems. Present your solutions, including your
reasoning, on your own paper. Do not use decimal approximations unless the nature
of a problem requires them. Your work is due at 2:50 pm. You may keep this copy
of the exam.

1. Find the volume generated when the region bounded by the curve y = y/z, the
x-axis, and the lines x = 4, x = 9 is rotated about the line y = —1.

Solution: A plane perpendicular to the x-axis intersects this solid in a washer
whose outer radius is \/z + 1 and whose inner radius is 1. The area of such a
washer is

Alz) = n[(Ve+1)> =17
= 7m(z+2Vx).
The solid extends from z = 4 to x = 9, so the volume is

9 2 4 3/2
7r/(x+2\/5)dx = 7T<x——|— ’ >
4 2 3 4

81+108 16+32
= T e _— — T R— J—
2 3 2 3

347
= —T.

6

9

2. Find the area of the region that lies inside of the curve r = (2\/5 — 1) cosf but
outside of the curve r = 2 — cos § (See Figure 1.)

Solution: In order to locate the intersection points of the two curves, we must
solve the equation

(2vV2—1)cos = 2— cosb.

Adding cos to both sides, we find that 2v/2cosf = 2, or that cos = 1/\/§
Hence 0 = £7/4. Our area is therefore given by

1 /TF/4 [(2v2 —1)? cos? 0 — (2 — cos 0)?] db

2 —7/4



Figure 1: Problem 2
/4
= / (4 — 2v/2) cos® 6 + 2 cos 0 — 2] df
—7/4

7r/4
:/ V2) cos 20 + 2 cos — /2] df

—m/4

=

/4

51n29—|—2sin9— \/59)

—7/4

+2\/_—\/§7T
2

3. The base of a solid is the triangle cut from the first quadrant by the line
4z 4+ 3y = 12. Every cross-section of the solid perpendicular to the y-axis is a
semi-circle. Find the volume of the solid.

Solution: The base of the cross-section of the solid made by the plane y =t
is a semi-circle with a diameter whose left end-point is at z = 0 and whose right
end-point is at © = 3 — 3t/4. Hence the radius of the semi-circle is (3 — 3t/4),
and A(y) = Z(3 — 3t/4)>. The solid extends from y = 0, to y = 4. The required

volume is therefore

4 2 3
4
f/ g 3\ gy = T A (g 3
8 Jo 4 8 3 4

3T

2

0



4. Use Euler’s Method with a step-size of 1/10 to find an approximate value for
y(13/10) if y(1) =1 and

dy

— = r+y.

dz Y
Show all of the intermediate y values you obtain. Either give your answers as
fractions of integers or maintain a minimum of five digits accuracy to the right
of the decimal point.

Solution: Euler's Method with h = 1/10 for this initial value problem requires
that

rg = 1
Yo = 1;
1
Tp = a:k_1+ﬁ, when k£ > 0;
1
Y = yk—1+E<Ik_1+yk_1), when k£ > 0.
Thus, we find that
B 1+1 11
S 0 10
1 6
= 14+ —(1+1) = =
(7 +10( +1) 5
B 11+1 6
27 10710 5
B 6+1 11+6 143
Y27 57 10\10 "5) T 100
6 1 13
:L‘S frg —_ _ = —
5 10 10
B 143+1 6+143 1693
= J00 T 10\5 100/ ~ 1000

5. Find y(z) given that e "y’ = /1 — y? with y(0) = 0. What is the exact value
of y(x) when x = In (1 — %)7



Solution: Separating the variables, we obtain

1—y?

Thus,

/y di = /zest'
o V91—t 0 7

. y z
arcsint| = ¢€°| ;
0 0
arcsin(y) — arcsin(0) = e — ¢€’;
arcsin(y) = e* —1;
y =sin(e® — 1)

is the solution to the given initial value problem. When x = In(1 — 7/6), we have

y = sin (eln(l_”/G) — 1)

- (1)

. Use the accompanying figures to determine how many subdivisions will be re-
quired to obtain a Midpoint Rule approximation, accurate to within 10~° for

/ () de,

where f(z) = cosx®. Be sure to explain all of your reasoning. (Do not try to
find the Midpoint Rule approximation in question.)

Solution: The error in the Midpoint Rule approximation to fab f(z) dz is bounded

M(b—a)?
by ————
24n?
which |f"(z)| < M for all = such that a < x < b. From Figure 4, we see that
we can take M = 110 for f(x) = cosz®. We are given ¢ = 0 and b = 2, so
(b —a)® = 8. Hence, we must choose n so that it satisfies

, Where n is the number of subdivisions and M is any number for

110-8

5.
24n? 1075

4



L1x107

n
3 f— )
V/3.6666667 x 106 < n?;
1914.85 < n.
We will need at least 1915 subdivisions.
1
0.5
0.5 1 1.5 2
0.5
-1

Figure 2: Problem 6, Graph of f(x)

OW. 5 2

-10

Figure 3: Problem 6, Graph of f'(z)
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MTH 2410, Calculus II—Optional Makeup Exam Mar. 30, 2006

Instructions: Solve the following problems. Present your solutions, including your
reasoning, on your own paper. Do not use decimal approximations unless the nature
of a problem requires them. Your work is due at 2:50 pm. You may keep this copy
of the exam.

1. Use Newton’s Method to find an approximate solution for the equation
t—3x+1=0.

Take zo = 1.1 and give both z; and x5 to at least five digits to the right of the
decimal.

2. A 200-1b cable is 100 ft long and hangs vertically from the top of a tall building.
How much work is required to lift the cable to the top of the building?

3. Are the improper integrals convergent or divergent? If convergent, give the
value.

w/2
(a) / secz dx
0

*  dx
b o
()/0 1+ 22

4. Find the length of the polar curve r = e¢??, 0 < 6 < 2.

5. Find the volume generated when the region bounded by the curve 2z+y—6 = 0
and the lines x = 1, y = 2 is rotated about the line x = —1.

dP
6. Find the solution of the differential equation o vV Pt that satisfies the initial
condition P(1) = 2.

7. /Ethelbert needs an approximate value for the integral

2 3
x
/ g
o V1+ T3
He plans to use Simpson’s Rule, and he wants to be sure that the error in his
approximation is no more than 1 x 10~°. Make approriate use of one or more of

the accompanying figures, in which f is the integrand, to determine how many
subdivisions he will need.



Figure 1: y = f(z)

Figure 2: y = f/(z)

Figure 3: y = f"(z)

.5



BN W N

[ T |
A W N B
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Figure 4: y = f©)(z)
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Figure 5: y = f*(z)
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Figure 6: y = f0®)(x)



MTH 2410, Calculus II—Optional Makeup Exam Mar. 30, 2006

Instructions: Solve the following problems. Present your solutions, including your
reasoning, on your own paper. Do not use decimal approximations unless the nature
of a problem requires them. Your work is due at 2:50 pm. You may keep this copy
of the exam.

1. Use Newton’s Method to find an approximate solution for the equation
' =3 +1=0.
Take xq = 1.1 and give both x; and x5 to at least five digits to the right of the

decimal.
Solution: Taking f(z) = 2*—3x+1, Newton's Method for the equation f(z) =0
is
Th1 = Tp — f(xy)
f'(@x)
({L‘k)4 — 3{L‘k + 1
= «Tk —_
4(xy)3 -3
. 3(l'k)4 -1
N 4(-Tk)3 — 3
Hence, putting xo = 1.1, we find that
3(zo)t =1
= ———— = 1.4596816;
T Y(z)? -3 !
3(.%‘1)4 1
= = 1.3367301.
2 4(&31)3 3

2. A 200-1b cable is 100 ft long and hangs vertically from the top of a tall building.
How much work is required to lift the cable to the top of the building?

Solution: The cable weighs 2 Ib per foot, so the force exerted when x feet of
cable still hang from the building is 2z pounds. Hence total work is

100

100
/ 2rdr = x?
0 0

= 10,000 ft-Ib.




3. Are the improper integrals convergent or divergent? If convergent, give the
value.

w/2
(a) / secx dx
0

*  dx
b
()/0 1+ a2

Solution:

()

/2 T
/ secrdr = lim secx dx
0 T—)7’I’/2_ 0
T
= lim In|secz + tanz|
T—m/2— 0
= lim In|secT +tanT|—Inl.
T—7/2™
This limit is infinite, so the improper integral diverges.
(b)
/°° dx , T dr
= lim
o 1+ a2 T—oo fy 14 22
T
= lim arctanz
T—oo 0
= lim arctanT — arctan0
T—o0
oo
= 3

This improper integral converges to the value /2.

4. Find the length of the polar curve r = ¢?, 0 < 6 < 27.



Solution:

s = [ VIrOET r@OEHs

0

21
= Vet 1 e% df
0

27
— \/5/ 20 do
0
VB ol V5

= —e

2

5. Find the volume generated when the region bounded by the curve 2x+y—6 =0
and the lines x = 1, y = 2 is rotated about the line x = —1.

Solution: We set up the integral on the y-axis, using the method of washers. The
equation 2z +y — 6 = 0 gives x = 3 — y/2). We are revolving the region about
the line x = —1, so the outer radius of a washer is (3 —y/2) — (—=1) =4 —y/2,
while the inner radius is 1 — (—1) = 2. Thus

L[y e

147
5

Note: If we set this up along the z-axis, we arrive, through the method of cylindrical
shells, at the integral

2
27r/ (4 1)(4 — 22) d,
1
which has the same value.

dpP
6. Find the solution of the differential equation o Vv Pt that satisfies the initial
condition P(1) = 2.



dP
Solution: If i v/ Pt, then

P
— = Vidt
VP

d—\/]; = /\/¥dt

2P'? = 74 c

1 2
P = <§t3/2 + C)
1 2

It follows that ¢ = ++v/2 — 1/3, and we must make a choice. If we choose the
minus sign, then

But P =2 whent =1, so

1 1\?
P= §t _\/__5 , so that (1)

dP :ﬁ(%_13/2_\/§_%>:—\/§<0. (2)

dt

t=1

.. . . . dP ..
But from the original differential equation, we see that ’r must be positive. It
follows that that the solution we seek is given by

1 1\
P = (=47 —=.
. KEthelbert needs an approximate value for the integral

2 3
x
/ e
0o V14 a3
He plans to use Simpson’s Rule, and he wants to be sure that the error in his
approximation is no more than 1 x 107°. Make appropriate use of one or more

of the accompanying figures, in which f is the integrand, to determine how
many subdivisions he will need.



b
Solution:The error E in the Simpson's Rule approximation for / f(z) dx with

n subdivisions always satisfies the inequality

M(b—a)’

E Mno—a)
Bl = 180n4 7

where M may be any number for which |f(4)(:v)| < M whenever a < z < b. In
this case, we have a = 0, b = 2, and, from Figure 5 we see that we may take M to
be just about anything larger than 12. To be on the safe side, let's take M = 15.
We must then solve the inequality

15-2°
—— < 1077,
180n?
which is equivalent to
800000 4
< n°, or
3
800000
n > 3 S~ 2273

Thus, we will want n to be an even number larger than 22.73. n = 24 will work.

The smallest acceptable value for M is 12. Taking M = 12 would allow n = 22.



Figure 1: y = f(z)

Figure 2: y = f/(z)

Figure 3: y = f"(z)
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MTH 2410, Calculus II—Exam IV April 27, 2006

Instructions: Solve the following problems. Present your solutions, including your reasoning, on
your own paper. Do not use decimal approximations unless the nature of a problem requires them.
Your work is due at 2:50 pm. You may keep this copy of the exam.

1. Find the Taylor series in powers of (z — 3) for the function

flx) =14z +2?+2°
2. Find the radius of convergence and the interior of the interval of convergence for the series

> EE D g
k=0

3. Find the radius of convergence and the interior of the interval of convergence for the series

Y (-1F

k=0 (

1.2Ic
2%\

4. Find the radius of convergence and the interior of the interval of convergence for the series

=kl zk
—
k=1 k

5. Find the Taylor series in powers of (x — 2) for the function

f(z) =In(3 — x).

Give both the radius of convergence and the interior of the interval of convergence, together
with the reasoning that supports your assertions. [Hint: Use the geometric series trick and
the fact that 3—2x=1— (v —2).]

6. Show how to find N so that whenever n > N we have

1 1
— (1 2 n < —
== I+z+a*+---+2") s

for every x that satisfies —7/8 < x < 7/8. Give the reasoning that supports your procedure.

7. Determine how many terms of the Maclaurin series for the cosine function are needed to
guarantee that using the Maclaurin polynomial in place of the cosine function results in an
error no bigger than 1/500 throughout the interval [—7/2,7/2]. Give your reasoning.



MTH 2410, Calculus II—Exam IV April 27, 2006

Instructions: Solve the following problems. Present your solutions, including your reasoning, on
your own paper. Do not use decimal approximations unless the nature of a problem requires them.
Your work is due at 2:50 pm. You may keep this copy of the exam.

1. Find the Taylor series in powers of (z — 3) for the function
flx) =14z +2?+2°

Solution:

()

(¥) = 1+2z+32% = f'(3) = 14+ 6 +27 = 34;
f“(x):2+61’¢f”(3):2+18:20;

(x)

()

Hence, f(z) = f(3) + f'(3)(x — 3) + %f”(?))(x —3)2+ %f(g) (3)(x — 3)3, or

f(z) =40 4 34(x — 3) + 10(x — 3)* + (x — 3)°.
2. Find the radius of convergence and the interior of the interval of convergence for the series

0 2
S O sy
k=0

Solution: We apply the Ratio Test:

R (= B, (k+2)* 2k
k— o0 |ak| e 2k+1 (/ﬂ+1)2
1 (14+2/k\°
= — lim
_1
2

The radius of convergence is therefore 2 and the interior of the interval of convergence is (=7, —3).

3. Find the radius of convergence and the interior of the interval of convergence for the series

> (=1*

k=0

ka
(2k)"




Solution: We apply the Ratio Test:

!
po ekl 1 (2!
I P
koo (2k + 1)(2k + 2)
=0.

The radius of convergence is therefore co and the interior of the interval of convergence is
(=00, 0).

. Find the radius of convergence and the interior of the interval of convergence for the series

gy A PO

kR
k=1

Solution: We apply the Ratio Test:

laegdl . (R+1) KK
1 = —_— e —
oo |ag| | keveo (k + D)FFL K]

k k
= Jm <k+1)

kIn[k/(k+1)]

= lim e
k— o0

— elimk*}x{k In[k/(k+1)]}

To evaluate the limit in the exponent of the latter expression, we rewrite it:

| k
n—
lim k1 k I k+1
im kln = lim ———%
k— o0 k+1 k—o0 1 ’
k
and we observe that both numerator and denominator of the resulting compound fraction go to

zero as k grows without bound. We may therefore attempt I'Hopital’s rule, which leads us to
evaluate

k+1 (k+1)—k

. = )
lim i (k+1) =— lim ——+ = —1.
k—o00 _i k—o00 1 1
K2 T
Consequently,
lim |a’k7+1| _ —17
k—o0 |ak|

so that the radius of convergence is e and the interior of the interval of convergence is (—e, ¢).



5. Find the Taylor series in powers of (z — 2) for the function

f(z) =In(3 — x).

Give both the radius of convergence and the interior of the interval of convergence, together
with the reasoning that supports your assertions. [Hint: Use the geometric series trick and
the fact that 3 —z =1 — (z — 2) ]

Solution: If f(z) =1n(3 — ), then

flw) =5
B 1
T o1—(z—2)

o0

= —Z(m—Q)k, when |z — 2] < 1.

Hence,

0 _ 2 k+1
= Z (@ , also when |z — 2] < 1.
=0

But f(2) =In(3 —2) =1Inl =0, and putting = = 2 in the series then gives ¢ = 0. Hence,

o0 2)k+1
z;) k—|—1 when |z — 2| < 1.

6. Show how to find N so that whenever n > N we have

1
—— —(l+z+2a”++2")

<7
1—x

75

for every x that satisfies —7/8 < x < 7/8. Give the reasoning that supports your procedure.

Solution: We have

xn—i—l

)

—(l+z+2>+-+2")

’1—x 1—=z

, and we want to be sure that this latter fraction is smaller than 1/75 when —7/8 < z < 7/8.
Under the latter circumstances, |1 — z|, which is the distance from 1 to « must be 1/8 or larger.

Hence
xn+1 ‘x|n+1

=78

:8 n+1
1% |z|




and it suffices to be sure that |z|"*! < 1/(8-75) = 1/600. But |z| < 7/8, so we must be sure
that (7/8)"*1 < 1/600. This latter inequality is equivalent, in turn, to the inequalities:

(n+ 1)111% < —1n600;

i1 600
= Tn(7/8)’
1n 600
> BP9 46.9.
"= T n(7/8) )

We will therefore need to take N = 47.

7. Determine how many terms of the Maclaurin series for the cosine function are needed to
guarantee that using the Maclaurin polynomial in place of the cosine function results in an
error no bigger than 1/500 throughout the interval [—7/2,7/2]. Give your reasoning.

Solution: Taylor's theorem says that for —7/2 < z < 7/2

n 2k

cosx = —1kx + Ry (),
> (=1 gy + )
where
M|z|2n+1
< —
Ren (@)l < 5

provided that | f(2"+1) (x)| < M for every x in [—7/2,7/2]. But every derivative of f is either a
sine function or a cosine function, possibly with a minus sign attached, and so |f?"*1)(z)| < 1
for every x in [—m/2,7/2]. Also, we are given |z| < /2, so we need to find n for which

(7.‘_/2)21'7,-‘,-1 < i
2n+ 1)1 = 500°

By direct calculation, we find that when n = 3, the quantity on the left side of this inequality is
about 0.0047, which is too large. When n = 4 the quantity on the left is about 0.00016, and this
satisfies the inequality. We therefore need all terms through n = 4. Because we started counting
with k& = 0, we will need five (non-zero) terms of the Maclaurin series for the cosine function to
guarantee the required accuracy. We can be sure that

x? 2t a8 28 1
<

S T T S (D gl
cost =4 5~ 51 T 720~ 20320] = 500

when —7/2 <z < 7/2.



MTH 2410, Calculus II—Final Exam May 9, 2006

Instructions: Solve the following problems. Present your solutions, including your reason-
ing, on your own paper. Do not use decimal approximations unless the nature of a problem
requires them. Your work is due at 2:50 pm. You may keep this copy of the exam.

1. Find the limits:

(a) lim zlnzx

z—0+
. xr—sinx
D ——
r—0 €T

2. Solve the initial value problem:

z? dy 1
y?—8dx 2y’
y(1) =3

o0
3. Is the integral / ze " dz convergent or divergent? If it is convergent, find its value.
0

4. Find the volume generated when the region bounded by the curve y = /x, the z-axis,
and the lines x = 4, x = 9 is rotated about the line y = —1.

5. The base of a solid is the region in the first quadrant bounded by the y-axis, the line
y = 4, and the curve y = z2. Every cross-section of the solid perpendicular to the y-
axis is a semi-circle. (See Figure 1, which depicts the solid and two of the intersecting
planes.) Find the volume of the solid.

Figure 1: Problem 5



6. Make appropriate use of any of Figures 2-8 to determine how many subdivisions are
needed to evaluate 7 to six decimal places by approximating the integral

/1 4dx

™= —

o 1+=x

to within 1 x 1076 using Simpson’s Rule. Be sure to explain which figures you use—as

well as the uses to which you put them.

7. Determine how many terms of the Maclaurin series for the cosine function are needed
to guarantee that using the Maclaurin polynomial in place of the cosine function
results in an error no bigger than 1/500 throughout the interval [—m/2,7/2]. Give
your reasoning.

3.

2.

0.2 0.4 0.6 0.8 1

Figure 2: Problem 6: Graph of f(x)

0.2 0.4 0.6 0.8 1

Figure 3: Problem 6: Graph of f'(x)



Figure 4: Problem 6: Graph of f”(x)
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Figure 5: Problem 6: Graph of f)(x)
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Figure 6: Problem 6: Graph of f*)(x)
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Figure 8: Problem 6: Graph of f©)(z)



MTH 2410, Calculus II—Final Exam May 9, 2006

Instructions: Solve the following problems. Present your solutions, including your reason-
ing, on your own paper. Do not use decimal approximations unless the nature of a problem
requires them. Your work is due at 2:50 pm. You may keep this copy of the exam.

1. Find the limits:

(a) lim zlnx

z—0t
. xr—sinx
(b) lim —
z—0 X
Solution:

(a) lim, o+ zlnz = lim,_ o+ (Inx)/(z~!), where both numerator and denominator
become infinite as z — 07. We may therefore attempt L'Hopital's Rule. We get:
Inz

Iim zlnz = lim —
z—0T z—0t T

= lim
z—0t —X

= lim —z = 0.
z—0t

(b) lim,_o(z — sinz) = 0 and lim, o2z = 0. We may therefore attempt L'Hépital’s
Rule. This leads to:

. x —slnx .1 —coszx
lim ——— = lim ———
z—0 xT z—0 3x
i 1—cos?zx
x—0 31?2(1 + cos x)
1 .. sin? x

lm ot
3 200 z2(1 4 cosx)

1 . sinz ) 2 . 1

= —-lim -lim [ ————
3 z—=0\ =z z—0 \ 1+ cosx
1 1 1

- ~.1.2 = =
3 2 6

2. Solve the initial value problem:
22 dy 1
y2 —8dr 2y’
y(1) =3

Solution: Separating variables, we have:

2y dy dz

y2—8 22




Thus,

or

This latter is equivalent to
y? —8 = Ce V7

or

y=+vCe 1/ +38.
But y(1) =3, so

3=+vCe 1 +8.
We therefore take the “+" sign and put C' = e. This gives the solution

y=Vel=1/* 48

o0
3. Is the integral / ze ™ dr convergent or divergent? If it is convergent, find its value.
0

Solution: The integrand is continuous on (0, 00), so we must consider
T
2

lim ze T dx.
T—o00 0

Let u = 22. Then du = 2xdx, or xdx = du/2. Also, u = 0 when z = 0, and u = T2
when x =T. Thus

T 9 T2
lim ze ¥ dr = lim / e “du
0

T—oo Jg T—o0
_1 lim (—e™) "
2 T—oo 0
1 . _T2
= — | lim (fe + 1)
2 | T—0
_ 1

The improper integral converges to the value 1/2.



4. Find the volume generated when the region bounded by the curve y = /x, the z-axis,
and the lines x = 4, x = 9 is rotated about the line y = —1.

Solution:
9
Vg / (WZ = (~D) = [0 — (~1)]?) da
4

9 22 43/2
= 2 dx = —
7r/4 (:C + \/E) xrT =T ( 5 + 3

5. The base of a solid is the region in the first quadrant bounded by the y-axis, the line
y = 4, and the curve y = z2. Every cross-section of the solid perpendicular to the y-
axis is a semi-circle. (See Figure 1, which depicts the solid and two of the intersecting
planes.) Find the volume of the solid.

Y 347r
., 6

Solution: We solve for x in terms of y, and we find that the diameter of the semi-circle
at y =t is v/%, so the area of that semi-circle is (1/2)m(v/t/2)% = (7/8)t. Hence

4
sz/ tdt
8 Jo

4
= T.
0

s
_ T

16

Figure 1: Problem 5

6. Make appropriate use of any of Figures 2-8 to determine how many subdivisions are
needed to evaluate 7 to six decimal places by approximating the integral

/1 4dx

m =

0 1+ Jf2

to within 1 x 1076 using Simpson’s Rule. Be sure to explain which figures you use—as
well as the uses to which you put them.




Solution: The error in the Simpson's Rule approximation, with n subdivisions, for
ff f(x)dx does not exceed M (b — a)®/(180n%), provided that M is chosen so that
‘f(4)(x)‘ < M for all = in [a,b]. For f(z) = 4/(1 + x?), we see from Figure 6 that
we may take M = 100. Hence we must find n so that

M5
100(1 - 0)° _ 1

18004  — 106
or
0,
— < .
18 ="
Thus, we need
5.100\ /4
>
= ()"
or
n > 27.302.

n must be a positive even integer, so we take n = 28.
Note: Careful evaluation shows that f(4)(0) = 96, so we may take M = 96, but no
smaller. (See Figure 6.) This gives n > 27.025, which does not change our conclusion.

. Determine how many terms of the Maclaurin series for the cosine function are needed
to guarantee that using the Maclaurin polynomial in place of the cosine function
results in an error no bigger than 1/500 throughout the interval [—m/2,7/2]. Give
your reasoning.

Solution: Taylor's theorem says that for —7/2 < x < 7/2

n 2k

T
cosz =Y (—1)F + Ran (),
2V g
where
M|.’L‘|2n+1
L

provided that |1 ()| < M for every = in [—m/2,7/2]. But every derivative of f is
either a sine function or a cosine function, possibly with a minus sign attached, and so
|f@ D ()| < 1 for every x in [—7/2,7/2]. Also, we are given |z| < 7/2, so we need to
find n for which

(r/2)21 1
(2n+1)! ~ 500

By direct calculation, we find that when n = 3, the quantity on the left side of this
inequality is about 0.0047, which is too large. When n = 4 the quantity on the left



is about 0.00016, and this satisfies the inequality. We therefore need all terms through
n = 4. Because we started counting with & = 0, we will need five (non-zero) terms of
the Maclaurin series for the cosine function to guarantee the required accuracy. We can
be sure that

x2 ozt 20 a8 1

S [ A il
cosT = L4 5 = o1 T 750 T 20320| = 500

when —7/2 <z <7 /2.

3.5

2.5

0.2 0.4 0.6 0.8 1

Figure 2: Problem 6: Graph of f(x)

Figure 3: Problem 6: Graph of f’(x)



Figure 4: Problem 6: Graph of f”(x)
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Figure 5: Problem 6: Graph of f)(x)
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Figure 6: Problem 6: Graph of f*)(x)
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Figure 7: Problem 6: Graph of f®(z)
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Figure 8: Problem 6: Graph of f©)(z)



MTH 2410, Calculus II—Exam 1 June 5, 2008

Instructions: Write out, on your own paper, complete solutions of following problems. Do
not give decimal approximations unless a problem requires them. Your grade will depend
not only on the correctness of your conclusions but also on your presentation of correct
reasoning that supports those conclusions. Your work is due at 5:15 pm. You may keep
this copy of the exam.

4

dx

zvVinz

e
1. Use an appropriate substitution to evaluate the definite integral /
e

2. Use integration by parts to find /xcos(?)x) dzx.

8r —1
. Find dz.
3. Fin /(Qx—l)(x—f—l) “

4. Use the Mid-point Rule with four subdivisions to find an approximate value for the
3
integral —. Show your calculations and give your answer correct to four digits to
x

1
the right of the decimal.
o 2
5. Is the integral / xe " dx convergent or divergent? If it is convergent, find its value.
0

6. Find the area of the region bounded by the curves z = y? — 4y and = = 2y — y°.

7. Let R denote the plane region bounded by the curves y = 2 and # = 3?. Find the
volume generated by revolving R about the line y = —2.

1
8. Athelbert wants to use Simpson’s Rule to estimate the value of the integral / V4 —x3dz.
-1

d4

He needs to be sure his error is at most 0.001. Use the plot (Figure 1) of i (\/ 4 — x3>
x

and the fact that if M is a number for which |f*)(z)| < M for every z € [a,b], then

the magnitude of the error in an n-subdivision Simpson’s Rule approximation for the

b 5
M(b—
integral / f(z)dz is at most 1(804) to determine how many subdivisions he
n
a

needs to use.



;
-10
—15}
d
Figure 1: Graph of e (M)



MTH 2410, Calculus II—Exam 1 June 5, 2008

Instructions: Write out, on your own paper, complete solutions of following problems. Do
not give decimal approximations unless a problem requires them. Your grade will depend
not only on the correctness of your conclusions but also on your presentation of correct
reasoning that supports those conclusions. Your work is due at 5:15 pm. You may keep
this copy of the exam.

4

dzr

rvVinx

€
1. Use an appropriate substitution to evaluate the definite integral /
e

Solution: Let w = Inz. Then du = dz/x. When z = e, u = 1, and when = = el

u = 4. Therefore

4

e 4 4
/ dz_ _ / du _ / w2 dy = 201/
e xVInzx 1 Vu 1

2. Use integration by parts to find /xcos(B:c) dx.

4
=4.
1

Solution: Let uw = x; dv = cos3xdx. Then du = dx and v = %sin 3xz. Hence

1 1 1 1
/accos?):):dac:3xsin3x—3/sin3xdx:3xsin3x+90053x+c.

8r—1
3. Find da.
m /(Qx—l)(x—l—l) v

Solution: We must first find A and B so that, for all z,

8z —1 A B A(x+1)+ B2z —1)
(2x—1)(x+1)_2x—1+x+1_ (22 —1)(x + 1)
(A+2B)z+ (A - B)

(2z —1)(x + 1)

For this to be so, we must have 8 = A + 2B and —1 = A — B. The second of these
equations is equivalent to A = B — 1, and substituting this for A in the first of the pair
gives

8=(B—-1)+2B=3B—1,

from which it follows that B = 3. But then A= B —1 = 2. Thus

8z — 1 2 3
de = [ ———d d
/(Qx—l)(x—i—l) v /237—1 x+/x+1 v

=In|2z —1|+3njz+1]4+c=1In

2¢ — 1

(x+1)3 te




4. Use the Mid-point Rule with four subdivisions to find an approximate value for the
3

integral —. Show your calculations and give your answer correct to four digits to
1 X
the right of the decimal.

Solution:

Sdr 1(4 4 4 4\ 3776
9 11

a (2. = 220 L 1.0898.
N R 3465

oo
5. Is the integral / ze ™ da convergent or divergent? If it is convergent, find its value.
0

Solution: We must decide whether or not lim7_, fOT re~*" dr exists. To this end, let
u = —22. Then du = —2xdx, or xdx = —du/2. When 2 =0, v = 0, and when 2 = T,
uw=—T2. Thus

_ 2
T T 1

1
lim e~ dr = —= lim edu=—= lim (affT2 — 1) = —.
T—00 0 T—o0 0 2 T—oo

The improper integral fooo ze~® dz therefore converges to the value 1/2.

6. Find the area of the region bounded by the curves z = 4% — 4y and = = 2y — y>.
Solution: The curves are parabolae with horizontal axes of symmetry; the first opens
rightward, the second leftward. We find the intersection points by observing that at such
points we must have 32 — 4y = 2y — 42, which is equivalent to y?> — 3y = 0, or to
y(y —3) = 0. Thus, the intersection points are (0,0) and (—3,3). The area in question
is thus

3
AN 2 —
/0 2y —y7) — (y° — 4y)| dy /0

3
=0.
0

3 2
(6y — 2y*) dy = (33/2 — 3y3>

7. Let R denote the plane region bounded by the curves y = x? and = = 32. Find the
volume generated by revolving R about the line y = —2.

Solution: The curves are both parabolae. The first opens upward, while the second
opens rightward. Substituting »? for z in the first equation, we find that y = y*, or
y(y® — 1) = 0. The intersection points are consequently (0,0) and (1,1). We rewrite
the second equation as y = \/z (legitimate because we are interested only in that part of
the curve which lies in the first quadrant and for which 0 < z < 1), and we consider the
washers generated by revolving vertical line segments with endpoints (z,2%) and (z, /)
about the the line y = —2. The area of such a washer is 7[(y/z + 2)? — (22 + 2)?], or
7(4y/x — 3z — 22). The desired volume is therefore

_om
0 6

' 2 8 32 3 2 L3
7| Wz -3z —z)de=m-2’"— -2 — -z
o 3 2" 73




1
8. Athelbert wants to use Simpson’s Rule to estimate the value of the integral / V4 —z3dr.
-1

d4
He needs to be sure his error is at most 0.001. Use the plot (Figure 1) of e (\/ 4 — :1;3)
x

and the fact that if M is a number for which |f()(z)| < M for every = € [a, b], then
the magnitude of the error in an n-subdivision Simpson’s Rule approximation for the

b )0
integral / f(x)dx is at most 1(804) to determine how many subdivisions he
n
a

needs to use.

-10

—15L

4

Figure 1: Graph of d—4 <\/ 4 — a?3)
dx

Solution: It is evident from the figure that |f®*)(z)| < 20 for all z in the interval [—1, 1].
We must therefore solve the inequality
_(_1V]P
20(1— (=D _ 1 3724 1

< —,
180nt  — 1000° ° 9nt = 1000

Thus, we must take n so that

nt > @, orn > {‘/@ ~ 7.722.

But n must be an even integer, so /thelbert needs to take n = 8. (Of course, larger even
integers will also work.)



MTH 2410, Calculus II—Exam I1 June 19, 2008

Instructions: Write out, on your own paper, complete solutions of following problems. Do not
give decimal approximations unless a problem requires them. Your grade will depend not only on
the correctness of your conclusions but also on your presentation of correct reasoning that supports
those conclusions. Your work is due at 5:15 pm. You may keep this copy of the exam.

1. Find the z-coordinate of the centroid of the region bounded by the curve y = \/z, the z-axis,
and the line z = 9.

2. Find the area of the region in the first quadrant that lies below the polar curve r = sec(20)
and inside the curve r = 2.

3. Find the length of the arc of the curve y = %(2 + 332)3/2 over the interval 0 < x < 2.

4. (a) What are the constant solutions of the differential equation

d
d—i{ = (29" + 5y — 12¢?) sin t?

(b) Find all values of a for which y = e%* gives a solution of the differential equation

d3y dy? d
SV 6L 455 .
da3 dx? + dx

5. The last page of this exam contains a figure showing a a portion of the slope field for the
differential equation 3y’ = 22 +y. Remove the page from the exam, put your name on it, and
sketch, on the displayed figure, an approximate solution curve for the initial value problem

3y’ =a® +y;
y(2) =-1
Don’t forget to submit your drawing as part of your exam.

6. Show how to use Euler’s method with three steps to estimate y(3/4) for the solution of the
initial value problem
Y =3y+uw
y(0) = —1.
Show your supporting calculations and give your answer as a fraction of integers.

7. Bismuth-210 has a half-life of 5.0 days. At noon on June 1, Murgatroyd placed a sample
containing of 800 mg of bismuth-210 in a suitable container in his laboratory and put the
container into long-term storage.

(a) Give a formula for the amount of the isotope remaining after ¢ days.
(b) How much remains at noon on July 17 (There are 30 days in June.)

)
(¢) To the nearest hour, when is the amount of bismuth-210 in the sample reduced to 1 mg?
8. (a) Find the general solution of the differential equation
zy =y? — 5y +6.

(b) Using your work in the first part of this problem, find the particular solution of the
differential equation for which y(3) = 2.



Figure 1: Slope field for 3y’ = 2 +y



MTH 2410, Calculus II—Exam I1 June 19, 2008

Instructions: Write out, on your own paper, complete solutions of following problems. Do not
give decimal approximations unless a problem requires them. Your grade will depend not only on
the correctness of your conclusions but also on your presentation of correct reasoning that supports
those conclusions. Your work is due at 5:15 pm. You may keep this copy of the exam.

1. Find the z-coordinate of the centroid of the region bounded by the curve y = \/z, the z-axis,
and the line x = 9.

Solution:

fog x/rdr 27

rT=——= —

fog Vadr 5

2. Find the area of the region in the first quadrant that lies below the polar curve r = sec(20)
and inside the curve r = 2.

Solution: We must first determine the intersection point, which lies in the first quadrant where
sec(26) = 2, or where cos(20) = 1/2. Thus 20 = /3, or = 7/6. Area is thus

1 1 /6

. /0 " 92 _ sec(20)] o — 5 (49 - ;tan(29)>

_477—3\/§
o 12

0

3. Find the length of the arc of the curve y = %(2 + 22)3/2 over the interval 0 < x < 2.

Solution:
2
s=/ V1+(y)?de
0
2
:/ V14 222+ 22)dx
0
2
:/ (1+2%) dz

0
(.
- 3

4. (a) What are the constant solutions of the differential equation

214

0 3 .

d
d—i = (2y* + 5y — 129?) sint?

(b) Find all values of a for which y = e®* gives a solution of the differential equation

d3y dy? d
CY % 455 2.
dx3 dx? + dx

Solution:



d
dig = (2y* + 5y® — 124%) sint

=y*(2y - 3)(y + 4)sint,
and it follows that the constant solutions of the differential equation are y =0, y = 3/2, and
y = —4.
(b) Putting y = e, we have y(™ = a™e®. Thus,
y" — 6y" + 5y’ = a®e®® — 6a%e™ + bae®.
This latter quantity can be identically zero just when 0 = a® — 642 + 5a = a(a — 1)(a — 5),
and it follows that the desired values are a =0, a =1, and a = 5.

5. The last page of this exam contains a figure showing a a portion of the slope field for the
differential equation 3y’ = 22 + 3. Remove the page from the exam, put your name on it, and
sketch, on the displayed figure, an approximate solution curve for the initial value problem

3y =a® +y;
y(2) = -1
Don’t forget to submit your drawing as part of your exam.

Solution: See the figure.

6. Show how to use Euler’s method with three steps to estimate y(3/4) for the solution of the
initial value problem

Yy =3yt
y(0) = -1
Show your supporting calculations and give your answer as a fraction of integers.

Solution: The equations for Euler's Method are

xg = 0;
Yo=—1

and for k > 0,
rr = xo9 + kh;

Yk = Yk—1 + F(Tk_1, yr—1)h,

where we take F(x,y) = 3y + «, from the differential equation. We are to take three steps from
2 =0 to reach z = 3/4, so we will need h =1/4. Thus

IE1*Z,
1 7

y1=1y0 + Flzo,y0)h =1+ [3-(=1) +0]7 = -7

1.
$2—§7
Y2 :y1+F(a:1,y1)h:f£+ {3 <Z) +ﬂ %*737
$371,
Ys =y2 + F(z2,y2)h = =3 + {3(—3) + ;] i = —%~

Our approximate value of y(3/4) is —41/8.



7. Bismuth-210 has a half-life of 5.0 days. At noon on June 1, Murgatroyd placed a sample
containing of 800 mg of bismuth-210 in a suitable container in his laboratory and put the
container into long-term storage.

(a) Give a formula for the amount of the isotope remaining after ¢ days.
(b) How much remains at noon on July 1?7 (There are 30 days in June.)
(¢) To the nearest hour, when is the amount of bismuth-210 in the sample reduced to 1 mg?

Solution:

(a) If N designates the amount, in mg, of the isotope present at time ¢, measured in days after
June 1, then N =800 -27%/5.
(b) On July 1, t = 30. Therefore N = 800276 =25/2 mg.
(c) The remaining amount of the isotope will be 1 mg when
1=1800-27"%
2!/% = 800;

t
—In2 = 1n 800;
5 n n ;

51n 800
= 2000 L 48.219281 days.
In2
There will be 1 mg remaining at about 5 pm on the 48th day after June 1, or at about 5 pm

on July 19.
8. (a) Find the general solution of the differential equation
zy =y? — 5y +6.

(b) Using your work in the first part of this problem, find the particular solution of the
differential equation for which y(3) = 2.

Solution:

(a) We note first that, because y? — 5y + 6 = (y — 2)(y — 3), the constant solutions of this
differential equation are y = 2 and y = 3. Separating variables, we find that we must

integrate:
[ty 1%
(y—2)(y - 3) v’
dy [ dy _ [de

T T )

y—3 y—2 ) x

Inly—3|—Inly—2|=In|z| + ¢

In

-3
z_g‘zlﬂllerC;

-3
‘QZ = C|x|, assuming that C' > 0;
y—

y — 3= Cuz(y — 2),where C' may now be arbitrary;
y—Czxy=3-2Cr;
3—-2Cx
L Cx’
The general solution of the differential equation consists then of the constant solutions y = 3
and y = 2, together with y = (3 — 2Cx)/(1 — Cx), C being an arbitrary constant.
(b) The particular solution for which y(3) = 2 is the constant solution y = 2.



Figure 1: Slope field for 3y’ = 22 +y



MTH 2410, Calculus II—Exam III July 10, 2008

Instructions: Write out, on your own paper, complete solutions of following problems. Do not
give decimal approximations unless a problem requires them. Your grade will depend not only on
the correctness of your conclusions but also on your presentation of correct reasoning that supports
those conclusions. Your work is due at 5:15 pm. You may keep this copy of the exam.

1. Use the Comparison Test to determine whether

is convergent or divergent.

2. Convergent or divergent?
3. Convergent or divergent?

4. Convergent or divergent?
Z 1—3k+ k2
2
— 1+k+k
5. Find the radius of convergence and the endpoints of the interval of convergence:
— (k + 1)2
Z T (z +5)*

k=1

6. Determine for which values of p > 0 the series

> 1
ZZ: k(In k)P

k=2
converges. Use the Integral Test.

7. Find all values of s for which the series

L (5% — 55+ 2)F

kok+1
k=1

converges.



MTH 2410, Calculus II—Exam III July 10, 2008

Instructions: Write out, on your own paper, complete solutions of following problems. Do not
give decimal approximations unless a problem requires them. Your grade will depend not only on
the correctness of your conclusions but also on your presentation of correct reasoning that supports
those conclusions. Your work is due at 5:15 pm. You may keep this copy of the exam.

1. Use the Comparison Test to determine whether
Z 3
2
Pt 24+ k+1

is convergent or divergent.

Solution: The series >_(1/k?) is a convergent p-series with p = 2 > 1. For every k > 1, we have
k? 4+ k+1> k% >0, so it follows that for every k > 1 we also have 1/(k* + k + 1) < 1/k%. By
the Comparison Test, > 7, 1/(k* + k + 1) converges.

2. Convergent or divergent?
i k+5
— NI + k2

Solution: The series " 1/k*? is a convergent p-series with p = 4/3 > 1. Moreover,

i (E+5) JVET+ k2 i K7/3 + 5k4/3
K00 1/k4/3 T o AT Iy
1+5/k

= 11m
koo 3/T+ 1/k5

Consequently, by the Limit Comparison Test, >"(k + 5)/v/k7 + k2 converges.

3. Convergent or divergent?

Solution: Let f(z) = (Inx)/z. Then f'(z) = (1—-Inz)/2?. Whenz > ¢, Inz > 1, so f'(z) <0
on the interval (e,00). It follows that f is a decreasing function on (e, c0), so that the sequence
ar = (Ink)/k is a decreasing sequence when k > 3. Hence, by the Alternating Series Test,

converges iff limg_, oo (Ink)/k = 0. Because k — oo implies that both limg_,o, Ink = oo and
limg 00 kK = 0o (Duh!), we have from I'Hopital’s rule

i 2R g (7R
k—oo k k—o0 1
= 0.

We conclude that the series converges.



4. Convergent or divergent?

i 1— 3k + k2
2
P 1+k+k
Solution: We have
_ 2 2y _
lim 1-3k+k ~ lim (1/k*) — (3/k)+1
koo 1+ k + k2 k—oo (1/k2) 4+ (1/k) + 1
=1#£0.

We conclude, by the Test for Divergence, that the series diverges.

5. Find the radius of convergence and the endpoints of the interval of convergence:

— (k+1)?

o (z + 5)*

k=1

Solution: We apply the Ratio Test:

. 2 k+1 jok+1 2 Kook . (k+2)%x 45|
klggc’(k_FQ) (z +5)*F1 /2" /| (k + 1)*(z + 5)*/2 |_kll>rgo—2(k+1)2

|+ 5| .. k+2\°
lim ( ——
2 koo \k+1
e 45 . (14+2/k\?
= lim
1+ 1/k

2 k—o0

|z 45
T2

The interior of the interval of convergence thus consists of all numbers z for which |z + 5| < 2, so
the radius of convergence is 2 and the endpoints of the interval of convergence are —7 and —3.

6. Determine for which values of p > 0 the series

=1
Z k(ln k)P

k=2

converges. Use the Integral Test.

Solution: Let f be the function given by

f@) =~

z(lnx)
Then f is continuous when z > 0 and

oy pt+nx
i) = x2(Inz)i+r’

Because p is positive, this quantity is negative for all # > 1. Hence the function f is decreasing
on (z,00). By the Integral Test, the series

> 1
Z k(ln k)P

k=2



converges iff the improper integral f;o f(t)dt converges. When p # 1, we have (making the
substitution u = Int; du = dt/t)

Sl | |
/ dt = lim / dt
5 t(Int)P T—oo o t(lnt)P

InT
T— Ji,9 UP
1 InT

= lim —

T—o00 (1 — p)up 2
— lim 1 3 1
T (- p) Tt (1 p) (2!
_J>® when 0 <p<1
"\ 1/lp = 1)(In2)P1]  when 1< p.

When p =1,

o) 1 ' T 1
dt = lim dt
9 t(lnt)P Too Jo t(Int)

InT
= lim —du
T—oo Jine U
InT
= lim Inu
T— o0 1
n?2

= lim InlnT —Inln2 = co.
T—o0

We conclude that the series converges when p > 1 and diverges when 0 < p < 1.

. Find all values of s for which the series

oo

(s2 —bs+2)k
k2k+1

>
Il
—

converges.

Solution: We begin by applying the Ratio Test:

lim |(s2 — B5s + 2)F+L/([k + 1]2F+2)] _ |s? — 5s+ 2| lim ko

k—oo  |(s%2 —Bs+ 2)k/(k2k+1)] 2 koo 2(k + 1)
_|s* =55+ 2|
=

The Ratio Test now allows us to conclude that our series converges whenever —2 < 52 —554+2 < 2.
The first of these two inequalities is equivalent to 0 < s? —5s+4 = (s — 1)(s — 4), and this
inequality is correct when s < 1 and when s > 4. The second inequality can be rewritten as
0 > s%2 —5s = s(s —5), and this inequality it true when 0 < s < 5. But both inequalities must be
correct in order for the Ratio Test to give a limit which is less than one, so the Ratio Test gives
convergence when s lies in (0,1) U (4,5). When s takes on any of the values 0, 1, 4, or 5, the
Ratio Test fails because the limit is one. Otherwise, the series diverges. It remains, then, to test
the four endpoints.

If s=0ors=D5, then s> — 5s+ 2 =2, and the series becomes

=1
P

k=1

w



which is a divergent harmonic series.

If s=1ors=4, then s> —5s+ 2 = —2, and the series becomes

= (-1
2o

k=1

which is a convergent alternating harmonic series.

Thus, the series
o0

(s —5s +2)k
Z kok+1
k=1

converges when s lies in (0,1] U [4,5) and diverges otherwise.



MTH 2410, Calculus II—Exam 1 Sept. 10, 2009

Instructions: Work the following problems; give your reasoning as appropriate; show your
supporting calculations. Do not give decimal approximations unless the nature of a problem
requires them. Write your solutions on your own paper; your paper is due at 4:50 pm.

1. Evaluate the following limits:

et =14z
(8) limy ——

(b) lim ze ™

r—00

2. Use Newton’s Method to find an approximate solution for the equation 2 + 2% +x = 1.
Begin with xy = 1; give x5 correct to at least four digits to the right of the decimal.

3. Find the following:
1
(a) / el

x24+2x+5
(b) /sinwcos?’xdm

4. Find the following:

(a) / 2 In 4t dt

dt
®) | Grape

5. (a) Write out the form of the partial fractions decomposition for

32+ 120 —7
(x —3)3(x + 1)(a? + 22 + 4)%
5 dt
(b) Evaluate the integral: / —_—
3 t2—3t+2

9

6. Give the four-subdivision Midpoint Rule approximation to the integral / V1+uddu.
1
Give this approximation to at least four digits to the right of the decimal.

7. Briinhilde wants an approximate value for In2 correct to at least 6 digits (that is,
accurate to within £0.0000005). She has decided to do a Simpson’s Rule approximation
of the definite integral [{ dz/x, but she is unsure how many subdivisions she needs in
order to get the desired accuracy. What is the smallest number of subdivisions that
will guarantee her the accuracy she wants?

Complete solutions to the exam problems will be available from the course web-site later
this evening.



MTH 2410, Calculus II—Exam 1 Sept. 10, 2009

Instructions: Work the following problems; give your reasoning as appropriate; show your
supporting calculations. Do not give decimal approximations unless the nature of a problem
requires them. Write your solutions on your own paper; your paper is due at 4:50 pm.

1. Evaluate the following limits:

Solution:

(a) lim, .o(e™® — 1+ ) =0 and lim, o 2% = 0, so we may attempt |'Hopital’s Rule. The
derivative in the numerator is —e™* + 1 and that in the denominator is 2z. Both — 0
as x — 0, so we may attempt I'Hopital’s Rule a second time. We find that

e —1+z —e 41 .oe”

lim —— = lim ——— = lim = —.
x—0 [E2 z—0 2r z—0 2 2

(b) We first note that ze *" = z/e*”, where both numerator and denominator — oo as
x — 00. We may therefore attempt I'Hopital’s Rule, and we find that
1

. 2 . X .
lim ze™ = lim — = lim s =10
T—00 r—o00 €T z—00 21T

2. Use Newton’s Method to find an approximate solution for the equation x3 + 2%+ 2 = 1.
Begin with xy = 1; give x5 correct to at least four digits to the right of the decimal.

Solution: According to Newton's Method, we put xp = 1, f(z) = 23+ 2? + v — 1, and
apply the recurrence relation

B f(xr-1)
o Thoy + Ty F 21 — 1
T30 2+ 1
Thus,
. 2 2
Tr1 = _— = =
1 6 37
o 2 (23 +(2/32+(2/3) -1 5
273 3(2/3)2+2(2/3)+1 9

3. Find the following:
1
(a) / _ Tl

242 +5



(b) / sin cos® z dx

Solution:

(a) Let u = a® + 2z + 5. Then du = (2z + 2) dz, or (x + 1) dz = % du. Thus

r+1 1 [du 1 1,

(We may remove the absolute value symbols because z* + 2z + 5 > 0 for all z.)

(b) Let w = cosz. Then du = —sinx dz, so
- 3 3 u' Lo
/smxcos xdw:—/u duz—z—l—c:—é—lcos T+ c.

4. Find the following:

(a) / t2In 4t dt

dt
» | Gra

Solution:

(a) We integrate by parts, taking u = In4t and dv = t*dt. Then du = dt/t, v = t3/3,

and
3 3 dt
/t2ln4tdt:uv—/vdu:—ln4t— — . —
3 3 t

3 1 t3 1
=—Indt—- [ Pdt=—(Indt— = :
3 3/ 3(“ 3)“

(b) We let t = 3tan#, so that dt = 3sec? df. Then

/ dt _/ 3sec’0df / 3sec? 6 db
(941232 | (9+9tan?6)3/2 | 27sec3d

1 1 1 t
= §/COSQd0: §sin0—|—c: §sinarctan§—|—c

t

—— tc
9V9 + 2

5. (a) Write out the form of the partial fractions decomposition for

324+ 120 — 7
(x —3)3(x + 1) (a2 + 22 + 4)%

5
dt
(b) Evaluate the integral: / TR YSY
, 12— 3t +2

Solution:



302+ 120 — 7
(a) The partial fractions decomposition of the fraction (z — 3)3(§ —:—1)(; + 2z +4)? e

the form

A n B . C . D n Ex+ F n Gx+ H
(=33 (=32 2-3 ax+1 (22+2x+4)? 2242zx+4

/5 dt /5 dt ]/5{ 1 1 }
= T = — | dt

5

(b)

=(Injt—2|—In|t —1|)

3

= (ln3—ln4) — (1111—1112) zln;.

9
. Give the four-subdivision Midpoint Rule approximation to the integral / V14 uddu.
1

Give this approximation to at least four digits to the right of the decimal.

Solution: Subdividing [1,9] into four equal sub-intervals gives u;, = 1 + 2k, k = 0, 1,
2, 3, 4. The midpoints of these sub-intervals are 2, 4, 6, and 8, and the width of each

9
sub-interval is 2. Thus, the Midpoint Rule approximation for / V1+udduis
1

2 (VI+ 224+ V1+8+V1+6+V1+8) =23+ 65+ V217 +3V57).
This is about 96.8853618. [Note: The integral is 97.43785354676, approximately.]

. Briinhilde wants an approximate value for In2 correct to at least 6 digits (that is,
accurate to within +0.0000005). She has decided to do a Simpson’s Rule approximation

of the definite integral ff dx/x, but she is unsure how many subdivisions she needs in
order to get the desired accuracy. What is the smallest number of subdivisions that
will guarantee her the accuracy she wants?

Solution: The magnitude of the error in a Simpson’s Rule approximation to the integral
fabf(t) dt is at most M (b — a)®/(180n*), where n is the number of subdivisions and M
is any number for which |f®(t)] < M when a < ¢t < b. In the integral given, we have
f(t) = 1/t, so that f*(t) = 24/t>. Thus, f™ is positive and decreasing on the interval
[1,2], and so takes on its maximum value in [1,2] at the left-hand endpoint, where ¢ = 1.
Consequently, |f® ()] < f#(1) = 24 for all ¢ in [1,2]. We must therefore find a positive
even integer n which satisfies the inequality

242-1)° _ 1
180nt = 2000000

or
800000 4
3 <n".

Thus, we require that n > {/800000/3 ~ 22.72. Because n must be even, the smallest
choice that Briinhilde can make is n = 24.




MTH 2410, Calculus II—Exam II Oct. 8, 2009

Instructions: Work the following problems; give your reasoning as appropriate; show your
supporting calculations. Do not give decimal approximations unless the nature of a problem
requires them. Write your solutions on your own paper; your paper is due at 4:50 pm.

1.

Find the volume of the solid generated by revolving the region bounded by the curves
x = y? and z = 2y about the line y = 3.

. A certain solid has the unit circle as its base. The intersection of any plane perpendic-

ular to the z-axis with the solid is an equilateral triangle. Find the volume of the solid.

. When a particle is located at a distance x meters from the origin, a force of cos(mz/3)

newtons acts on it. How much work is done by this force in moving the particle from
r=1mtoxr=2m?

2lnx — 422
. Find the length of the arc, from x = 4 to x = 7, of the curve y = %
Evaluate the definite int 1/1 dx
. Evaluate the definite integral: —_ .
g o (1+a2)32
) ) © dz . .
For which values of p does the integral / ——— converge? Diverge? Give your
2 z(lnx)p

reasoning.

Complete solutions to the exam problems will be available from the course web-site later
this evening.



MTH 2410, Calculus II—Exam II Oct. 8, 2009

Instructions: Work the following problems; give your reasoning as appropriate; show your
supporting calculations. Do not give decimal approximations unless the nature of a problem
requires them. Write your solutions on your own paper; your paper is due at 4:50 pm.

1. Find the volume of the solid generated by revolving the region bounded by the curves
x = y? and z = 2y about the line y = 3.

Solution: The curves intersect at (0,0) and (4,2). We will use the method of cylindrical
shells. A typical shell has radius (3 — y) and height 2y — y*. Thus

2
V=2 / radius(y) x height(y)] dy
02 9
—2r (3= y)2y— gy =2 [ (G55 + ) dy
0 0

5 1 2
—9r <3y2 _ —y3 + —y4)

167

37 47 )|, 3

Alternate Solution: Use the method of washers. A typical washer has outer radius equal
to (3 — x/2) and inner radius (3 — y/x). Thus

V= 7T/0 (Jouter radius(z)]* — [inner radius(x)]Q) dx

:w/; [(3—%)2—(3—\/5)2} dxzﬂ/04<6\/_—4x+ix2> d

4
= <4x3/2 — 222 + ix3) Lom

127 )|, 3

2. A certain solid has the unit circle as its base. The intersection of any plane perpendicular
to the z-axis with the solid is an equilateral triangle. Find the volume of the solid.

Solution: This is Example 7, from Section 2 of Chapter 7 (page 369) of the textbook.

3. When a particle is located at a distance x meters from the origin, a force of cos(mwx/3)
newtons acts on it. How much work is done by this force in moving the particle from
r=1mtoxr=2m?

Solution: Work is the integral of force over the distance through which it acts. Hence
2
W = / oS (Eaz> dr = §sin T
1 3 ™ 3
3

.2 o1 3
=—(sin-—7m—sin-7 | = —
T 3 3 T

2




2Inx — 42
4. Find the length of the arc, from z = 4 to x = 7, of the curve y = cArTAr

8
Solution: Arc-length s is given by
7 7 1 2
3:/ \/1+[f’(m)]2dx:/ 1—|— ——x dx

- [ rree= [ (&
1L\ |7 33 N
= dr = 1 2 = —+-In-.
/4 (4x ) v <4nx+2x>4 > Talny

! dz
5. Evaluate the definite integral: /0 m

Solution: We make the substitution © = tané. Then dx = sec? 8 df. Moreover, when
x =0 we have # = 0 and when z = 1 we have § = 7/4. Thus

Yode ™ sec?0dd (™" sec?6df
/0 (14 x?)3/2 —/0 (1 + tan? 6)3/2 _/0 (sec? 0)3/2
[ sec?0d
_/0 sec3 0

w/4
:/ cosfdf = sin b
0

/4
. .
=sin— —sin0) = —.

, M V2

6. For which values of p does the integral / converge? Diverge? Give your
2

z(lnzx)p
reasoning.
T

Solution: We must evaluate lim ——— . To this end, we substitute v = In x, which
T—o00 2 x(ln .T)p

gives du = dz/x. Moreover, u = Inx means that u = In2 when £ = 2 and u = InT" when

=T. Thus,
/T dl‘ B /lan_U
o a(lnz)p  fi, wr

%p[(ln TY17 — (n2)'7), when p # 1.

Inln7 — Inln 2, when p = 1.

Thus, when p =1 we have

/ de _ _ lim [Inln7" — Inln 2],
o a(lnx)p  T—oo



and this limit does not exist. So the integral diverges when p = 1.

When p # 1, we have

_ 4y L Ty — o)),
o z(lnz)P Toxl—p
In2)L-7
%, when p > 1,
p_

oo, when p < 1,

because (In7)'™? — 0 when T'— oo if 1 — p < 0, while (InT")'"? — oo when T' — oo if
1—p>0.

o
We conclude that /
2

(nz) converges when p > 1 and diverges when p < 1.
z(lnz

FOXTROT Bill Amend

First, 3 looked, T Ten § osked vy |
e boack of the book, Sitte brother but
ot THwosnw t ancad - he wanted me to
ruambered problem. - Py Wim §5,

Flnatly, 9 found 1t MY MATH  AH
o the Jnternet TERACHER !
with Goegle. :

LY




MTH 2410, Calculus II—Exam III Nov. 12, 2009

Instructions: Work the following problems; give your reasoning as appropriate; show your
supporting calculations. Do not give decimal approximations unless the nature of a problem
requires them. Write your solutions on your own paper; your paper is due at 4:50 pm.

6sinx — 6z + 2°

1. Find lim
z—0 ,]j5

2. Solve the initial value problem:

ds 3
a0 100
5(0) = 50.

3. Find the volume generated when the triangle whose vertices are (1,0), (2,0), and (1,1)
is rotated about the y-axis.

4. A curve C' is given by the parametric equations
x = cos® t,
y = sin’t,

with 0 <t < 27. Locate all first-quadrant points on C' where the slope of the tangent
2

d
line is —1. What is d_g at each of these points?
x

5. Find the area of the region that lies outside the polar curve r = 1/2 but inside the polar
curve r = cosf.

6. A curve 7 is given by the parametric equations
w(t) = 3t* + 48t + 3,
y(t) = 4% + 64t — 1
Find the length of the portion of v that corresponds to 0 < ¢ < 5.

Complete solutions to the exam problems will be available from the course web-site later
this evening.



MTH 2410, Calculus II—Exam III Nov. 12, 2009

Instructions: Work the following problems; give your reasoning as appropriate; show your
supporting calculations. Do not give decimal approximations unless the nature of a problem
requires them. Write your solutions on your own paper; your paper is due at 4:50 pm.

6sinx — 6 3
1. Find lim 2222~ 22+ 27
z—0 x°
Solution: Noting at every step that numerator and denominator both approach 0 as x — 0,

we apply I'Hopital’s Rule repeatedly to obtain:
. 6sinz — 6z + 2° . 6cosx — 6+ 322
lim = lim
z—0 P z—0 54
—6sinz + 6x
z—0 2023
—6cosx + 6

z—0 60x2
6sinx 1

im )
z—0 120x 20

: . . sinz
where the final equation follows from the fact that hr% — =1
Tr— €T
2. Solve the initial value problem:

ds 3
o =0T 100
S(0) = 50.

Solution: Separating variables and integrating, we have

100dS "
600 — 35

/ 100dS "
600 — 35
100

for a certain constant ¢. Thus,
600 — 35| = Ce™ 310 ' > 0, or
|
600 — 38 = Ce 310 with C' arbitrary.
From this it follows that S = 200 — C'e=3t/190 for a certain constant C. But then

50 = S(0) = 200 — Ce™* /1
=200 - C,

whence C' = 150. Consequently
S(t) = 200 — 150e~3/100



3. Find the volume generated when the triangle whose vertices are (1,0), (2,0), and (1,1)
is rotated about the y-axis.

Solution: The left side of the triangle is the vertical line x = 1, while the right side is the line
x = 2 —y. Using the method of washers, we find that the volume V' obtained by revolving
the triangle about the y-axis is

vzw/0[<2—y>2—121dy

1
7?/ (3—4y+y*)dy
0

Ak
_”<3y 2 3)
0

1 47
= 3—2+-) = —.
7r( +3) 3

2
Note: Using the method of cylindrical shells leads to the integral 27T/ (2 — x)du.
1

4. A curve C is given by the parametric equations
x = cos® t,
y =sin®t,

with 0 <t < 27. Locate all first-quadrant points on C' where the slope of the tangent
2

d
line is —1. What is d—z at each of these points?
x
Solution: We have

dy y'(t)  3sin’tcost

= = = —tant.
de  2'(t) —3cos’tsint

The point (z(t),y(t)) lies in the first quadrant if, and only if, both x(¢) and y(t) are non-

negative. The only values of ¢ which lie in the given interval [0, 27| and meet this requirement

are those which lie in the interval [0, 7/2], and the only value of ¢ in this interval for which

—tant = —1 is t = w/4. Consequently, the only point in the first quadrant at which the

slope of the tangent line to the curve C' is the point (cos® m/4,sin® 7/4) = (v/2/4,v/2/4).
2

We must compute d_xz at this point. We note that

Py _d (dy
dz?  dxr \ dx
d

_%(

sec? t 1 ety
= —————— = —csctsec"t.
3cos?tsint 3

—tant) /%x(t)



We conclude that
d*y 42

dx? t=n/4

5. Find the area of the region that lies outside the polar curve r = 1/2 but inside the polar
curve r = cosf.

Solution: We begin with a figure: The area A that we are to find is that of the rightmost

Figure 1: The curves of Problem 5

of the three bounded regions. Solving the equations of the curves simultaneously, we find
that the polar coordinates of the two intersection points are (1/2,7/3) for the upper point
and (1/2, —7/3) for the lower point. We therefore compute A using

1 [7/3 1\? 1 /3 1
A:—/ 00829—<—> d@z—/ <C0829——> df
2 —7/3 2 2 —7/3 4

/3 /3
:i/ (1+cos20)d9—1/ do

/3 8 —7/3

w/3
1 1
—Z(9+§Sin28) \/§+W

/3 8 12
6. A curve 7 is given by the parametric equations

/3 1

— 20
8

—7/3

z(t) = 3t* + 48t + 3,
y(t) = 4t* + 64t — 1

Find the length of the portion of v that corresponds to 0 <t < 5.



Solution: Arclength s is given by
b
s:/ VIE (O] + [y ()2 dt = / /(6 +48)2 + (8t + 64)2 dt
/ V/36(t + 8)2 + 64(t + 8)2dt = / v/ 100(t + 8)2 dt
0

5 t2 5
:10/ (t+8)dt:1o(5+8t)
0

= 525.
0
Complete solutions to the exam problems will be available from the course web-site later
this evening.




MTH 2410, Calculus II—Final Exam Dec. 8, 2009

Instructions: Work the following problems; give your reasoning as appropriate; show your supporting
calculations. Do not give decimal approximations unless the nature of a problem requires them. Write your
solutions on your own paper; your paper is due at 4:50 pm.

1. Use Newton’s Method to find an approximate solution to the equation 2342 = 1. Begin with zq = 0.75,
and give the resulting value of x5 correct to at least five digits to the right of the decimal.

2. The region bounded by the curve 4z +4% —16 = 0 and the line 2 = 0 is revolved about the line z = —1.
Find the volume of the solid so generated.

3. Solve the initial value problem:

ds 7
o 8 100
5(0) = 7.

Give the solution S as a function of ¢.

1
4. Athelbert wants to use Simpson’s Rule to estimate the value of the integral / V8 — z3 dx. He needs
T
to be sure his error is at most 0.00001. Use the plot (Figure 1) of

et (\/8 - x3) and the fact that
if M is a number for which |f*)(z)] < M for every = € [a,b], then the magnitude of the error in

M(b—a)®

18008 ©

b
an n-subdivision Simpson’s Rule approximation for the integral / f(z)dz is at most
a

determine how many subdivisions he needs to use.

~1sf
—20f

—25l

_35f
4

Figure 1: Graph of 4 (\/ 8 — x3)

dat



5. A curve C' is given by the parametric equations

T = cos’ t,
y = sin®t,
. . o APy
with 0 < ¢ < 7/2. Locate all points on C where the slope of the tangent line is —3/4. What is s at
x

each of these points?

6. Find the Maclaurin series for the arctangent function. Give the first three non-zero terms, the general

d 1 1
term, and the interval of convergence. [Hint: — arctanx = = ]
dx 1+22 1—(—2a?)

Complete solutions to the exam problems will be available from the course web-site later this evening.



MTH 2410, Calculus II—Final Exam Dec. 8, 2009

Instructions: Work the following problems; give your reasoning as appropriate; show your supporting
calculations. Do not give decimal approximations unless the nature of a problem requires them. Write your
solutions on your own paper; your paper is due at 4:50 pm.

1. Use Newton’s Method to find an approximate solution to the equation z3+x = 1. Begin with xy = 0.75,
and give the resulting value of x5 correct to at least five digits to the right of the decimal.

Solution: The Newton’s Method iteration scheme for this problem is

f(xn-1) Tyt aa—1 2z} +1
Tp = Tp—-1 — 7 =Tp-1— 5 = ) .
f (xn—l) 3xn—1 +1 3.’17,”_1 +1
Thus, with ¢ = 0.75, we have
2-(0.75)3 +1
=~ 0.6860465;
TR 0752+ 1 ’
2. (0.6860465)% + 1
~ ~ 0.6823396.
¥2™ 37(0.6860465)2 + 1

To five digits’ accuracy, g ~ 0.68234.

2. The region bounded by the curve 4z +y% —16 = 0 and the line 2 = 0 is revolved about the line z = —1.
Find the volume of the solid so generated.

Solution: We use the method of washers. Solving for - in terms of y, we obtain z = 4 —y?/4. Thus, the
volume V is given by

4 212 ? 2 * 5 o Ly
= 4 —>—4+1) —1°| dy = 24 — — — d
ver [ () s [ (- B ) o

4

5 1 1664
=724y — 292+ —y* =7
W(‘y 2y+16y>4 15 "
3. Solve the initial value problem:
ds 7
— =8—-—05;
dt 100
S(0) =75.

Give the solution S as a function of ¢.

Solution: Separating variables and integrating leads to

100d.S .

800 —78
/ 100dS "
800 — 7S5 ’

1
—$1n|800—78\ =t+g
7
In|800 — 75| = ——t+¢;

100

for a certain constant ¢. But S = 75 when t = 0, so

In275 =c.



Thus

800 — 7.5 = 275¢~ "t/190 3nd
2
800 ﬁeqt/loo.

S== 73

1
4. Athelbert wants to use Simpson’s Rule to estimate the value of the integral / V8 — x3 dx. He needs
-1

d4
to be sure his error is at most 0.00001. Use the plot (Figure 1) of et (\/8 - x?’) and the fact that
x

if M is a number for which |f*(z)| < M for every = € [a,b], then the magnitude of the error in
M(b—a)® to

b
an n-subdivision Simpson’s Rule approximation for the integral / f(z)dz is at most 13001
n
a

determine how many subdivisions he needs to use.

05 10

-15F
-20f
25}
-a0f
351

d4

Figure 1: Graph of gt (\/ 8 — .1'3)
x

Solution: Taking f(z) = v/8 — 23, we see that it is clear from the graph that |f®*)(x)| < 7/2 for all
€ [-1,1]. Because b =1and a = —1, (b—a)® = 2° = 32, and we need to solve the inequality
(7/2) - 32 <1
180n*  — 100000’

or, equivalently,

560000

n* >
9

We therefore require that n > {/560000/9 ~ 15.7938. Because n must be an even integer for Simpson's
Rule, we will have to take n = 16.

5. A curve C' is given by the parametric equations
x = cos? t,

y =sin®t,



d2
with 0 < ¢ < /2. Locate all points on C where the slope of the tangent line is —3/4. What is d—g at
x

each of these points?
Solution: If 2(t) = cos?t and y(t) = sin®t, then

= = = ——sint.
dz "(t) —2costsint 9

dy _y'(t) 3sin®tcost 3
x

This means that the slope of this curve is —3/4 when sint = 1/2, or when ¢ = w/6. The corresponding

. : . . . 31
point on the curve is the point with coordinates 73/

LCAR
d’y  dt \dz dt 2
= = = —csct.

@) T Ly

d? 3
Consequently, T2 g =3
XL

Now we have

t=m/6

. Find the Maclaurin series for the arctangent function. Give the first three non-zero terms, the general

d 1 1
term, and the interval of convergence. [Hint: — arctanx = = ]
dx 1+22 1—(—2a?)

Solution: We have

d ¢ 1 1
— arctanz = =
dx 1+a22 1-—(—2?)

:17$2+x471,6+.“+(71)n$2n+_“’

whenever |z| < 1, by our analysis of the geometric series. Thus, term-by-term integration gives

/ dx
arctanx =

1+ 22
LUB 1‘5 1‘7 $2n+1
— T T ()
ctr— gt ooty ot

for a certain constant ¢, also when |z| < 1. But arctan0 = 0, and every term containing a power of x on
the right side of the last displayed equation above vanishes when x = 0. Consequently, ¢ = 0, and

1‘3 .%'5 1’7 x2n+ 1

t —r— 4 T 4 (=)
arctanz = x 3+5 7—|— +(-1)

2n—|—1+“.

The interval of convergence for the integrated series is the same as the interval of convergence for the inte-
grand, so this representation is correct throughout the interval (—1,1), which is the interval of convergence.
[Note: This is Example 8.6.7, page 456, of the textbook.]



MTH 2410, Calculus II—Exam 1 Feb. 20, 2014

Instructions: Work the following problems; give your reasoning as appropriate; show your
supporting calculations. Do not give decimal approximations unless the nature of a problem
requires them. Write your solutions on your own paper; your paper is due at 1:50 pm.

1. A particle traveling along a straight line at 144 ft/sec experiences a deceleration, be-
ginning at time ¢ = 0, of 8¢ ft/sec?>. Show how to determine how many feet it travels
before coming to a complete stop.

2. Consider the region bounded by the curve y = 1 + /z, the line y = 1, and the lines
xr =4 and z = 9. Show how to find the volume generated when this region is rotated
about the z-axis.

1
3. Show how to find /H dz.
24+ 22 +5

4. Show how to find /Sin:zccos3 xdr.

5. Show how to find / 2 1n 4t dt.

dt

6. ShOW hOW to ﬁnd /W

7. Write out the form of the partial fractions decomposition for

322+ 120 — 7
(x —3)3(x + 1) (2% + 22 4+ 4)*

Do not solve for the coefficients or carry out any integrations.

5 dt
8. Show how to evaluate the integral: / _
3 t2—-3t+2

Complete solutions to the exam problems will be available from the course web-site later
this evening.



MTH 2410, Calculus II—Exam 1 Feb. 20, 2014

Instructions: Work the following problems; give your reasoning as appropriate; show your
supporting calculations. Do not give decimal approximations unless the nature of a problem
requires them. Write your solutions on your own paper; your paper is due at 1:50 pm.

1. A particle traveling along a straight line at 144 ft/sec experiences a deceleration, be-
ginning at time ¢ = 0, of 8¢ ft/sec>. How many feet does it travel before coming to a
complete stop?

Solution: Acceleration, a(t) is given by a(t) = —8t. Thus,

u(t) = v(0) + /Ot a(r) dr = v(0) — /Ot 87 dr

= 144 — 4¢°.
The particle comes to a complete stop when v(t) = 0, or when ¢t = 6. (We ignore the
solution t = —6 because it has no significance for us.)

For position s(t), we have

s(t) = s(0) + /0 v(T)dr = s(0) +/0 (144 — 477 dr

4
= 144t — —¢3.
3

Thus, setting s(0) = 0, we find that the distance traveled before stopping is

4
3(6):144-6—5.63:576&

2. Consider the region bounded by the curve y = 1 + \/x, the line y = 1, and the lines
x =4 and z = 9. Show how to find the volume generated when this region is rotated
about the z-axis.

Solution: If 7 is a number between 4 and 9, the plane x = 7 intersects this volume in a
washer whose center is at the point £ = 7 on the x-axis, whose inner radius is 1 and whose
outer radius is 1 + /7. The area of such a washer is 7 [(1 +/7)? — 12| = 7 [2,/T + 7], so

the volume in question is
9 9
4 1 153 56 347
7T/ [271/2—|—T] dT:7r<§7'3/2+§7'2) :W(———)Z—T
4

, 2 3 6
r+1
3. Show how to find /— dx.
224+ 2x+5
1
Solution: To find /L dz, we let u = 2% + 2z + 5. Then du = 2(x + 1) dz, or
2+ 2x+5

1
(x+1)dx = 5 du. Thus

z+1 1 fdu 1 1
———dr == | — =-=1 C=-In(z*+2 5+ C.
/x2+2x+5 v=5 [~ 2n]u|—|— 2n(a:—|— r+5)+



. Show how to find /sinx cos® z dz.

Solution: To find /sinxcosSxd:v, we let w = cosz. Then du = —sinz dz, and we

have

1 1
/sinﬁcos3xd:c:—/u3du:—1u4+C:—Zcos4x+C.

. Show how to find /t2 In 4t dt.

Solution To find /t2 In 4t dt, we integrate by parts, taking © = In 4t and dv = t*> dt. We

have du = n dt, and we may take v = gtg. Then

/t21n4tdt :/udv:uv—/vdu

1 1 1 1 1
:—ﬁmu—i/ﬁiﬁz—ﬁmu—g/ﬁﬁ

3 3 3
1 1

= —3lndt — -t .
3 n 9t +C

dt
. ShOW hOW to ﬁnd /m
dt
Solution: To find /m, we let ¢t = 3tan@. Then dt = 3sec?ddf, and

/ dt B / 3sec’0dl 1/ sec? 0 df
(9+12)3/2 | (94+9tan26)3/2 9 | (sec?)3/2
1 1
= §/cos€d9 = §sin9+C.

But tan @ = t/3, and it is easily seen that this means sinf = t/v/t?> + 9. It follows that
dt t
= C.
/(9+t2)3/2 WETD

. Write out the form of the partial fractions decomposition (but do not solve or integrate)
for

32 + 122 — 7
(x —3)3(x + 1) (2% + 22 4+ 4)%
Solution:
302 + 122 — 7 _
(x —3)3(x + 1) (22 +22+4)2
A B C D Ex+ F Gr+H

(x—3)3+(x—3)2+$—3+x+1+(x2+217+4)2+a72+2x+4'




5
8. Show how to evaluate the integral: / dt
3

2 —3t+2
Solution: We note first that

/5 dt _/5 dt
s 22-3t+2  Jy (t—2

E—1)
Consequently, we must find the partial fractions decomposition:
1 A B

(—2)i—-1) i—2 i-1
(A+ B)t — (A+2B)

(t—2)(t—1)
If the numerator of the latter fraction is to equal the numerator of the first fraction above
for all values of ¢, then we must have A+ B = 0 and —(A + 2B) = 1. Solving these two
equations simultaneously gives A =1 and B = —1. Thus,
/5 e % At [0 dt
s 12 =3t+2 Jyt—-2 Jyt—1
5 5
=In(t—2)| —In(t—1)
3 3
=In3—Inl—In4+1In2
=In §
2



MTH 2410, Calculus II—Exam II Mar. 20, 2014

Instructions: Work the following problems; give your reasoning as appropriate; show your
supporting calculations. Do not give decimal approximations unless the nature of a problem
requires them. Write your solutions on your own paper; your paper is due at 1:50 pm.

1. A particle traveling along a straight line at 144 ft/sec experiences a deceleration, be-
ginning at time ¢ = 0, of 8¢ ft/sec?>. Show how to determine how many feet it travels
before coming to a complete stop.

sinh u
2. Use the relations tanhu =

and cosh?u — sinh?u = 1 to derive an algebraic
coshu

expression for tanh(sinh ™ ).

1
3. Show how to find the arc-length of the curve y = 11,2 ~3 Inx over the interval [1, 2e].

4. Show how to evaluate /xQex dz.

5. Show how to find the volume of the solid obtained by rotating the region bounded by
the curves y = 1/2%, y = 0, x = 1, and = = 5 about the y-axis.
o xdx

6. Show how to determine whether the improper integral / oo
0o

converges or diverges.

If it diverges, explain why. If it converges, find its value.

7. (a) Give the trapezoidal approximation, with 3 subdivisions, for the definite integral
7

x
—. Either give your answer as a fraction of integers, or give it accurate to at
4

least 6 decimals.

(b) The error in the trapezoidal approximation with n subdivisions for the integral

M(b—a)?

192 for a certain number M.
n

b
/ f(z) dx does not exceed the quantity

i. Explain what M is and how to find it.

ii. According to this statement, what is the maximum possible error in the ap-
proximation you computed in the first part of this problem?

Complete solutions to the exam problems will be available from the course web-site later
this evening.



MTH 2410, Calculus II—Exam II Mar. 20, 2014

Instructions: Work the following problems; give your reasoning as appropriate; show your
supporting calculations. Do not give decimal approximations unless the nature of a problem
requires them. Write your solutions on your own paper; your paper is due at 1:50 pm.

1. A particle traveling along a straight line at 144 ft/sec experiences a deceleration, be-
ginning at time ¢ = 0, of 8t ft/sec?. Show how to determine how many feet it travels
before coming to a complete stop.

Solution: Acceleration, a(t) is given by a(t) = —8t. Thus,
t t
v(t) = v(0) +/ a(t)dr =v(0) — / 8T dr
0 0

= 144 — 442,

The particle comes to a complete stop when v(t) = 0, or when ¢t = 6. (We ignore the
solution t = —6 because it has no significance for us.)

For position s(t), we have

t t
s(t) = s(0) +/ o(r) dr = s(0) +/ (144 — 472] dr
0 0
4
= 144t — —¢*
3 )
where we hade set s(0) = 0. We find that the distance traveled before stopping is

4
3(6):144.6—5-63:576&

sinh «

2. Use the relations tanhu = and cosh?u — sinh*u = 1 to derive an algebraic

. .coshu
expression for tanh(sinh™" z).

Solution: We have cosh? 4 — sinh?u = 1, so cosh?u = 1 + sinh? w. But coshu > 0 for
all real u, so coshu = +1/1 + sinh? u. Therefore,

inh (sinh_1 x) x
b (sinhl 2 — sin _
tan (sm :E) cosh (sinh_1 x) cosh (sinh_1 x)
x x

\/1 + sinh® (sinh ™' z) C VIta?



Thus,

Xz

V1+ 2?2

tanh (Sinh_1 x) =

1
3. Show how to find the arc-length of the curve y = ~2?

1
2% T3 In x over the interval [1, 2e].

1 1 1 1
Solution: If y = ZI2 ~3 Inz, then 3y = 3 (x — —). Thus
x

/>28 1+(/)2d _/26 1+1 2 2 1 d —/26 1 2+2+1 d
1 \/ Y T = 1 1 T = T = 1 1 T = €T
1 [ 1 1 (a2 2e

= — —)der==|—+1
2/1 (x—l—x) x 2<2+nx)

1 1
=24+ -+ -1n2.
e+4+2n

1

4. Show how to evaluate /xZex dz.

Solution: We integrate by parts, taking v = 22, and dv = e*dx. Then du = 2z dx, and
v =2¢e" so

/$26$ dr = x%e* — 2 / ze® dx.

To integrate [ ze”dz, we again integrate by parts, this time taking U = z, dV = " dx.
Then we must take dU = dx, and V = ¢e”. Thus,

/xewdx:xe$—/exdx.

Hence,

/azzex dx = 12 — 2 {xe“” - /e”C dx}

= 22e® — 2xe” + 2¢° + C.



. Show how to find the volume of the solid obtained by rotating the region bounded by
the curves y = 1/2%, y = 0, x = 1, and & = 5 about the y-axis.

Solution: Using the method of shells, we find that
5 5
d
V:27r/ x-—f:27r/ 3 dr = —wa?
1 4 1

. Show how to determine whether the improper integral /
0

° 2
T 25

1

xdx
x?2+1
verges. If it diverges, explain why. If it converges, find its value.

dx converges or di-

Solution: Putting u = 22 + 1 we have du = 2x dz, so that

xdx 1 du 1 1
— [ S = S n(e? 1),
/x2+1dx 5 | o ~alul=gn(m 1)

But

/°° T dzx ’ /T T dx
= lim -
0 :C2+1 T—o00 0 1‘24—17

provided the limit exists. We therefore have

T T

1 ,
= Ezlgrgoln(T +1),

z dx

: N
i [ = e

0

which does not exist. It follows that the improper integral diverges.
. (a) Give the trapezoidal approximation, with 3 subdivisions, for the definite integral

Tdx ) . . .
—. Either giive your answer as a fraction of integers, or give it accurate to at
4 T

least 6 decimals.

(b) The error in the trapezoidal approximation with n subdivisions for the integral

b M —a)?
/ f(x) dz does not exceed the quantity 1oz for a certain number M.
a n

i. Explain what M is and how to find it.

ii. According to this statement, what is the maximum possible error in the ap-
proximation you computed in the first part of this problem?

Solution:



(a) If there are to be three subdivision of [4,7], then Az = =2 = 1. We then have

=4+ kAx =4+ k, with £ =0,1,2,3. The desired trapezoidal approximation, T,

is then
1
T= §[f(330) +2f(21) + 2f(22) + f(23)]Az
1{r 2 2 1 473
=—|-+=-+-+=| = — ~0.563095.
2 {4 * 5 Tt 7} 840
(b) i. The number M in the error estimate for the trapezoidal rule may be any number

for which |f”(x)| < M for every x in the interval [a,b]. We can find it by finding
the absolute maximum of |f(x)| on the interval [a, b].

.. 1 2 : .
i. When f(z) = —, we have f"(x) = —. But 2” increases as x increases, so f”(x)
T T
is a positive, decreasing function on [4,7]. Thus, f”(z) assumes its largest value

1
in [4,7] at x = 4. We may therefore take M = f”(4) = —. Thus, error, E is at

32
most

M(b-a)P 1 (T—47 1
E=""Y — — =0.0078125.
12n2 32 1232 128 0.0078125




MTH 2410, Calculus II—Exam III Apr. 24, 2014
Instructions: Work the following problems; give your reasoning as appropriate; show your supporting
calculations. Do not give decimal approximations unless the nature of a problem requires them. Write your

solutions on your own paper; your paper is due at 1:50 pm.

1. Let y = f(z) be the solution to the initial value problem

dy

)} .
dr T+ Y;
f(0)=1.

Show how to use Euler’s Method with step size 1/10 to find an approximate value for f(1/5). Show
the calculations that support your answer.

2. Show how to determine whether each of the following series is divergent or convergent. Explain your
reasoning fully.

oo

3TL
(a) Z P
n=1
b
s
3. Show how to determine whether the following series is divergent or convergent. Explain your rea-
soning fully.

o0
n!

nn
n=1

4. The region bounded by the y-axis, the curve y = 2, and the line y = 4 is revolved about the y-axis.
Find the volume of the solid generated in this fashion.

5. Find the solution, y = f(z), to the differential equation 3’ = y(1 — )~ !, given that y = 1 when z = 2.
Show your reasoning.

6. Briinhilde is working a scientific problem, and she needs a decent approximate value for the integral
2 9r—1
—dx.
_o V1424

She has found that the Simpson’s Rule approximation for the integral, using 10 subdivisions and
carrying six significant digits, is —2.71538. But she doesn’t know how many or those digits she can
trust. However, she does know that the magnitude of the error in the Simpson’s Rule approximation,
with subdivisions of equal width h, to the integral fab f(z) dz is at most

Mh*
180

where M is any number for which |f*)(z)| < M for every z in [a,b]. Make appropriate use of the
figures below to estimate the potential error in Briinhilde’s approximation. Explain your reasoning.

(b_a)v



Figure 1: Graph of f(x)

50

=50

-100

Figure 2: Graph of f*(z)




Complete solutions to the exam problems will be available from the course web-site later this evening.



MTH 2410, Calculus II—Exam III Apr. 24, 2014

Instructions: Work the following problems; give your reasoning as appropriate; show your supporting
calculations. Do not give decimal approximations unless the nature of a problem requires them. Write your
solutions on your own paper; your paper is due at 1:50 pm.

1. Let y = f(z) be the solution to the initial value problem

dy
79 .
dr T+ Y,
f(0)=1.

Show how to use Euler’s Method with step size 1/10 to find an approximate value for f(1/5). Show
the calculations that support your answer.
Solution: The equations for the Euler's Method approximation, with step-size h, to the solution of
y = F(x,y) with y = yo when z = xq are

T = xo + kh;

Yk = Yr—1 + F(Tp—1,95-1)h,

when k =1,2,.... We begin with g =0, yo = 1, h = 1/10. Then we have

1
I1=$0+hzﬁ§
+ F( Yh =14 (229 + )1 1+1 LI
= x = x —_— = . = —
N Yo 0, Y0 0T Yo 10 10 10’
2 1
— o2h = = = _.
T2 ’I()+ 10 57
11 11 2 11\ 1 123
o=y Fleny)h = 35+ Goa+ ) 10+<10+10> 10~ 100

The value of f(1/5) is therefore approximately 123/100 = 1.23.

Note: The actual solution of this initial value problem is f(x) = 3e® — 2 — 2z, so that f(0.2) ~ 1.2642.

2. Show how to determine whether each of the following series is divergent or convergent. Explain your
reasoning fully.

(oo}

>

n=1

5N




Solution:
(a) We apply the Ratio Test with a,, = 3"/n!:
L ntl lim 3t/ (n+ 1)!

n—oo Q@ n—00 3"/n'
. 3t ol
= i [(n Fo 3}
= lim =0<1.

By the Ratio Test, therefore, this series converges.

(b) We note that
§ n
5" . 4

lim ——— = lim —~4—.
n—oo 3N 4 4n n—oo [ 3
() +

4

The numerator grows without bound when n — oo, while the denominator goes to one. Thus, the
limit is infinite. We conclude that for this series, lim,, . a, # 0, so that, by the Divergence Test,
this series diverges.

3. Show how to determine whether the following series is divergent or convergent. Explain your rea-
soning fully.

Solution: We have

n 1! T
lim 224 — fim (nt D! n"
n—0oo O, n— oo (n —+ 1)n+1 n!

= lim foA 1l o >

You should know that this limit is e~!. But if you don't, you can calculate it as follows:

1 —n n
lim <1+> :lim< i >

~ i enlH)
n—oo




But

lim nln

n J—

to which we may apply I'Hépital’'s Rule, the limits in numerator and denominator both being zero. Thus,

. n .
Jim nIn (n+1> = m H

Consequently, lim,, oo (an41/an) = e~! < 1. We conclude, by the Ratio Test, that this series converges.
4. The region bounded by the y-axis, the curve y = x2, and the line y = 4 is revolved about the y-axis.

Find the volume of the solid generated in this fashion.

Solution: If y = 22, then x = \/Y. By the method of disks, the required volume is

4

= 8.
0

4 , 4 2
ﬂ'/ VY) dyzﬂ'/ ydy = m=—
0 0 2

Alternately, the method of cylindrical shells gives the volume as

2 4 2
16
271'/ (4 — 2 dr =27 (21‘2—m) =27 (8—) = 8.
0 4/, 4

5. Find the solution, y = f(z), to the differential equation 3 = y(1 — )~ !, given that y = 1 when z = 2.
Show your reasoning.

Solution: We have

dy y
e 1-2'
dy dw
y l—zx
Hence,
Y dv /m du
— = , or
1 v 1 1—u
Yy xr
Info|| =—-In|l—u| ,
1 2

Inlyj—Inl=—-In|l —z|+1nl,
Inly|=—1n|l —z|.



Buty=1>0whenl—2=-1<0,s0]|1l—2|=x2—1 and |y| =y for our solution. The solution we
seek is therefore given by

Iny =—1In(z — 1), or

. Briinhilde is working a scientific problem, and she needs a decent approximate value for the integral

2 9r—1

—dx.
_9 1+ z4

She has found that the Simpson’s Rule approximation for the integral, using 10 subdivisions and
carrying six significant digits, is —2.71538. But she doesn’t know how many or those digits she can
trust. However, she does know that the magnitude of the error in the Simpson’s Rule approximation,

with subdivisions of equal width &, to the integral f; f(z) dz is at most

Mh*
180

(b_a)?

where M is any number for which |f*)(z)| < M for every z in [a,b]. Make appropriate use of the
figures below to estimate the potential error in Briinhilde’s approximation. Explain your reasoning.

Solution: From Figure 2, we see that —90 < f®(x) < 90, or | (x)| < 90, on the interval [~2,2],
so we may take M = 90. Consequently, the magnitude of the error in Briinhilde's approximation to her
integral is at most

Mh? 90(4/10)42 — (-2)] 32

b—a) = = — .052
150 0@ 180 625 = 005




Figure 1: Graph of f(x)

50

=50

-100

Figure 2: Graph of f*(z)




MTH 2410, Calculus II—Final Exam May 13, 2014

Instructions: Work the following problems; give your reasoning as appropriate; show your supporting
calculations. Do not give decimal approximations unless the nature of a problem requires them. Write your
solutions on your own paper; your work is due at 1:00 pm.

1. A particle traveling along a straight line at 576 ft/sec experiences a deceleration, beginning at time
t = 0, of 8¢2 ft/sec?. Show how to determine how many feet it travels before coming to a complete
stop.

2. Consider the region bounded by the curve y = 1 + 2,/x, the line y = 1, and the lines z = 4 and « = 9.
Show how to find the volume generated when this region is rotated about x-axis.

2

1
3. Show how to find the arc-length of the curve y = z* — 3 Inz over the interval [1,e].

4. Show how to find the solution of the differential equation:

that satisfies the initial condition y(0) = 0.

5. Show how to find the Maclaurin series (equivalently, the Taylor series about x = 0) for tanh™! z, the

inverse hyperbolic tangent function. Give the first three non-zero terms, the general term, and the

d 1
radius of convergence. [Hint: It may be helpful to recall that . (tanh71 z) = T ]

-8
dx
6. (a) Give the trapezoidal approximation, with 3 subdivisions, for the definite integral / —. Either
—14 T
give your answer as a fraction of integers, or give it accurate to at least 6 decimals.

(b) If M is a number for which |f”(z)] < M for all x in the interval [a,b], the error in the trape-

b
zoidal approximation with n subdivisions for the integral / f(x) dz does not exceed the quantity
a

M(b—a)?
12n2
i. Explain how to choose a suitable M for this approximation.

ii. According to this statement, how many subdivisions would we need in the trapezoidal ap-
proximation of this integral to guarantee that the resulting approximation is within 0.002 of
the integral’s true value?

Complete solutions to the exam problems will be available from the course web-site later this evening.



MTH 2410, Calculus II—Final Exam May 13, 2014
Instructions: Work the following problems; give your reasoning as appropriate; show your supporting

calculations. Do not give decimal approximations unless the nature of a problem requires them. Write your
solutions on your own paper; your work is due at 1:00 pm.

1. A particle traveling along a straight line at 576 ft/sec experiences a deceleration, beginning at time
t = 0, of 8¢2 ft/sec?. Show how to determine how many feet it travels before coming to a complete
stop.

Solution: Acceleration, a(t) is given by a(t) = —8t2. Thus,

v(t) = v(0) —|—/O a(t)dr = v(0) —/0 874 dr
8
=576 — §t3.

1728
The particle comes to a complete stop when v(t) = 0, or when t3 = = = 216. This gives t = 6 seconds

For position s(t), we have

t t 8
S(t) = 8(0) +/ ’U(T) dr = 5(0) _|_/ |:576 _ 37_3:| dr
0 0
2
= s(0) + 576t — §t4'
We find that the distance traveled before stopping is

2
3(6):576~6—§~64:2592ft

2. Consider the region bounded by the curve y = 1+ 24/x, the line y = 1, and the lines z = 4 and = = 9.
Show how to find the volume generated when this region is rotated about z-axis.
Solution: If 7 is a number between 4 and 9, the plane x = 7 intersects this volume in a washer whose
center is at the point z = 7 on the z-axis, whose inner radius is 1 and whose outer radius is 1 + 2,/7. The
area of such a washer is 7 [(1 + 24/7)? — 1?] = 47 [/ + 7], so the volume in question is

9 9
2 1 11 4 42
47r/ [71/2+T] dr =4n [ 2732 4 72 =4 Hr_ 49 :75 .
4 3 2 4 2 3 3

1
3. Show how to find the arc-length of the curve y = 22 — 3 In 2 over the interval [1, €].



1 1
Solution: If y = z? — 3 Inz, then 3/ = 2z — 32 Thus
x

2e e 1 1 e 1
1 "2 = 1 422 — = = 42
! V14 (y)?de /1\/+<a: 2+64x2>dx /1 (a: + = +64$2)d
€ 1 1 €
= 2 — = (22421
/1 (az—l—gm) dx (m —|—8 nx)

. Show how to find the solution of the differential equation:

_e2 T
it

1

dy
— +2y =3,
YT
that satisfies the initial condition y(0) = 0.
Solution: We have
dy
— +2y=38
I t2y=2¢;
dy
— =8 —2y;
dz Y
d
Y g
8 — 2y

/ 8 -2y __2/d

In |8 —2y| = =2z + ¢;
8 — 2y = Ce 22,
y=4—Ce ®,
But it is given that y(0) = 0, so 4 — Ce® = 0, whence C = 4. The solution we seek is therefore
y=4—4e 2"

. Show how to find the Maclaurin series (equivalently, the Taylor series about 2 = 0) for tanh™' z, the
inverse hyperbolic tangent function. Give the first three non-zero terms, the general term, and the

d
interval of convergence. [Hint: It may be helpful to recall that e (tanh_1 z) = .2 ]
x —x

Solution: Let f(z) = tanh™' 2. Then, using what we know about the geometric series, we find that

1
f’(x):m:1+x2+x4+x6+x8+~~,

and the radius of convergence for this series is one. Integrating, we obtain

flz) =c+ +m3+x5+x7+x9+
€T) =c €T —_ [— F— [—
35 7T 9



But f(0) = tanh™' 0 = 0, which means that ¢ = 0, and

3 .TS (L’2k+1

X
tanh ™' 2 = 4T
anh @ =T e g

i 22k+1
P 2k +1

The radius of convergence for the integrated series is the same as that for the series we integrated. Thus,
the radius of convergence for the series immediately above is one.

-8
dx
6. (a) Give the trapezoidal approximation, with 3 subdivisions, for the definite integral / —. Either
_14 T
give your answer as a fraction of integers, or give it accurate to at least 6 decimals.

(b) If M is a number for which |f”(z)| < M for all = in the interval [a, b], the error in the trape-

b
zoidal approximation with n subdivisions for the integral / f(z) dx does not exceed the quantity
a

M(b—a)?
12n2
i. Explain how to choose a suitable M for this approximation.

ii. According to this statement, how many subdivisions would we need in the trapezoidal ap-
proximation of this integral to guarantee that the resulting approximation is within 0.002 of
the integral’s true value?

Solution:

(a) The required approximation is

-8
de  1(1 1 11\ (-8)—(~14)

_az3
840

(b) i. The second derivative of the function f(x) = 1/x is f”(x) = 2/x3. The third derivative is
f"(x) = —6/2*, and this is negative throughout the interval [—14, —8], so f” is a decreasing
function whose values are negative on that interval. Consequently, the maximum value of |f"(z)]
on the interval [—14, —8] is to be found at the right end-point of the interval. We may therefore
take M = 1/256.

ii. If error is not to exceed 0.002, then we must have

M(b—a)3< 1
12n2  — 500’
3
1 6 - 1

256 12n2 = 500
5 2%.3%.22.5%  3%2.5%

" 985 .22. 3 25




whence

3.5
> 22 2 5.0,
"=y

N | Ot

Being sure of accuracy to within 0.002 thus requires a minimum of 6 subdivisions.

Complete solutions to the exam problems will be available from the course web-site later this evening.



MTH 2140, Calculus II, Exam 1 February 18, 2015

Instructions: Write out, on your own paper, complete solutions of the following problems.
You must show enough of your calculations to support your answers. Do not give decimal
approximations unless the nature of a problem requires them. Your grade will depend
not only on the correctness of your conclusions but also on your presentation of correct
reasoning that supports those conclusions. Your paper is due at 5:50 pm.

w/2
1. Show how to evaluate / sin? @ cos § df; find the value of the integral.
0

2 (Inz)? .
2. Show how to evaluate dz and find the value of the integral.
1 T

3. Show how to use a trigonometric substitution to transform the definite integral

/“ dx
o (a2 + 22)3/2

into another definite integral. Then give the value of the definite integral.

4. Show how to evaluate / 22 e** dx and give the value.

5. Show how the substitution 3z — 4 = u? reduces the integral

T dr
&3 —4

to an integral of a polynomial. Then use what you have shown to evaluate the original
integral.

17
6. The region below the curve y = —z? + ?:c — 11 and above the curve x — 2y +2 =0

is revolved about the vertical line x = —1. Show how to find the volume of the solid
thus generated. What is that volume?



MTH 2140, Calculus II, Exam 1 Solutions February 18, 2015

Instructions: Write out, on your own paper, complete solutions of the following problems.
You must show enough of your calculations to support your answers. Do not give decimal
approximations unless the nature of a problem requires them. Your grade will depend
not only on the correctness of your conclusions but also on your presentation of correct
reasoning that supports those conclusions. Your paper is due at 5:50 pm.

w/2
1. Show how to evaluate / sin? 0 cos  d and give the value of the integral.
0

Solution: Let ©w = sinf. Then du = cos@df. Also, u = 0 when § = 0 and © = 1 when

0 = /2. Hence,
w/2 1 3
/ Sin290089d9:/ u2du:u—
0 0 3

2 2
1
2. Show how to evaluate / (Inz)
x

1

1

0

dz and find the value of the integral.

Solution: Let u = Inx. Then du = d—x Also, u =Inl1 =0when =1, and u =In2
T

when = 2. Hence
2 2 2 In2 3
/ (nz)” d:r—/ (lnx)2dm—/ wdu =L
Tz 1 x 0 3

3. Show how to use a trigonometric substitution to transform the definite integral

/“ dx
o (a2 + 22)3/2

into another definite integral. Then give the value of the definite integral.

Solution: Let z = atanf. Then dz = asec20df. If x =0, then § = 0, while if x = a,
then 6 = w/4. Hence,

/a dv /”/4 asec?0do /”/4 asec® 0 df
o (a2+22)32  Jo  (a2+a2tan20)3/2  Jy  a3(1 + tan26)3/2

1/“/4 sec2 0 do 1/”/4sec20d0
o 0

2 (Ip2)3
0 3

a? sec? 0)3/2 T a2 sec3 0
1 [/ N .

= — cos@d@z—zsirﬂ :4.
a® Jo a 0 2a




4. Show how to evaluate / 22 €®* dz and give the value.

Solution: We begin by integrating by parts, taking v = x? and dv = e** dxz. Then
du = 2z dx and v = €2 /2, so the parts formula [udv = uv — [vdu gives

2x 2
/x2e2md:1:::v2-e— e—-Zmdx
2 2
1
= §x262‘” — /erz dx.

In order to carry out the latter integration, we again integrate by parts, this time taking
U=2xand dV = e*dx. Then dU =dx and V = 62‘70/2, so

2x 62:(: 2x 2x

v dr =z - [ g =
2 2 2 4

Substituting into our earlier expression, we find that

1 1 1 1
2 2x _ .22 - 2z Zp2r
/xe dac—Qxe 2956 +4e 1

(2:62 — 2z + 1) e 4 c.
5. Show how the substitution 3z — 4 = u? reduces the integral
xdx
V3xr —4

to an integral of a polynomial. Then use what you have shown to evaluate the original

integral.
3
4
Solution: If 3z — 4 = 3, then </3xz — 4 = u. Moreover, © = utt and dz = u? du.
Thus,
xdx 1 [ (w3 +dudu 1 4
\3/3:5—4:3/ u :3/( ) d
=—|= 2
3 <5u + 2u > +c
= i(:sm —4)%3 3(395 — 423y ¢
15 3 '

17
6. The region below the curve y = —z2 + 2T 11 and above the curve x — 2y +2 =10

is revolved about the vertical line x = —1. Show how to find the volume of the solid
thus generated. What is that volume?



Solution: See Figure 1 for the picture. The intersection points of the curves are the

17
simultaneous solutions of the equations y = —z?4+ —2z—11 and z—2y+2 = 0, which we
x+2

: . . . 17 . . :
find by solving the quadratic equation —:1:2—1—?35—11 = . This leads to intersection

points at (2,2) and at (6,4). A vertical line segment z units to the right of the y-axis

8,

Figure 1: The curves of Problem 6

. 17 2 :
connecting the two curves as shown has length (—x2 + ?x —11) — (m—zl— > and is

2 4 1 units to the right of the line x = —1. When that line segment is revolved about
the line z = —1, it therefore generates a cylinder whose area is
17 2
2n(z + 1) [(—xQ +5r - 11) - (a:—2|— )} = 27(z + 1)(—2% + 8z — 12)

= o7 (—a3 + Ta? — 4z — 12).

The desired volume is therefore

6 1'4 7 6
27r/ (—a:3+73:2—43:—12) d$:27r<——|—:1:3—2:1:2—12$>
2 4 3 2
64 7.6°
=271 |—— ~2.6°—-12-6
7T|: 4+ 3 ]
24 7.23 5
- 27 | —— —-2.29-12-2
7T|: 4+ 3 ]
_32077
=5



MTH 2140, Calculus II, Exam 2 March 18, 2015

Instructions: Write out, on your own paper, complete solutions of the following problems.
You must show enough of your calculations to support your answers. Do not give decimal
approximations unless the nature of a problem requires them. Your grade will depend
not only on the correctness of your conclusions but also on your presentation of correct
reasoning that supports those conclusions. Your paper is due at 5:50 pm.

1. (a) Show how to evaluate / sin® 0 cos'® 6 df. What is the antiderivative?

1
d
(b) Show how to evaluate / a :E and find the value of the integral.
0

+ 562)3/2

T dr

2. Show how to find the indefinite integral: / m

2
3. Find the length of the curve y = % — % over the interval [1,2e]. Show your
calculations.
o0 2
4. Does the integral ze” ) dg converge or diverge? Give all of your reasoning,

0
including the value of the integral if it should happen to converge.

5. Show how to derive an algebraic expression for tanh(sinh ™! z).

7

x
6. (a) Consider the integral —. Give the trapezoidal approximation with 3 sub-
x

4
divisions for this integral. Give your answer as a fraction of integers, or give it
accurate to at least 6 decimals.

(b) The error in the trapezoidal approximation with n subdivisions for the integral
b 3
. M(b—a)
x)dx is at most —————
for all « in [a,b]. What, according to this statement, is the maximum possible
error in the approximation you computed in the first part of this problem? In
particular, explain the reasoning that underlies your choice of M.

, where M is any number for which |f”(z)| < M



MTH 2140, Calculus II, Exam 2 March 18, 2015

Instructions: Write out, on your own paper, complete solutions of the following problems.
You must show enough of your calculations to support your answers. Do not give decimal
approximations unless the nature of a problem requires them. Your grade will depend
not only on the correctness of your conclusions but also on your presentation of correct
reasoning that supports those conclusions. Your paper is due at 5:50 pm.

1. (a) Show how to evaluate / sin® 0 cos'® 6 df. What is the antiderivative?

1
(b) Show how to evaluate / i do and find the value of the integral.
0

+ 22)3/2

Solution:
(a)
/sin3 fcos'®0dh = / (1- cos? 9) cos'® @sin 6 do
= /cos10 fsinfdo — / cos'? §sin 0 df

1 1
= 1—3(205139 — ﬁcosHH + C.

(b) We let = = tan#, so that dz = sec?fdf. Then § = 0 when x = 0, and 6 = 7/4
when x = 1. Thus

[t [ et [ e
o (142z2)3/2 " Jy  (1+tan20)3/2 ), sec? 0

7r/4 7I'/4
—/ cos@df = sinf
0

S
o V2

T dx

2. Show how to find the indefinite int I | ————.
ow how to find the indefinite integra /(x—i—l)(x—i—Q)

Solution: We note first that if
x A B

C+D@+2) 241 242

then

(A+B)z+ (2A+B)==x



so that

A+B=1;
2A+B=0.
Hence,
/ xdx / dx / dx
- = + 2
(x+1)(x+2) x+1 x+2
=2lnlz+2|-Injlz+ 1]+ C.
2 Inz
3. Find the length of the curve y = o~ 5 over the interval [1,2e]. Show your
calculations.
. 72 Inx , o1
Solution: If y = T 3 then ¢y = 5 5 Consequently, the arc-length over the
x

interval [1,2¢] is

2e 26\/ 1
\/ d:c—/ _2x> dx—/ 1_|_7 - @d:c
2e 2 2e
/ \/£+ —l— d:z:—/ \/ dm
258
z2 1

oo
4. Does the integral ze™ @) dy converge or diverge? Give all of your reasoning,

= In 2.
) e+4+n

0
including the value of the integral if it should happen to converge.

Solution:
o T (—==2) | T
/ e~ @) dg = lim ze~ @) de = — lim €
1 1
= —— lim (e*(TQ) = 1) =-.
t—o0 2

. . 1
The improper integral converges to the value 3

5. Show how to derive an algebraic expression for tanh(sinh ™! z).



Solution: We have
sinh(sinh ! ) B x

tanh(sinh ™! z) = — = —
cosh(sinh™ z)  cosh(sinh™" z)

because sinh(sinh ™! z) = 2. But cosh?u — sinh®u = 1 is an identity, so
cosh?(sinh ™' ) = 1 4 sinh?(sinh ™' ) = 1 4 2?

so that, coshu always being positive (Why is this important?),

cosh(sinh ™' z) = /1 + 22.

Thus,

X

V1422

tanh(sinh ! z) =

7
dx
6. (a) Consider the integral / —. Give the trapezoidal approximation with 3 sub-
4 X

divisions for this integral. Give your answer as a fraction of integers, or give it
accurate to at least 6 decimals.

(b) The error in the trapezoidal approximation with n subdivisions for the integral
b 3
. M(b—a)
x) dx is at most —————
for all z in [a,b]. What, according to this statement, is the maximum possible
error in the approximation you computed in the first part of this problem? In
particular, explain the reasoning that underlies your choice of M.

, where M is any number for which |f”(z)| < M

Solution:

(a) Taking f(x) =1/z,a=4,b=7,n=3, wehave h=1, 20 =4, x1 =5, z2 =6,
x3 = 7. Thus, the required trapezoidal approximation is

" (F(20) + 2 (21) + 2f (w2) + f ()

T3 — 5
_ 1 1+2+1+1 _ 4 0.5630952381
204 5 3 7] 840
(b) If f(z) = &, then f/(x) = ——, and f"(z) — —. On the interval [4,7], the
x) = —, then f/(x) = ——, an z) = —. On interv 7],
x 5 z? a3
function | f”(x)| = — is a positive-valued decreasing function (because the function
x
x + x3 is increasing there), so when 4 < z < 7, we know that
2 1
meoN| oy — 2
@) = ) < £'14) = 2=



Consequently, the error E satisfies

Mb—-a) 1 (7—4)3 1
Bl< ————% =_—. = — =0.0078125.
1Bl < 12n2 32 12.32 1o 00781




MTH 2410, Calculus II—Exam III Apr. 22, 2015
Instructions: Work the following problems; give your reasoning as appropriate; show your supporting
calculations. Do not give decimal approximations unless the nature of a problem requires them. Write your

solutions on your own paper; your paper is due at 5:50 pm.

1. Let y = f(z) be the solution to the initial value problem

dy

g} .
dr T+ y;
f(0)=1.

Demonstrate the use of Euler’s Method with step size 1/10 to find an approximate value for f(1/5).
Show the calculations that support your answer.

2. Demonstrate how to determine whether each of the following series is divergent or convergent. Explain
your reasoning fully.

o0 3n
(a) Z P
(o] 5,”
b 2
( ) n; 3n + 4n
3. Demonstrate finding the arc length of the part of the curve

z?2 Inz

V=T %
that corresponds to 1 < x < 10e.

4. The region bounded by the y-axis, the curve y = 22, and the line y = 4 is revolved about the y-axis.
Find the volume of the solid generated in this fashion.

5. Find the solution, y = f(z), to the differential equation 3’ = y(1 — z)~!, given that y = 1 when z = 2.
Show your reasoning.

6. Briinhilde is working a scientific problem, and she needs a decent approximate value for the integral
2 21 J
—— dx.
9 vV1+ 4

She has found that the Simpson’s Rule approximation for the integral, using 10 subdivisions and
carrying six significant digits, is —2.71538. But she doesn’t know how many or those digits she can
trust. However, she does know that the magnitude of the error in the Simpson’s Rule approximation,

with subdivisions of equal width A, to the integral f; f(z) dx is at most
Mh*
180

where M is any number for which |f®*) (z)| < M for every z in [a,b]. Make appropriate use of the
figures below to estimate the potential error in Briinhilde’s approximation. Explain your reasoning.

(b_a)7



Figure 1: Graph of f(x)

50

=50

-100

Figure 2: Graph of f*(z)




MTH 2410, Calculus II—Exam III Apr. 22, 2015

Instructions: Work the following problems; give your reasoning as appropriate; show your supporting
calculations. Do not give decimal approximations unless the nature of a problem requires them. Write your
solutions on your own paper; your paper is due at 5:50 pm.

1. Let y = f(z) be the solution to the initial value problem

dy
79 .
dr T+ Y,
f(0)=1.

Show how to use Euler’s Method with step size 1/10 to find an approximate value for f(1/5). Show
the calculations that support your answer.
Solution: The equations for the Euler's Method approximation, with step-size h, to the solution of
y = F(x,y) with y = yo when z = xq are

T = xo + kh;

Yk = Yr—1 + F(Tp—1,95-1)h,

when k =1,2,.... We begin with g =0, yo = 1, h = 1/10. Then we have

1
I1=$0+hzﬁ§
+ F( Yh =14 (229 + )1 1+1 LI
= x = x —_— = . = —
N Yo 0, Y0 0T Yo 10 10 10’
2 1
— o2h = = = _.
T2 ’I()+ 10 57
11 11 2 11\ 1 123
o=y Fleny)h = 35+ Goa+ ) 10+<10+10> 10~ 100

The value of f(1/5) is therefore approximately 123/100 = 1.23.

Note: The actual solution of this initial value problem is f(x) = 3e® — 2 — 2z, so that f(0.2) ~ 1.2642.

2. Show how to determine whether each of the following series is divergent or convergent. Explain your
reasoning fully.

(oo}

>

n=1

5N




Solution:
(a) We apply the Ratio Test with a,, = 3" /n!:
n+1 1 |
lm 2L — i :3/(7”4_)

n—oo QA n—00 3”/n'
3ntl ol
- lim |— . &
= lim 3 =0<1.

By the Ratio Test, therefore, this series converges.

(b) We note that
5 n
5" . (4)

lim = lim

A S T e
1) *1

The denominator of this last fraction approaches 1